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PREFACE. 

We have added in the present Volume to what was contained 
in the earlier editions of this work a new chapter on the 
Theory of Substitutions and Groups. Our aim has been to 
give here, witbin as narrow limits as possible, an account of 
the subject which may be found useful by students as an 
introduction to those fuller and more systematic works which 
are specially devoted to this department of Algebra. The 
works which have afforded us most assistance in the prepa- 
ration of this chapter are — Serret's Cours d'Algebre supe'rieure ; 
Traiti des Substitutions et des Equations algibriques by M. 
Camille Jordan (Paris, 1870] ; Netto's Substitutumentheorie 
und Hire Anwendung auf die Algebra (Leipzig, 1882), of which 
there is an English translation by F. N. Cole (Ann Arbor, 
Mich., 1892) ; and Legons sur la Resolution algibrique des 
Equations by M. H. Vogt (Paris, 1895). 

Tkinitt College, Dublin, 
April, 1901. 
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CHAPTER XIII. 



DETERMINANTS. 



127. Elementary Notions and Definitions. — This chapter 
will be occupied with a discussion of an important class of 
functions which constantly present themselves in analysis. 
These functions possess remarkable properties, by a knowledge 
of which much simplification can be introduced into many 
operations in both pure and applied mathematics. 
The function «i& 2 + aj>i, of the four quantities 

«u h, 

ffj, K 

is obtained by assigning to a and b, written in alphabetical order, 

the suffixes 1, 2, and 2, 1, corresponding to the two permutations 

of the numbers 1, 2, and adding the two products so formed. 

Similarly, the function 

ctxbiCi + ciibsCz + a^bid + aJ>iC, + afi^ + ajhc, (1) 

of the nine quantities 

a i, K d, 

# 2 , t>2, C 2 , 
#3) ^3) C 3) 

is obtained by adding all the products abc which can be formed 
by assigning to the letters (retained in their alphabetical order) 
suffixes corresponding to all the permutations of the numbers 
1, 2, 3. The whole expression might be represented by (abc), 
or any other convenient notation, from which all the terms 
could be written down. 

vol. it. B 



2 Determinants. 

The notation (abed) might be employed to represent a 
similar function of the 16 quantities a t , b u c„ d v , a 2 , &c., con- 
sisting of 24 terms, which can all be written down by the aid 
of the 24 permutations of the numbers 1, 2, 3, 4. 

And, in general, taking n letters a, b, c, . . . I, we can write 
down a similar function consisting of n (« - 1) (n - 2) . . ..3.2.1 
terms, this being the number of permutations of the first n num- 
bers, 1,2, 3 ... n. 

Now the functions above referred to, which are of such 
frequent occurrence in mathematical analysis, differ from those 
just described in one respect only, viz. : of the 1. 2. 3 ... u 
(which is an even number) terms, half are affected with posi- 
tive, and half with negative signs, instead of being all positi ve 
as in the expression written down on the preceding page. 

We shall now give some instances of the functions which 
will be discussed in this chapter. They occur most frequently 
as the result of elimination from linear equations. If, for 
example, x and // be eliminated from the equations 

ciiX + b,y = 0, 

a 2 .c + b 2 y = 0, 

the result is a x b 2 - a 2 bi = 0. 

Again, (he result of eliminating x, y, s from the equations 
a t x + bit/ + c x z = 0, 
a 2 x + b 2 y + c 2 z = 0, 
a 3 x + b,y + c 3 z = 0, 

is, as the student will readily perceive by solving from two of 
the equations and substituting in the third, 

a,b 2 c 3 - n,b 3 c 2 + a 2 b 3 c t - ff 2 6,c 3 + ct^^ - a 3 b 1 c 1 = ; (2) 

and this function differs from (1) given on the preceding page 
only in having three of its terms negative, instead of having 
the six terms positive. 
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Similarly, the process of elimination from four linear equa- 
tions gives rise to a function of the sixteen quantities 

«i, b lt d, d u « 2 , b 2 , &c, 

which differs from tlie function ahove represented by (abed) only 
in having twelve of its terms negative. 

Expressions of the kind here described are called Determi- 
nants.* The notation by which they are usually represented was 
first employed by Cauchy, and possesses many advantages in the 
treatment of these expressions. The quantities of which the 
function consists are arranged in a square between two vertical 
lines. For example, the notation 

«! 8, 

<h bi 

represents the determinant a t b 2 - a 2 b,. 

Similarly, the expression on the left-hand side of equation (2) 
is represented by the notation 

«i 8,i Ci 

a 2 bi £-2 

« 3 h c 



3 . 



And, in general, the determinant of the n 2 quantities 

« 1; 8„ d . . . h, «a, b 2 , &c, is represented by 



(3) 



By taking the u letters in alphabetical order, and assigning 
to them suffixes corresponding to the n(n - 1)(»- 2) . . . 3. 2. 1 
permutations of the numbers 1, 2, 3, . . . n, all the terms of the 
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c, . 


. h 


«s 


8 2 


e % . 


. 4 


(h 
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C-i . 


• /, 



See Note 
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4 Determinants, 

determinant can be written down. Half of the terms must 
receive positive, and half negative signs. In the next Article 
the rule will be given by which the positive and negative terms 
are distinguished. 

The individual letters a x , b„ c lt . . . a % , . . . &c, of which a 
determinant is composed, are called constituents, and by some 
writers elements. 

Any series of constituents such as th, b u c u . . . l lt arranged 
horizontally, form a row of the determinant ; and any series such 
as a i, a 2 , a z , ■ ■ ■ «», arranged vertically, form a column. 

The term line will sometimes be used to express a row or 
column indifferently. 

128. Rule with regard to Signs. — It is evident from 
the preceding Article that each term of the determinant will, 
since it contains all the letters, contain one constituent (and only 
one) from every column ; and will also, since the suffixes in each 
term comprise all the numbers, contain one constituent (and only 
one) from every row. We may therefore regard the square 
array (3) of Art. 127 as the symbolical representation of a 
function consisting in general of n (« - J)(« - 2) . . . 3. 2. 1 
terms, comprising all possible products which can be formed by 
taking one constituent, and one only, from each row, and one 
constituent, and one only, from each column. All that is 
required to give perfect definiteness to the function is to fix the 
sign to be attached to any particular term. For this purpose 
the following two rules are to be observed : — 

(1). The term (iib 2 c 3 . . . l m formed by the constituents situated 
in the diagonal drawn from the left-hand top corner to the right- 
hand bottom corner, is positive. 

This is called the leading or principal term. In it the suffixes 
and letters both occur in their natural order ; and from it the 
sign of any other term is obtained by means of the following 
rule : — 

(2). Any interchange of two suffixes, the letters retaining their 
order, alters the sign of the term. 



Rule with regard to Signs. 5 

This rule may be otherwise expressed thus : —Any interchange 
of two letters, the suffixes retaining their order, alters the sign of a 
term. For if two letters be interchanged, and the two corre- 
sponding constituents then interchanged, the entire process is 
equivalent to an interchange of suffixes. If, for example, iu 
afiiCsdies the letters b and e be interchanged, we get fl^e^^A, 
which is equal to aib^d^i, and this is derived from the given 
term by an interchange of the suffixes 2 and 5. 

In applying this rule it is evident that an even number of 
interchanges will not alter the sign of a term, and that an odd 
number will. 

Examples. 

1. What sign is to be attached to the term «3iiC2<fcei in the determinant of the 
-5th order p 

The question is, How many interchanges will change the order 12345 into 34251 ? 
Here, when 3 is interchanged with 2, and afterwards with 1, it comes into the lead- 
ing place, the order becoming 31245. Again, the interchange in 31245 of 4 with 
2, and afterwards with 1, presents the order 34125. The interchange of 2 with 1 
gives the order 34215 ; and finally the interchange of 5 with 1 gives the required 
order 34251. Thus there are in all six interchanges; and therefore the required 
sign is positive. 

The general mode of proceeding may plainly be stated as follows : — Take the 
figure which stands first in the required order, and move it from its place in the 
natural order 1234 . . . into the leading place, counting one displacement for each 
figure passed over. Take then the figure which stands second in the required order, 
and move it from its place in the natural order into the second place ; and so on. If 
the number of displacements in this process be even, the sign is positive ; if it be 
odd the sign is negative. 

2. What sign is to be attached to the term adhctflieifig* in the determinant of 
the 7th order ? 

Here two displacements bring 3 to the leading place ; five displacements then 
bring 7 to the second place ; four then bring 6 to the third place ; three then bring 
■5 to the fourth place ; the figure 1 is in its place ; and finally, one displacement 
brings 4 into the sixth place. Thus there are in all fifteen displacements ; and the 
required sign is therefore negative. 

3. Write down all the terms of the determinant 
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82 
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Cl 


»3 
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Ci 


"4 
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<M 



6 Determinants. 

The six permutations of suffixes in which the figure 1 occurs first are 
1234, 1243, 1324, 1342, 1423, 1432. 

The six corresponding terms are, as the student will easily see by applying the 
Rule (2), as in the previous examples, 

aib-icsdi — aib%Cid 3 + ciibzcidi — aib-sc^di + aihcidz — aibiczdz. 

The other eighteen terms, corresponding to the permutations in which the figures 
2, 3, 4, respectively, stand first, are as follows : — 

a 2 biCid3 - azbic 3 di + a 2 biCidi — a^bsCidi + aJ>iC-idi — aj>tcid3 
+ a^biCidi — aJi\Cidi + a^cidi — azb%cidi + aib&xdi — azb^ndx 
4- ciibicsdz — atbiczdj + a$t>ic\dz — aib^czdy + a{bzctd\ — a^b^cid^. 

It will be observed here that the number of positive terms is equal to the number 
of negative terms. The same must be true in general ; for, corresponding to any 
positive term there exists a negative term obtained by simply interchanging the last 
two suffixes. 

4. Show that if any two adjacent figures be moved together over any number 
m of figures, the sign is unaltered. 

For if they be moved separately, the whole process is equivalent to a movement 
over 1m figures. 

5. Determine the sign to be attached to the second diagonal term, viz. 
ff>Ai-i c„_2 . . . hili, in the determinant of the «'* order. 

Here the number of displacements required to change the natural order to the 

required order is clearly 

nin — 1 ) 
(« - 1) + (» - 2) + (» - 3) + . . . + 2 + 1 = -i-^ -. 

Hence the required sign is (—1) 2 . 

129. In the propositions of the present and following 
Articles are contained the most important elementary properties 
of determinants which, by the aid of Cauchy's notation above 
described, render the employment of these functions of such 
practical advantage. 

Prop. I. — If any two rows, or any two columns, of a determi- 
nant be interchanged, the sign of the determinant is changed. 

This follows at once from the mode of formation (Rule (2), 
Art. 128), for an interchange of two rows is the same as an 
interchange of two suffixes, and an interchange of two columns 
is Ihe same as an interchange of two letters; so that in either 
case the sign of every term of the determinant is changed. 



Propositions. 7 

By aid of this proposition the rule for obtaining the sign of 
any term may be stated in a form which is usually more 
convenient for practical purposes than that already given. It 
will readily be perceived that the general mode of procedure 
explained in Ex. 1, Art. 128, is equivalent to the following : — 
Bring by movements of rous (or columns) the constituents of the 
term whose sign is required into the position of the leading diagonal. 
The sign of the term will be positive or negative according as the 
number of displacements is even or odd. 



Example. 

What sign is to be attached to the term \$nx in the determinant 

a b c x 

a 7 y 

I in n z 

K I*. v 

Here a movement of the fourth row over three rows (i. e. three displacements) 
brings A. into the leading place. One displacement of the original second row 
upwards brings /3 into the required place in the diagonal term. And one further 
displacement of the original third row upwards effects the required arrangement, 
bringing \f)nz into the diagonal place. Thus the number of displacements being 
odd, the required sign is negative. 

130. Prop. II. — Whenever, in any determinant, two rows or 
tico columns are identical, the determinant vanishes. 

For, by Prop. I., the interchange of these two lines ought 
to change the sign of the determinant A ; but the interchange 
of two identical rows or columns cannot alter the determinant 
in any way ; hence A = - A, or A = 0. 

131. Prop. III. — The value of a determinant is not altered if 
the rows be written as columns, and the columns as rous. 

For all the terms, formed by taking one constituent from 
each row and one from each column, are plainly the same in 
value in both cases ; the principal term is identically the same ; 
and to determine the sign of any other term (by Prop. I.) the 
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Determinants. 



number of displacements of rows necessary to bring it into the 
leading diagonal in the first case is the same as the number of 
displacements of columns necessary in the second oase. 



Example. 



«i Jj ci di 

«3 fa Cz d-i 

«4 bi a di 



a\ az «3 (74 

In fa fa fa 

C± Cz c 3 C\ 

d\ di di di 



Here the sign of any term, e.g. azfacidz, is the same in both determinants. For 
three displacements of rows are required to bring this term into the leading position 
in the first determinant ; and the same number of displacements of columns is 
required to bring the same constituents into the leading position in the second 
determinant. 

132. Prop. IV. — If every constituent in any line be multiplied 
by the same factor, the determinant is multiplied by that factor. 

For every term of the determinant must contain one, and 
only one, constituent from any row or any column. 

Cor. 1. If the constituents in any line differ only by the 
same factor from the constituents in any parallel line, the 
determinant vanishes. 

Cor. 2. If the signs of all the constituents in any line be 
changed, the sign of the determinant is changed. For this 
is equivalent to multiplying by the factor - 1. 





Examples. 
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Exdtnples. 



3. Show that the following determinant vanishes : 
3 15 2 



5 

9 
15 



7 
1 

21 



4. Prove the identity 

! a - 

I i 



be a « 2 
ea b S 2 
ah e e % 



a' a' 
b* 6 3 
c- c 3 



Represent the first determinant by A, and multiply the rows by a, b, e, respec- 
tively. We have then 

ale a? a? 



abe A = 



abe b 2 
ahc c 1 



b 3 



and, dividing the first column by abe, the result follows. 
5. Prove the identity 



0-y8 « 


er 


a» 






1 a 2 a 


ySa j8 


/3 ! 


3 




1 ,8 2 j8 


5a£ y 


7- 


7 3 




1 y 2 7 C 


a{3y S 


5' : 


S 3 




1 B 2 5 3 




2 


1 


-7 




1 1 




-4 


-3 


8 


= 2 


2 3 




6 


5 


-9 






3 5 



6. Prove 



Change all the signs of the second row, and afterwards of the third column. 
7. Prove 

a y 



ff 



7 

y" 



l 

107 



1 1 1 

o'jSy fi'ya y'afi 
a"j87 &"ya y"a& 



This is easily proved by multiplying the columns of the first determinant by 
0y, ya, a/3, respectively; and then dividing the first row by a&y. 

It is evident that a similar process may be employed to reduce any determinant 
to one in which all the constituents of any selected row or column shall be units. 
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S. Reduce the following determinant to one in which the first row shall consist 
of units: — 



4 


o 


5 


10 


1 


1 


6 


3 


7 


3 





5 





2 


5 


8 



Since 20 is the least common multiple of 4, 2, 5, 10, it is sufficient to multiply 
the columns in order hy 5, 10, 4, 2 ; we thus obtain 

20 20 20 20 



5. 10.4.2 



5 


10 


24 


6 


35 


30 





10 





20 


20 


16 



Taking out the multiplier 20 from the first row, 5 from the third row, and 1 from 
the fourth row, we get finally 

1 



A = 



10 



1 

24 





9. Prove the identity 

1 



3- 



(j8- 7 )( 7 -«)(a-/3). 



Since if were equal to y, two columns would become identical, - y must be 
<i factor in the determinant. Similarly, y — a and a — must be factors in it. 
Hence the product of the three differences can differ by a numerical factor only 
from the value of the determinant, since both functions are of the third degree in 
"i 0, 7 ; an <i hy comparing the term 0y 2 we observe that this factor is + 1. 

10. Prove similarly the identity 
1111 



= - (JS - y) (a - 8) (7 - a) ($ - 8) (a - $) ly-S). 



It is evident that a similar proof shows in general that the value of the deter- 
minant of this form, constituted by the n quantities a, 0, y ... \, is the product of 
the hi (n - 1) differences which can be formed with these n quantities. 






7 


5 


8 ! 


y ! 


S 2 


S 3 


7 3 


S 3 



Development of Determinants. 11 

133. Minor Determinants. Definitions. — When in a 
determinant any number of rows and the same number of 
columns are suppressed, the determinant formed by the 
remaining constituents (maintaining their relative positions) is 
called a minor determinant. 

If one row and one column only be suppressed, the corre- 
sponding minor is called a first minor. If two rows and two 
columns be suppressed, the minor is called a second minor ; and 
so on. The suppressed rows and columns have common con- 
stituents forming a determinant ; and the minor which remains 
is said to be complementary to this determinant. The minor 
complementary to the leading constituent a x is called the leading 
first minor, and its leading first minor again is the leading second 
minor of the original determinant. 

It is usual to denote a determinant in general by A. We 
shall denote by A a the first minor obtained by suppressing in A 
the row and column which contain any constituent a ; by A„, p 
the second minor obtained by suppressing the two rows and two 
columns which contain a and j3 ; and so on. Thus A 0l repre- 
sents the leading first minor, and A ffl , j, or A a2 , & L the leading 
second minor. 

The determinant A, formed by the constituents a lt b if c u &c, 
is often denoted for brevity by placing the leading term within 
brackets as follows : — 

A = {a, b 2 Ci .... /„). 

The notation 2 ± ai b 2 c 3 . . . l„ is also used to represent A ; 
this expressing its constitution as consisting of the sum of a 
number of terms (with their proper signs attached) formed by 
taking all possible permutations of the n suffixes. 

134. Development of Determinants. — Since every term 
of any determinant contains one, and only one, constituent from 
each row and from each column, it follows that A is a linear and 
homogeneous function of the constituents of any one row or any one 
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column. We may therefore write 

A = eh At + a 2 A 2 + a 3 A 3 + &c, 

A = b i B 1 + h 2 B 2 + b 3 B 3 + &o. ; 
or, again, A = "i Ai + b i B l + fjd + &c, 

A = n, Ai + b 2 B 2 + c 2 C 2 + &c. 
Tlie student, on referring to Ex. 3, Art. 128, will observe 
that the determinant of the fourth order there written at length 
is constituted in the way here described, namely, 



b % c 2 d 2 




b, c, di 




h e x d x 




b x Ci dt 


b 3 c 3 d 3 


+ a. 


^ d di 


+ n s 


2 c 2 Cl 2 


+ a 4 


b 3 c 3 d 3 


bi c 4 d t 




b 3 c 3 d 3 




bi Ci di 




b 2 c 2 d 2 



We proceed to show that in the general case, writing A in 
the form 

A = Mi + (kA, + a 3 A 3 + . . . + a„A n , 

the coefficients A u A 2 , A 3 , &c, are determinants of the order 
u - 1, 

In effecting all the permutations of the suffixes 1, 2, 3 ... . it, 
suppose first 1 to remain in the leading place, as in the example 
referred to ; we then obtain 1, 2, 3 ... . (« - 1) terms which have 
«i as a factor, and 

«iAi = «,S + b 2 c 3 . . . l n ; 
hence 

b 2 C 2 . . . l 2 



r> 



A, = S±6 2 c 3 ... /„ 



(■•) • . . h 



On ?n • • • '« 

and this determinant is the minor corresponding to the consti- 
tuent ch, or A x = A 0l . 

To find the value of A 2 , we bring a 2 into the leading place 
by one displacement of rows. This changes the sign of A, so 
that we obtain A 2 = - A 02 , i. e. A 2 = the minor corresponding to 
<h with its sign changed. Again, bringing a 3 to the leading 
place by two displacements, we have A 3 = A a ; and so on. 
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Thus we conclude that, in general, 

A = «,A 0l - ff 2 A„ a + " ;i A„, - ffjA Sl + &c. 

Similarly, we can expand A in terms of the constituents of 
any other column, or any row. For example, 

A = f( l A„ i - biA bl + CiA Kj - &c. 

If it be required to obtain the proper sign to be attached to 
the minor which multiplies any constituent in the expanded 
form, we have only to consider how many displacements would 
bring that constituent to the leading place. For example, sup- 
pose the determinant («A<vV 5 ) is expanded in terms of its 
fourth column, and that it is required to find what sign is to be 
attached to tfJA*,. Here two displacements upwards, and after- 
wards three to the left, will bring d 3 to the leading place ; hence 
the sign is negative. This rule maybe stated simply as follows : — 
Proceed from a r to the constituent under consideration along the top 
row, and down the column containing the constituent ; the number 
of letters passed over before reaching the constituent will decide the 
sign to be attached to the minor. In the example just given, 
beginning at «i, we count a u S„ c x , d lt rf 2 , i. e. five ; and this 
number being odd, the required sign is negative. 

It will be found convenient to retain both notations here em- 
ployed for the development of a determinant. The expansion in 
terms of the minors, with signs alternately positive and negative, 
is useful in calculating the value of a determinant by successive 
reductions to determinants of lower degree. For some purposes, 
as will appear in the Articles which follow, it is more convenient 
to employ the notation first given, in which the signs are all 
positive (whatever the row or column under consideration) 
and the coefficient of any constituent represented by the cor- 
responding capital letter. By substituting for the capital letter 
the corresponding minor with the proper sign, determined in 
the manner above explained, the latter notation is changed into 
the former. 
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a\ b\ c\ 

rt 2 b% ^2 

"3 h ^3 





Examples. 




h 


C2 


- a 2 


h 


c\ 


h 


Ci 




h 


C3 



+ «3 



bi ci 
bz C 2 



= <*\b-iCi$ — (iibzcz — a%b\C3 + a2b$ci + a^bit'-i — a^Ci. 
(Compare (2), Art. 127.) 

2. a h g 

h b f 

9 f " 

= abc 4 2fffh — af % — bg 2 - ch 2 . 

3. Expand the determinant of the fourth order in terms of the constituents of 
the fourth row. 

A = — «4A ni + bi&b^ — fjA,^ + di&a^ 

a\ ci di 





i f 


1 /( 9 




h g 


= a 




-h\ 


+ 9 






f c 


1 / 




b f 



«i 



bi C[ di 
bz Ci d-i 
h C3 di 



+ ij 



ai c-i di 



03 c 3 



II '1 


bi di 


«2 


bi di 


«3 


bi di 



+ dt 



«i bi c\ 
(t-i bz Ci 

«3 *3 C-S 



When the determinants of the third order are expanded, this will give the 
xpression of Ex. 3, Art. 128, as the student will easily verify. 
4. 



= 3 


6 1 
3 8 


-7 


2 4 

3 8 


+ 5 


2 4 
6 1 



= 3 (48 - 3) - 7 (16 - 12) + 5 (2 - 24) 
= -3. 



Find the value of the detenninant 

3 7 2 



4 
II 





20 

7 




Expanding in terms of the third row, since two of the constituents in that row 
vanish, we have without difficulty 



20 



+ 11 



20 
7 



and expanding the two determinants of the third order, we find A = 2188. 
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6. .Expand c b d 

c a e 

b a / 

d e f 

The expansion is a- d* + A 2 e 2 + c 2 / 2 - Ibcef- Icafd ~2abde; the given deter- 
minant is therefore equal to the product of the four factors 

V ad + y/ be + V cf, \/ ad - \/ be - \/cf, 

- \/ad + \/be - \/ cf, - \/ ad - \/ 'be 4 y/cf, 

a result which is sometimes useful. 

7. Prove 

1 +o'- + 5 2 +7 2 + o" 2 +/3' 2 +7' 2 + (aa'4/80' + 77 ') 2 . 



-ins. a* + 4 4 + c l 4 a - * - 2i 2 c 2 - 2c 2 « 2 - 2a 2 4 2 - 2a 2 d 2 - 2S 2 a" 2 - 2o 2 cP - Sabvd. 
9. Prove the following identity, and expand the determinants : — ^ ^ . 



1 a 





7 


-a 1 


7' 


-0 


-0 -7' 


1 


a' 


-7 a' 


— o' 


1 


•5. Expand 










1 


i 


1 







X 


y 


z 


^ 


1 





z 2 


!/- 


_ 


X 





z 


y 


• f% 


1 


: " 





X 2 




y 


5 





■jj 




1 


y- 


.c 2 







z 


y 


ib 








Ans. x i + y i + z i -1y i i 
10. Find the value of the determinant 



-2*V 



a 


h 


9 


\ 


h 


b 


f 


h 


9 


f 


c 


V 



I \ p. v 
Expand first in terms of the last row or last column, and then each of the 
determinants of the third order in terms of \, /x, v. 

Ans. - A = {bc -Z 2 ) y- + (ca - g 2 ) p? + {ab - /i 2 ) v'- + 2 (g/i - af) py 

+ 2 {kf -b g )vX + 2(fg-ch)\p.. 
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135. L.aplace's Development of a Determinant. — 

The expansion explained in the preceding Article is included 
in a more general mode of development given hy Laplace. 
In place of expanding the determinant as a linear function 
of the constituents of any line, we now expand it as a linear 
function of the minors comprised in any numher of lines. 

Consider, for example, the first two columns (a, b) of any 
determinant ; and let all possible determinants of the second 
order (a p , b q ), obtained by taking any two rows of these two 
columns, be formed. Let the minor formed by suppressing 
the a p and b q lines be represented by A. p , q ; then the deter- 
minant can he expanded in the form S ± {<(pb q ) A p , q , where 
each term is the product of two complementary determinants 
(see Art. 133). To prove this, we observe that every term of 
the determinant must contain one constituent from the column 
a and one from the column b. Suppose a term to contain the 
factor dp b q ; there must then (interchanging p and q) be another 
term differing only in the sign and the interchange of these 
suffixes ; hence, the determinant can be expanded in the form 
2 (ctpb q ) Ap, g ; and A p , q is clearly the sum of all the terms 
which can be obtained hy permuting in every possible way 
the n - 2 suffixes of the letters c, d, e, &c, viz. + A p , g , the 
sign being determined in any particular instance hy the rule 
of Art. 128. This reasoning can easily be extended to the 
general case. Let any number^ of columns be taken, and all 
possible minors formed hy taking p rows of these columns. 
Each of these minors is to be then multiplied by the comple- 
mentary minor, and the determinant expressed as the sum of 
all such products with their proper signs. 

Examples. 

1. Expand the determinant (aifac s di) in terms of the minors of the second order 
formed from the first two columns. 

Employing the bracket notation, we can write down the result as follows : — 

Unfa) (ndt) - {"ifa) (tedi) + {aifa) (czd,) + (a 2 £ 3 ) (c t di) - (a^bi) (cid 3 ) + (ff 3 A 4 ) (cidi) ; 

where the sign to be attached to any product is determined by moving the two rows 

involved in the fir6t factor into the positions of first and second row. Thus, for 
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example, since three displacements are required to move the second and fourth rows 
into these positions, the sign of the product (a^fa) (cid 3 ) is negative. 

2. Expand similarly the determinant (ailiczdie$) , 

Am. (cnh) (« 3 ^«s) - (aifa) ("2^5) + {«ih) (c2<te) - («i h) («2<fee 4 ) 
+ {0263) [cidien) - (« 2 J 4 ) (cirf 3 e 6 ) + (azfa) (cirf 3 e 4 ) + (« 3 S 4 ) (e»fee 5 ) 

- («3*5) (<!l<fc« 4 ) + («4*5) («1<?2«3). 

3. Prove the identity 




«i 


h 


0\ 




01 


01 


7i 


«2 


h 


Ci 




B2 


$1 


72 


«3 


h 


«3 




03 


A 


73 



This appears by expanding the determinant in terms of the minors formed from 
the first three columns, for it is evident that all these minors vanish (having one row 
at least of ciphers) except one, viz. (aiiiC;,). 

In general it appears in the same way that if a determinant of the 2m"> order 
contains in any position a square of m* ciphers, it can he expressed as the product 
of two determinants of the m th order. 



4. Expand the determinant 



h 



9 



h b f fx fx' 

g f c v v 

\ ix v 

A' ix' v' 
in powers of a, j8, 7, where 

a = ixv — jx'v, # = v\' — v'X, 7 = \fi' — A'ju. 

Am. aa 2 + 5/3 2 + cy 1 + 2/07 + 2gya + 2Aa;8. 

5. Verify the development of the present Article by showing that it gives in the 
general case the proper number of terms. 

Consider the first r columns of a determinant of the «"' order. The number of 
minors formed from these is equal to the number of combinations of n things taken 
r together. This number multiplied by 1 . 2 . 3 . . . r (the number of terms in each 
minor), and 1 . 2 . 3 . . . n — r (the number of terms in each complementary minor), 
will be found to give 1 . 2 . 3 . . . n, viz. the number of terms in the determinant. 

VOL. II. C 
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136. Development of a Determinant in Products 
of the leading Constituents. — In this and the next fol- 
lowing Articles will he explained two additional modes of 
development which will he found useful in the expansion of 
certain determinants of special form. The application which 
follows will be sufficient to show how any determinant may 
he expanded in products of the leading constituents — 

It is required to expand the determinant of the fourth order 
A bi ci d\ 



(72 
«3 



B 

fa 

fa 



c-i 
C 



dz 



according to the products of A, B, C, D. In order to give prominence to the 
leading constituents we have here replaced «i, fa, c it di by A, B, C, D. When 
the expansion is effected it is plain that the result must he of the form 

A = Ao + 2\A + 2\'AB + ABCD, 

where Ao consists of all the terms in which no leading constituent occurs ; 'S.KA is 
the sum of all the terms in which one only of these constituents occurs ; %\'AB is 
the sum of all in which the product of a pair of the leading constituents is found ; 
and ABCD, the leading term, is the product of all these constituents. It will be 
observed that the expansion here written contains no terms of the form \"ABC, and 
it is evident in general that the expanded determinant can contain no terms in 
which products of all the leading constituents but one occur, since the coefficient 
of any such product is the remaining diagonal constituent. It only remains to see 
what is the form of A , and of the undetermined coefficients \,/x,... \', fi, . . . &c. 
Putting J, B, 0, D all equal to zero in tho identity above written, we have 
b\ Ci d, 



Ao-- 



at 

«3 



d 2 



«4 l>i Ci. 

Again, to obtain X, let B, G, D be made equal to zero. The coefficient of A is 
clearly the determinant 



C2 




do 




h 

fa Ci 
the coefficient of B is similarly obtained by replacing A, C, D each by zero in the 
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minor complementary to B ; and so on. To obtain A', let C and B be made zero ; 
the coefficient of AB in the resulting determinant is plainly the second minor 







The coefficient of any other product is obtained in a similar manner. Finally, 
the expansion of A may be written in the form 














h 


C\ 




ii 












«2 


c% di 






«3 


h da 






«4 


bi a o 






o a <fa 




Cl 


* 




fa di 




ii ci 


+ A 


h da 


+ B 


«3 


da 


+ 


«2 dz 


+ B 


«2 Cl 




ti a o 




r<l Ci 







at bi 




«3 #3 


+ AB 


d s 
ci 


+ AO 


di 
h 


+ AB 


ct 
bz 


+ BC 


d 

«4 


+ BB 


«i 

fl!3 


4 CB 


ii 

«2 


+ ABC 


B. 

























A determinant whose leading constituents all vanish has been called zero-axial. 
The result just obtained may be stated as follows: — Any determinant may be ex- 
panded in products of the leading constituents, the coefficient of every product in the 
result being a zero-axial determinant. 

137. Expansion of a Determinant in Products in 
Pairs of the Constituents of a Row and Column. — la 

what follows we take the first row and first column as those in 
terms of which the expansion is required. This is evidently 
sufficient, since any other row and column may be brought by 
displacements into these positions. It will be found convenient 
to write the determinant under consideration in the form 



«o a 


p 


y • 


a «i 


h 


Ci • 


/3' «, 


h 


d . 


y' a 3 


h 


Ca . 



(I 2 
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Let this be denoted by A', and its leading first minor 
(a Ac, . . .) by the usual notation A. The determinant A' may 
be said to be derived from A by bordering it, horizontally with 
the constituents a , a, 3, y, ... , and vertically with the consti- 
tuents a a , a, j3', y . . . When A' is expanded, all the terms 
which contain a are included in ff A. In addition to this, the 
expansion will consist of the product of every other constituent 
of the first column by every other constituent of the first row, 
every such product of two being multiplied byjits proper factor. 
What this factor is in the case of any product is easily seen. 
Let the coefficients of a u & 1} c u . . . a % , b 2 , . . . &c, in the expan- 
sion of A be A u Bi, . . . A^, B 2 , ■ . ■ , according to the notation 
explained in Art. 134. It is plain that the factor which multi- 
plies any product, for example aa', in the expansion of A', is the 
same as the factor which multiplies « «i with sign changed, viz. 
- Ai ; similarly the factor which multiplies a )3 is the factor with 
sign changed of « &i, viz. - B l ; and so on. To obtain the factor 
of any such product the rule clearly is — Find the fourth consti- 
tuent completing the rectangle formed by the leading term a and 
the two constituents which enter into the product : the required 
factor is obtained by substituting for the constituent of A so found 
the corresponding capital letter with the negative sign. It appears 
therefore finally that the expansion of A' may be written in the 
following form : — 

A' = tf A - A,aa - Bfia - 0,ya - . . . 
-A t aP-B&P-CtyP-.. . 

- A 3 ay' — B 3 fiy' — C 3 yy' - . . . 

- &c. 

Examples of the utility of this mode of expansion will be 
found under a subsequent Article. 

138. Addition of Determinants. Prop. V. If every 

constituent in any line can be resolved into the sum of two others, 
the determinant can be resolved into the sum of two others. 
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Suppose the constituents of the first oolumn to be «j + a„ 
<h + a 2 , « 3 + a 3 , &c. Substituting these in the expansion of 
Art. 134, we have 

A = (ru, + a,) A x + (a 2 + o 2 ) A 2 + (a 3 + a 3 ) A 3 + &e. 

= ctxAi + a^Ai + a 3 A 3 + . . &c. + a t A L + a 2 A 3 + a 3 A 3 + &c. ; 



or, 



«I 


fa 


<?! . . 




«1 


8, 


d . . 


cti 


fa 


c 2 . . 


+ 


a 2 


8 2 


c 2 . . 


<h 


fa 


c 3 . . 




et3 


63 


C3 . . 



tfi + ai 5i Ci . 
fl-t + a 2 5 2 c 2 . 
a 3 + 03 83 c 3 . 



which proves the proposition. 

If a second column consists of the sum of two others, it is 
easily seen, by first resolving with reference to one column, and 
afterwards with reference to the other, that the determinant 
can be resolved into the sum of four others.^ For example, the 
determinant ) * "V ** 

61 + /3, 

fa + j3 2 

fa + 03 



r v 

«! + ai 
tf 2 + a 2 



1 

c 2 



«u + a 3 



<?3 



is (using the notation of Art. 133) equal to the sum of the four 
determinants 

(«Ae 3 ) + (ai5 2 c 3 ) + (afi-A) + (ai/3 2 c 3 ). 

Similarly it follows that if each of the constituents of one 
column consists of the algebraical sum of any number of terms, 
the determinant can be resolved into a corresponding number of 
determinants. For example — 



«i - ai f a'i bi Ci 




a, 


fa 


Ci 




ai 6i C, 




a'i 61 <a 


fl 2 - a 2 + a 2 fa C 2 


= 


« 2 


8 2 


c 2 


- 


a 2 fa C 2 


+ 


O 2 fa Ci 


a 3 -a 3 + a 3 b 3 C3 




«3 


83 


C3 




a s 5 3 ft 




u'3 63 c 3 
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And, in general, if one column consists of the algebraic sum of 
m others, a second column of the sum of n others, a third of the 
sum of p others, &c, the determinant can be resolved into the 
sum of mnp . . . , &c, others. 

Similar results plainly hold with regard to the rows, which 
may be substituted for columns in the proof just given. 

139. Prop. VI. — If the constituents of one line are equal to 
the sums of the corresponding constituents of the other lines multi- 
plied by constant factors, the determinant vanishes. 

For it can then be resolved into the sum of a number of 
determinants which separately vanish. For example, 



ma l + nbi 


Oi 


b s 




ffi 


ffi 


a. 




h 


«i 


61 


mat + nb-i 


a. 


h 


= m 


«2 


«! 


h 


+ n 


h 


«8 


h 


ma, + nb 3 


(h 


h 




a 3 


«» 


h 




h 


(h 


h 



and each of the latter determinants vanishes (Art. 130). 

140. Prop. VII. — A determinant is unchanged when to each 
constituent of any row or column are added those of several other 
rows or columns multiplied respectively by constant factors. 

For when the determinant is resolved into the sum of others, 
as in Art. 138, the determinants in which the added lines occur 
all vanish, since each of them must, when the constant factor is 
removed, contain two identical lines. Thus, for example, 

«i + mhi + nci bi c L 

« 2 4 mbz + nc 2 b 2 c 2 

« 3 + mb 3 + nc z b z c 3 

for when the second determinant is expressed as the sum of 
three others, the two arising from the added columns vanish 
identically (Art. 139). 

The proposition of the present Article supplies in practice 
one of the most useful properties in the evaluation of deter- 
minants. 



«1 
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Ci 




#2 


h 


c 


= 


a, 


b 3 


o 3 
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Examples. 
1. Shew that the following determinant vanishes : 
£ + 7 a 1 







7 + a 

a + i3 7 

Adding the constituents of the second column to those of the first, we can take 
out o + j8 + 7 as a factor, and two columns then become identical. 
2. Find the value of the determinant 



4 

7 

10 



Subtracting the constituents of the first column from those of the second, and 
three times the constituents of the first column from those of the third, we obtain 



3. 







1 


1 


1 




2 


1 


1 


ishes identically. 
1111 




3 

- 1 


1 
1 


1 
1 1 


1-1 1 1 










2 2 


i 1-1 1 







2 


2 


1 1 1-1 







2 


2 



= -16. 



Here the first transformation is obtained by adding in succession the constituents 
of the first row to those of the second, third, and fourth. 








2 2 




2 


2 




2 


2 



4. 



7 11 


4 




7 11 '■> 4 




7 


-10 


-10 




13 15 


10 


= 3 


13 15 "10 


= 3 


13 


-24 


-16 


= 3 


3 9 


6 




1 3 2 




1 











10 10 
24 16 



= 30 (16 - 24) = - 240. 

Here the second transformation is obtained by subtracting three times the first 
column from the second, and twice the first from the third. In examples of this 
kind, attempts should be made to reduce to zero all the constituents except one in 
some row or column, in which case the calculation reduces to that of a determi- 
nant of lower order. This can always be done by reducing any one line to units, as 



24 



Determinants. 



in Ex. 7, Art. 132; but in general it can be effected more readily by direct addi- 
tions or subtractions, as in tbe present instance. 



17 



The first transformation is obtained by adding to the second row three times the 
first, subtracting the first from the third row, and adding the first to the fourth 
row. The reduced determinant is easily calculated by subtracting four times the 
second column from the first, and three times the second column from the third. 
Thus 



7 


-2 





5 




7 


-2 





5 




19 


-2 


2 


6 


-2 


2 




19 





-2 


17 


= 2 


-7 


5 





-2 


5 


3 




-7 





5 


- 2 




12 


3 


5 


2 


3 


4 




12 





3 


9 









19-2 17 






27 


-2 23 




-7 5-2 


= 2 


-27 


5-17 


= -6 


12 3 9 







3 




6. Calculate the determinant 








1 


15 1' 


t i 


A = 


12 
8 


6 
10 1 


1 9 
I 5 








13 


3 


2 16 



27 
27 



23 
17 



= - 972. 



The first sixteen natural numbers are arranged here in what is called a " magic 

square," i.e. the sum of all the figures in any row or in any column is constant. In 

general for a square of the first ra 2 numbers this sum is \n (» 2 4 1). , Determinants 

,, of this kind can be at once reduced one degree. Here, adding the last three 

columns to the first, and subtracting the last row from each of the others, we have 



= 31 



and subtracting the second row from the last row, it is evident that the reduced 
determinant vanishes ; hence A = 0. 

7. Calculate the determinant formed by the first nine natural numbers arranged 
in a magic square : 



1 


15 


14 


4 







12 


12 -12 




1 


1 -1 


1 


6 


7 


9 


= 34 





3 


5 -7 


= -34 x 12 


3 


5 -7 


1 


10 


11 


5 







7 


9-11 




7 


9-11 


1 


3 


2 


16 




1 


3 


2 16 









Am. 360. 
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8. Calculate the determinant formed by the first twenty-five natural numbers 
arranged in a magio square : 

1 



10 
4 
23 
17 
11 



18 
12 



5 
24 



25 

19 

13 

7 



14 

8 

2 

21 

20 



22 

16 

15 

9 

3 



Ans. -4680000. 



9. Evaluate, by the method of the present Article, the determinant of Ex. 9, 
Art. 134. 







r 



V' 
J-* 



1 if- x? - y 2 - y 2 
Here, to obtain the second determinant, we subtract the second column from 
each of the following ones. In the reduced determinant, subtracting the first row 
from each of the following, we find 

1 2 2 y' 







-2z 2 



2;- 

y 2 + <s 2 



s'-y'-j* -2y 2 
= (y 2 + z 2 -a; 2 ) 2 -4y 2 z 2 
= (y 2 + i 2 - x 1 + 2yz) (y 2 + z 2 - a 2 - 2y«) 
= {(y+ ls f- x *}{(y-zy- x *} 
= - (x + y + z) (y + z - z) (z + % - y) (z + y - z). 

10. Prove the identity 

(J + cf « 2 



y 2 + z 2 — a; 2 
- a 2 2y 2 



A 2 



(c + a)' 



(« + by 



= labc (a + b + c) s . 



Subtracting the last column from each of the others, (a + b + c) 2 may be taken out 
as a factor. Calling the remaining determinant A', and subtracting in it the sum of 
the first two rows from the last, we have 



b + c — a a 2 

c + a - b S 2 

c-a—b c — a — b (a + Vf 



i -t e-a a 2 

c + a-b i 2 

- lb -la lab 

a{b + c — a) s 2 

b(o + a-b) S 2 

- lab - lab lab 
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Adding the last column to each of the others, we obtain 
a (b + c) a 2 a 2 
4 2 b (c + a) S 2 
lab 



I a (b + c) 

= 2 

1 * 2 


« 2 
b(c + a) 


\ = 2ab 


b+ c a 
b c4 a 






= 2abc(a+b + c). 



Hence, A = A'(a + * + c) 2 = 2abc(a + b + c) 3 . 

11. Prove the identity 

111 

a $ y E (0-7)(7-a)(a-S)(a+0-t-7). 

a 3 ;8 3 7 3 

Subtracting the first column from each of the others, $ - a and 7-0 become 
factors. In the reduced determinant, subtract the first row multiplied by a 2 from 
the second row. 

12. Eesolve into simple factors the determinant 
L 1 



1 


1 


7 


5 


T 


5 2 


7' 


5 1 



Proceeding as in Ex. 11, we easily find that (j8 - o) (7 - a) (5 - a) is a factor, 
and that the reduced determinant is 

1 1 1 

$ + a 7 + a S + a 

3 3 + 2 a+/3a 2 + a 3 7 3 + 7 2 o + 70 2 + a 3 5 3 + 5 2 o + 8a 2 + a 3 

Subtracting the first column from each of the others, (7 - 0} (S - 0) comes out 
as a factor, and the remaining factor is easily found to be (8 — 7) (a + /3 + 7 + 8). 
Hence, finally, 

A = -03-7)(a-8)(7-a)08-8)(a-/3)(7-S)(a + |8 + 7 + 8). 
13. Eesolve into linear factors the determinant 

1 b c 



Multiply the second column by a, and the third by a- ; and add to the first. 
The factor a + a>b + a?-e may then be taken oft the first column (since w 3 = 1), leaving 
the constituents 1, a, w 2 . Adding then the second and third rows to the first, the 
factor a + b + e may be taken out ; and the remaining determinant is easily found 
to be equal to a + u"b + uc. Hence we have 

A s (a + b + c) (a + wb + w 2 c) (3 + u 2 b + uc). 
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14. Besolve into linear factors the determinant 
% b c d 



A s 



bade 

c d a b 

d e b a 
The result is as follows : — 

A = -{a+b + c + d)(b + c-a-d)(c + a-b- d){a + b-c- d), 
since each of the factors here 'written is a factor of the determinant ; for example, 
a + b — c— dis shown to he a factor hy adding the second column to the first, and 
subtracting the third and fourth. By comparing the sign of a 4 it appears that the 
negative sign must he attached to the product. 

It may be observed that the determinant of Ex. 9 is a particular case of the 
determinant here considered, viz. that obtained by putting a = 0, as will appear 
hy comparing the equivalent forms of Ex. 9, Art. 134. 

141. Multiplication of Determinants. — Prop. VIII. — 

The product of tiro determinants of any order is itself a determinant 
of the same order. 

We shall prove this for two determinants of the third order. 
The student will observe, from the nature of the proof, that it 
is equally applicable in general. We propose to show that the 
product of the two determinants («i5 2 c 3 ), (aijSs-ys) is 

a^x + Ji/3i + Ciji a t a 2 + &ij3 2 + <?iy 2 aia 3 + 6ij3 3 '+ Ciy 3 

ff 2 ai + 5 2 /3i + Czji <7 2 o 2 + £ 2 j3 2 + c 2 y 2 ff 2 a 3 + 5 2 j3 3 + <Vy 3 

«3"i + &s/3i + C 3 yi «aa-i + hfi? + C 3 yi "303 + hfi s + f 3 y 3 

whose constituents are the sums of the products of the con- 
stituents in any row of (ff Ac 3 ) by the corresponding constituents 
in any row of (aj/3 2 y 3 ). 

Since each column consists of the sum of three terms, this 
determinant can be expanded into the sum of twenty- seven 
others (Art. 138). Now it will be observed that when any one 
of these is written down, a common factor can be taken off each 
column ; and that several of the partial determinants will, when 
these factors are removed, have two (or more) columns identical. 
The determinants which do not vanish in this way can be easily 
selected. Taking, for example, the first vertical line of the first 
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«1 


h 


t'i 




«i 


Ci 


h 


a% 


h 


Cs 


+ aiy 2 j3 3 


a* 


Ci 


h 


n 3 


h 


e 3 




«3 


Ci 


h 



column, this would give a vanishing determinant if we were to 
take along with it the first line of the second column. We take 
then the second line of the second column, and along with 
these two we must take the third line of the third column to 
obtain a determinant which does not vanish. Retaining still 
the first line of the first column, we may take the third line 
of the second column along with the second line of the third 
column. Taking out the common factors of the columns, we 
write down these two determinants as follows : — 



ai/3 2 7' ; 



Taking in turn each of the other lines of the first column, 
we obtain four other determinants which do not vanish. Thus 
there are in all six terms ; and it is plain that (aAc 3 ) is a 
factor in each of these. Taking out this factor there remains 
the sum of six terms — 

a\$iyz - aif5 3 y% - a 2 (5iy 3 + a 3 /3iy 2 + a 2 /3 3 yi - azj3 2 yi, 

and this is the determinant (a^ys). We have therefore proved 
that the determinant above written is the product of the two 
given determinants. 

In either of the given determinants the rows may be writ- 
ten in place of columns ; hence the product may be written 
in several different forms as a determinant ; but these will, 
of course, give the same value when expanded. 

142. multiplication of Determinants continued. — 

Another mode of proof of the proposition of the last Article, 
expressing as a determinant the product of two given determi- 
nants of the same order, may be derived from Laplace's mode 
of development already explained (Art. 135). 

The nature of this proof will be sufficiently understood from 
the application which follows to two determinants of the third 
order. 
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The product of the two determinants (aifac-s), (aifay 3 ) is (see Ex. 3, Art. 135) 
plainly equal to the determinant 



«1 


h 


fl 


0' 








«2 


fa 


C2 











"3 


h 


cs 











1 








°-\ 


(X2 


a:) 





-1 





ft 


ft 


ft 








-1 


71 


72 


73 



In this determinant add to the fourth column the sum of the first multiplied by 
01, the second by ft, and the third by 71 ; add to the fifth column the sum of the 
first multiplied by 02, the second by £2, and the third by 72 ; and add to the sixth 
column the sum of the first multiplied by 03, the second by ft, and the third by 73. 
The determinant becomes then 



ffl 


h 


C| 


aiai + Sift + «i7i 


«1 02 + Si ft + C\ 72 


«113+bl$s+ C173 


(? 2 


h 


c 2 


«2ai +*2ft + C271 


«2 02 + 52ft + «272 


02a3 + ia/3s + C273 


as 


fa 


cz 


(J301 + faBi +C371 


"SIK + fafc +C372 


«3 a3 + fa ft + C373 


1 




















-1 




















-1 












and this is, by Art. 135, equal to the product (with the proper sign) of the deter- 
minant 

1 



■1 
-1 



(which is equal to — 1) 



by the complementary minor, which is the same determinant as that obtained in the 
preceding Article. That the sign to be attached to the product is negative is easily 
seen by moving down the first three rows till the diagonals of the two minors in 
question form the diagonal of the determinant itself. The student will have no 
difficulty in observing that, in the general case, the number of such displacements 
is odd when the order of the given determinants is odd, and even when it is even ;. 
so that the sign to he placed before the product-determinant of Art. 141 is always 
positive. 

The important proposition oontained in this Article and the 
Article which precedes will be illustrated by the examples 
which follow. 
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Examples. 
1 . Show that the product of the two determinants 

a + ib c +- id a' — ib' 

> 
— c + id a— ib — c' — id 

where i = V- 1, may he written in the form 

D-iG B-iA 



c' — id' 
a' + ib' 



where 



-B-iA D+iC 

A = b</ — b'c + ad' — a'd, B = ca' — c'a + bd' — b'd, 
G = ab' — a'b + cd' — c'd, D = aa' + bb' + cc' + dd'; 
and hence prove Euler's theorem 

(a 2 + S 2 + c 2 + d*) [a* + b' 2 + c' 2 + d' 2 ) 
= (aa' + bb' + cc' + dd') 1 + (be' - b'c + ad' — a'd) 2 
+ (ca' — c'a + bd' - b'd) 2 + (ab' - a'b+ cd' — c'd)-, 

viz. the product of two sums each of four squares can be expressed as the sum of four 
squares. 

2. Prove the following expression for the square of a determinant of the third 
order : — 

2 (ac - b 2 ) ad \ a'c - 2bb' ac" + a"c - lib" 

ac'+a'c-2bb' 2 (a'c' - J') 2 a'c" + a"c - 2VV 

ac" + a"c-2bb" € a'c" + a"c' -2b'b" 2(a"c" -b" 2 ) 

This appears by multiplying the two determinants 

24 a 
b' d 



a 


b 


c 


■I 


a 


V 


e' 


= 


a" 


b" 


r'' 





*" b" c" 
which differ only by the factor 2. 
3. Prove the identity 

2bc - a 2 



2b' a' 
■ 24" a" 



A 2 



c 2 2ca -A 2 a 2 

b'' a 2 2ab - c 2 



s (a? + A 3 + c 3 - Zabcf. 



Examples. 
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This may be readily proved by multiplying together the two equivalent deter- 
minants 



4. Prove, by squaring the determinant of Ex. 10, Art. 132, the following 
relation between the roots a, /8, y, S, of a biquadratic ; «o, «i, «2, &c. having the 
same signification as in Chap. VIII., Vol. I. : — 



so «1 «J S3 

Si 52 S3 S4 

S3 S3 S4 S 5 

S3 Si S5 S 6 



(i8 - 7 ) 2 (a - 8) 2 ( 7 - a) 2 (0 - 8) 2 (a - £)* (7 - 8) 2 - 



The student will find no difficulty in writing down for an equation of any 
degree the corresponding determinant (in terms of the sums of the powers of the 
roots) which is equal to the product of the squares of the differences. 

5 . Eesolve into factors the determinant 



se 


«5 


s t 


S3 


x' 


S5 


u 


S3 


S2 


xi 


H 


Si 


S 2 


Si 


X 


S3 


s% 


Si 


so 


1 


2/ 3 


V 1 


y 


1 






in which so, »i, si, &c. are the sums of the powers of three quantities a, $, 7. 
This determinant is the product of the two 



o 3 


P 


T 3 


X 3 





<c- 


P 


7 2 


X* 





a 





7 


X 





1 


1 


1 


1 

















1 



a 3 


$ 3 


7 3 





y 


a 2 


P 


T 





y 


a 





J 





y 


1 


1 


1 





1 











1 






and each of the latter can be readily resolved into simple factors. 
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6. Prove the result of Ex. 28, p. 57, Vol. I., by multiplying the two following 
determinants : — 



X 


y 


z 




x' 


V 


z' 


z 


X 


y 


* 


z 


X 


y' 


y 


z 


X 




y' 


z' 


X 



7. Show that two determinants of different orders may be multiplied together. 

For their orders may be made equal ; since the order of any determinant can be 
increased by adding any number of columns and the same number of rows consisting 
of units in the diagonal, and all the rest zero constituents. For example, 

10 



«1 


h 


may be written 





1 








«2 


*2 










«1 


h 














«2 


h 



the only effect of the added constituents being to multiply the determinant by unity. 
More generally, one set of added constituents (i. e. those either to the right or the 
left of the diagonal) might be taken to be any quantities whatever, the remaining 
set being ciphers. Thus («A) may be written in either of the forms 



1 


» 


$ 


7 




1 


a 


s 


7 





1 


5 


6 







1 














a, 


h 


t 





S 


<Tl 


J] 








a% 


h 







€ 


«2 


h 



as readily appears by means of the expansion of Art. 134. 

143. Rectangular Arrays. — Arrays in which the num- 
ber of rows is not equal to the number of columns may be called 
rectangular. These do not themselves represent any definite 
function ; but if two such arrays of the same dimensions are 
given, there can be derived from them by the process of Art. 141 
a determinant whose value we proceed to investigate. 

(1). When the number of columns exceeds the number of rows. 

Take, for example, the two rectangular arrays, 



6. 



c, d x 
<"2 d 2 



(1). 



<*i j3. 



a 2 



fr 



n 8, 

72 §2 



(2); 
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and performing on these a process similar to that employed in 
multiplying two determinants, we obtain the determinant 
a x a x + 6j/3i + Cijx + d t Si a x a 2 + 5,/3 2 + c,y 2 + d x S z | 
a 2 ai + 6 2 /3i + C 2 y, + d 2 Si ff a Os + & 2 j3 2 + c 2 y 2 + d 2 8 2 I 
The value of this is easily found to be 
(aA) (ai|3 2 ) + (a l C 1 )(a l y. i ) + («irf 2 )(a,8 2 ) + (6,c 2 ) (j3ij 2 ) 

+ (M 2 )(j3i8 2 ) + M 2 )(7,8 2 ), 
i. e. the sum of the products of all possible determinants which can 
be formed from one array [by taking a number of columns equal to 
the number of rotes) multiplied by the corresponding determinants 
formed from the other array. 

Another proof of this proposition, analogous to the treat- 
ment of multiplication of determinants in Art. 142, is given 
among the examples which follow this Article ; and either of 
these proofs can be easily generalized. 

(2). When the number of rows exceeds the number of columns 
the resulting determinant vanishes. 

Take, for example, the two arrays 

«i b x i ai )3i \ 

a, ft, J- (1), a 2 /3 2 (2). 

«3 h ' a 3 $3 I 

Performing the process of multiplication, we have 
a lttl + bfii ff,a 2 + ft,/3 2 a x a 3 + b&i 
(liai + 6 2 /3i « 2 a 2 + ft 2 /3 2 fl 2 a 3 + ft 2 j3 3 
ffsai + hj3i ff3a 2 + ft 3 /3 2 a z a 3 + 63/83 
It will be observed that this determinant is the same as would 
arise if a column of ciphers were added to each of the given 
arrays, and the determinants so formed then multiplied. It 
follows that the determinant vanishes. 

A similar proof applies in general. It is only necessary in 
any instance to add to each array columns of ciphers, so as to 
make the number of columns equal to the number of rows, and 
then multiply the two determinants. 
vol. 11. d 
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(i), 



t 1 i 

a. 3 7 



prove 



Examples. 

1 . From the two arrays 

1 1 1 

« /3 7 

3 o + /3 + 7 

o + /3 + 7 a* + 2 + 7' 

2. From the two arrays 

a b e \ e —lb a 

«' V c ) e' — lb a 



(2), 



(«-/3) 2 +(a-7) J +(/3-7)2 



(2), 



prove 

4 («« — V) [a'o' — J' 2 ) — («' + «'c — 2M') 2 = 4 (be' — b'e)(ab' — a'b) — (ae' — a'c) 2 . 

3. By squaring the array 

a b c \ 

n' b' f' ) 

prove 
(a 2 + P + c 2 ) («'••* + 4' 2 + e' 2 ) = (««' + 54' + cc') 2 + (^ - S'c) 2 + (««' - o'af + (ab' - a'bf 

4. Verify, by squaring the array 

abed) 
a' b' e' a" ) 
the result of Ex. 1, Art. 142. 

5._Prove the determinant identity 

(«i - *i) 8 («i - biY («i - S3) 2 («! - i 4 ) 2 
(«2-*i) 2 («s-5 2 ) 2 (« 2 -S 3 ) a (02-54) 2 

(«3-*l) 2 («3-* 2 ) 2 («3-S 3 ) 2 («3-J4) 2 

(«4-&i) 2 («4-5 2 ) 2 («4-5 3 ) 2 («4-i4) 2 
This can he proved by multiplying the two arrays 

«i 2 «i 1 \ 1 - 2*i Si 2 x 



s 0. 



«2 2 «2 1 
«3 2 «3 1 
«4 2 «4 1 



(1) 



1 - 2*2 *2 2 
1 - 25 3 *3 2 

1 -24 4 i 4 2 / 



(2). 



Examples. 
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6. For the general equation of the n (h degree, whose roots are a, $, y, 8, &c. 
and «oj <i> si, &c. the sums of the powers of the roots, prove 

so 



Si 



= 2 (a - /3) 2 . 



This appears at once by squaring the array 
11111 

a $ y 8 e 
7. Prove similarly, for the general equation, 

«o «1 «2 



s\ 



= 2 08-y)*(y-a)*(a- i B) i >. 



* S2 S3 Si 

This is easily proved, as in the preceding example, by squaring a suitable array ; 
and the same process can be used to establish a series of relations of this kind. 
"When the number of rows in the array becomes equal to the degree of the equation, 
the value of the determinant is the product of the squares of the differences of the 
roots, as in Ex. 4, Art. 142. "When the number of rows exceeds the degree of the 
equation the value of the corresponding determinant is zero. The determinant of 
the fourth order just referred to, for example, vanishes for equations of the second 
and third degrees. 

8 . Prove, for the general equation, 
so si sa S3 



= 2(j8-7) 2 (7-«) 2 («-i3) 2 («-«)(*-i8)(*-7). 



Sl 


S3 


S3 


Si 


S3 


Si 


1 


X 


X 1 



Multiplying the two arrays 
1 1 1 . . \ 



we show that 2 is equal to 

so% — Sl 

SlX — Si 



which is easily transformed into the proposed determinant. 

It appears in like manner in general that the determinant of similar form of 
order p + 1 is equal to the corresponding symmetric function, each of whose terms 
contains .p factors of the original equation, multiplied by the product of the squared 
differences of ihep roots therein contained. 

D 2 



X — a 


x - 18 


X — y 


a(x — a) 


B (* - 18) 


y (* - y) 


or (x — a) 


(8 2 (s-j8) 


7- (* - y) 


SIX — S3 


SIX — S3 




SIX - S3 


S3X - Si 


» 


83X — Si 


SiX — S5 
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ch 











ai 


02 





0i 


02 





71 


72 


1 


Si 


B> 



9. Find the value of the following determinant, and hence derive another proof 
of the property of arrays of the first kind — 

m b\ ci d\ 

ff2 ^2 ?2 

-10 

0-1 

0-1 



Expanding this by Laplace's method, we readily find its value to be the six 
products, 2{"ii2) (<xi02), of p. 33 ; and treating the determinant as in Art. 142, viz. 
adding to the fifth column the sum of the first multiplied by ai, the second by j8i, 
&c, we reduce it to the determinant of the second order at the top of p. 33. 

144. Solution of a System of Linear Equations. — 

We have seen in Art. 134 that a determinant may be expanded 
as a linear homogeneous function of the constituents in any row 
or column, the coefficient of any constituent being the corre- 
sponding minor with its proper sign. We have, for example, 

A = ctiAi + a 2 A % + a 3 A 3 + &c. 

Now, the coefficients A u A 2 , &c, are connected with the consti- 
tuents of the other columns by n - 1 identical relations, viz. 

biAi + b 2 A 2 + b 3 A 3 + &e. s 0, 
CiAt + c 2 A z + c 3 A 3 + &c. s 0, &c. ; 

for any one of these is what the determinant becomes when the 
constituents of the corresponding column are substituted for 
«i, a 2 , a 3 , &c, and must therefore vanish. 

By the aid of these relations we can write down the solution 
of a system of linear equations. The following application to- 
the case of three unknown quantities x, y, z, is sufficient to- 
explain the general process. Let the equations be 

a t x + b t i/ + Ciz = nil, 

(hx + b 2 i/ + c 2 z = m,r., 

a 3 x + b 3 y + c 3 z = rrh. 
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Multiply the first equation by A it the second by A t , and the 
;hird by A3; and add. The coefficients of y and z vanish, in 
virtue of the relations above proved, and we obtain 

(«i-4i + a 2 A 2 + a z A 3 ) x = miAi + m 2 A 2 + m 3 Aa, 



3r 



Ax = 



tth 



h 
fa 



Cz 



where A represents the determinant formed from the nine con- 
stituents «], bi, c h &c. 

Similarly, multiplying by B t , B 2 , B 3 , we obtain 

{b l B l + bji % + b 3 B s ) y = nhBi + nhB 2 + m 3 B s , 
ai mi Ci 
Ay = (h Mi ^ 

where the determinant on the right-hand side is what A becomes 
svhen m lf m 2 , »M s *are substituted for the constituents of the second 
3olumn. Similarly, we obtain for s 

Az = #2 bi m-t 

a s b 3 m 3 

These values may be written more compactly, as follows : — 

Ax = (wJiJaCa), Ay = («i»»jCj), As = («A»»s). 

In general, the values of x, y, z, &c, may be written as 
follows: — 



x = 



(mAc 3 ...In) (fli»?2&3 • • • 4) {aAm s ... 4) . 

-. — -, r-r. V = ~, — ; TTi % = / 7 . tT> <kc, » 



(fll^A 



4) ' {aAc 3 . . . 4) 



(ai& 2 c 3 . . . 4) 

where, to obtain the value of any unknown, the known quanti- 
ties »h, i)h, &c, on the right-hand side of the given equations 
ire to be substituted in A for the coefficients of the required 
unknown, and the determinant so formed to be divided by A. 
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Examples. 

1 . Solve the equations 

x + y + z = A , 

ax + fry + yz = Ai, 

d?x + ff-y + y 2 z = At. 

The solution is easily effected by the formulae given above. It can be shown 
that the value of any one of the unknown quantities can be expressed as a quadratic 
function of its coefficient in these equations, along with symmetric functions of 
a, /3, y (in addition to the given coefficients A By A\, A%). For this purpose we write 
the value of the unknown (say, y) in the form 

1 y 

1 1 1 





|3' 



7 
7 2 



A 
A, 
A, 



0, 



(1) 



which may be derived immediately by joining the identical equation y = y to the 
three given equations, and eliminating after the manner of the Article which 
follows. Now, 



1 
1 

0' 2 



y 

1 A 
y A\ 
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1 


1 







a 





7 





X 












a 2 


P 


7 2 
















1 
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n 


s 


y 


so 


Si 


Si 


A 


si 


«2 


S3 


Ax 



If, therefore (assuming that a, 0, y are all unequal), we multiply the equa- 
tion (1) by the difference-product, we have y expressed as a quadratic function of 
along with the sums of the powers of the three quantities a, 0, y. 

2. Show, by means of the equations of Art. 77, Vol. I., that the sums of the 
powers can be expressed in terms of the coefficients, or vice versa, in the form of 
determinants, as follows : — 



1 pi 1 






, «3 = - 


1 2p2 pi 





2?2 : 



si 1 

82 Si 



6p 3 = - 



Pi 


1 


2p2 


pi 1 


Sp 3 


P2 p 


Si 


1 


«2 


si 2 


S3 


S2 Si 



2i Pi = 



pi 1 

2^2 pi 1 

Sp3 p% Pi 1 

ipi Pi Pi pi 

si 1 

« H i 

53 S2 Si 3 

54 S3 52 *1 



&C. 



&C. 
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145. Linear Homogeneous Equations. — When n - 1 
linear homogeneous equations hetween n variables are given, the 
ratios of the variables oan be determined by bringing any one of 
them to the right-hand side of the equations, and solving as in 
the previous Article ; or we may determine these ratios more 
conveniently as follows. We take the particular ease of three 
equations betweeb four quantities x, y, z, w, which will be 
sufficient to illustrate the general process : 

a x x + biy + c,z + d x w = ' 

a 2 x + hy + c 2 z + d 2 w = I • (1) 

a 3 x + b 3 y + c 3 z + d 3 w = ^ 

To these may be added a fourth equation whose coefficients 
are undetermined, viz. 

a 4 x + biy + CiZ + d^o = X. (2) 

Calling (ciib 2 c 3 di) as usual A, and solving from these four 
equations by the method of the last Article, we obtain, since 
»«i = 0, »? 2 = 0, m s = 0, nii = X, the following values : — 

Ax = XAi, Ay = XBi, Az = XC 4 , Aw = XZ> 4 , 
or 

At Bt C 4 A A' U 

The first three of these equations express the ratios of x, y, 
z, w in terms of the coefficients in the three given equations. 
And, in general, the variables are proportional to the coefficients 
in the expansion of A of the constituents of the n th row supposed 
added to the n - 1 rows resulting from the given equations. 

We can now express the condition that n linear homogeneous 
equations should be consistent with one another ; for example, 
that the equation (2) should, when X = 0, be consistent with the 
equations (1). We have only to substitute in (2) the ratios 
derived from (1), when we obtain 

(iiAi + biBi + Cid + dj)i = 0, 
or 

A = 0. 
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The same thing appears from the equations (3) ; for if X = 0, 
and if x, y, z, w do not all vanish, A must vanish. 

"What has been proved may be expressed as follows : — The 
result of eliminating n quantities between n equations linear and 
homogeneous in these quantities is the vanishing of the determinant 
formed by the coefficients of the given equations. 

146. Reciprocal Determinants. — The quantities 
A u JB lt C, . . . A 2 , £ 2 , &c. (Art. 134), which occur in the ex- 
pansion of a determinant (i. e. the first minors with their proper 
signs), may be called inverse constituents; and the determinant 
formed with them the inverse or reciprocal determinant. We 
proceed to prove certain useful relations connecting the two 
determinants. 

(1) . To express the reciprocal in terms of the given determinant. 
Let the reciprocal of A be denoted by A', and multiply the two 
determinants 



«j bi c, 

<? 2 b a c 2 
a 3 b z c s 



, A'- 



A x B x C x 

JL% Jj2 0% 

A 3 £ 3 C s 



All the constituents of the resulting determinant except those 
in the diagonal vanish (Art. 144) ; and the result is 



AA' 



whence 



A 
A 
A 

A' = A 2 . 



A 3 ; 



The process here employed in the particular case of two de- 
terminants of the third order is equally applicable in general ; 
giving A A' = A", or A' = A"" 1 . Hence the reciprocal determinant 
is equal to the (n - Vf 1 power of the given determinant. 



Reciprocal determinants. 
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(2). To express any minor of the reciprocal determinant in terms 
of the original constituents. 

"We take, for example, the determinant of the fourth order, 
and proceed to express the first minors of its reciprocal. Multi- 
plying the two determinants on the left-hand side of the follow- 
ing equation, and employing the identical equations of Art. 144, 
we obtain 



d% 
ch 
di 

A C a A 

a c 3 a - »,a' ; 

A d D t 
or (AC 3 A) = o,A», 

thus expressing the first minor of A' complementary to A\. 

Again, to express the second minors of A', we have, by an 
exactly similar process, 
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c x 
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A 
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A 





A, 


lh 
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A 
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A 





»1 h 


C-i 


dy 




1 







«i 


6. 







a 2 b 2 


c 2 rf 2 




10 




« 2 


* 2 







a 3 b 3 


c 3 d 3 




A 3 B 3 C t A 




ff 3 


6, 


A 




a 4 bi 


Ci di 




Ai A A Bi 




(h 


h 


A 


whence 














A A 




<h 


b, 








A 




= 






A 2 , 










c, 




Bi 




a 3 


b 


2 







or 



(AA) = («A) A. 

The general theorem may be expressed as follows : — A minor 
of the order m formed out of the inverse constituents is equal to th/> 
complementary of the corresponding minor of the original determi- 
nant A multiplied by the (»» - l) th power of A. 
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The method of proof above given can be generalized. In 
the case of a determinant, of the fifth order, for example, the 
student will easily verify the following expression for a minor 
of the third order : — 

(CDtE,) = {a A) A\ 

If the original determinant A vanishes, it is plain that not 
only the reciprocal determinant itself, but also all its minors of 
any order vanish. The vanishing of the minors of the second 
order may be expressed in the following useful form : — When a 
determinant vanishes, the constituents of any row of its reciprocal 
are proportional to those of any other row, and the constituents of 
any column to those of any other column. 

147 '. Symmetrical Determinants. — Two constituents of 
a determinant are said to be conjugate when one occupies with 
reference to the leading constituent the same position in the 
rows as the other does in the columns. For example, d % and 
bi are conjugates, one occupying the fourth place in the second 
row, and the other the fourth place in the second column. 
Bach of the leading constituents is its own conjugate. Any 
two conjugate constituents are situated in a line perpendicular 
to the principal diagonal, and at equal distances from it on 
opposite sides. 

A symmetrical determinant is one in which every two con- 
jugate constituents are equal to each other. For examples of 
such determinants the student may refer to Art. 134, Exs. 2, 9, 
10, and Art. 135, Ex. 4. 

In a symmetrical determinant the first minors complemen- 
tary to any two conjugate constituents are equal, since they 
differ only by an interchange of rows and columns. The 
corresponding inverse constituents are also equal, the signs 
to be attached to the minors being the same in both cases. 
It follows that the reciprocal of a symmetrical determinant is 
itself symmetrical. 

The leading minors are all symmetrical determinants. 



Examples. 
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The mode of expansion of Art. 137 is especially useful in 
the case of symmetrical determinants, as will appear from the 
examples which follow. 



Examples. 

1. Form the reciprocal of the symmetrical determinant 

h g 
A s 



b 

f 



f 



Using the capital letters to denote the reciprocal constituents as explained in 
Art. 134, so that A may be expanded in any one of the forms aA + AS + gG, 
hS + IB +/-F, gG +/F+ cC, we may write the reciprocal determinant A' as 
follows : — 



A 
S 
G 



H 
B 

F 



G 
F 
C 



bc-p 

fg-oh 

hf-bg 



f'J- 



gh- 



eh 
f 
of 



¥-bg 
gh - af 
ab-h? 



2. Form similarly the reciprocal of 



A s 



h 
b 
f 



9 
f 



Using a notation similar to that of the preceding example, so that A may be 
expanded indifferently in any of the forms 

uA + hH + gG+lL, hS + bB + fF + mM, &c, 

the reciprocal determinant A' is obtained by replacing in A the constituents by the 
corresponding capital letters. The student will find no difficulty in writing out, if 
necessary, the expanded form of any of the reciprocal constituents ; for example, F 
is the minor complementary to/ with its proper sign (the negative sign in this case), 
and F is therefore obtained from the expansion of 

a h I 



f 



3. Expand the determinant A of Ex. 10, Art. 134, by the method of Art. 137. 
Bringing the last row and last column into the positions of first row and first 
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column, and using the notation of Ex. 1 for the inverse constituents of the leading 
minor, the result can he written down at once in the form 

- A = A\* + B.u? + CV* + 2Fix» + 2Gv\ + 2EK^. 

Since a determinant is unaltered when hoth rows and columns are written in 
reverse order, if the expansion of a determinant be required in terms of the last row 
and last column (as in the present example), it is not necessary to move them in the 
first instance into the positions of first row and first column. The expansion can he 
written down from the determinant as it stands, replacing in the rule of Art. 137 
the leading constituent and its minor hy the last diagonal constituent and its 
complementary minor. 

4. Expand the determinant A of the above Ex. 2, in terms of the last row and 
column, by the method of Art. 137. 

Attending to the remark at the end of the preceding example, and using 
A, S, 0, F, O, S, to represent the same quantities as in Exs. 1 and 3, the result 
may be written down as follows : — 

% h q 



Ap- Bin? - Cr? - 2 Finn - 2Gnl - 2111m. 



'J f <■ 

When a symmetrical determinant of any order is bordered symmetrically (i. e. by 
the same constituents horizontally and vertically) the result is clearly a symmetri- 
cal determinant of the next higher order. The result of Art. 137 shows in general 
that the expansion of the bordered determinant consists of the original determinant 
multiplied by the constituent common to the added row and column, together with 
a homogeneous function of the second degree of the remaining added constituents. 
5. Expand the determinant 

a h g I a 

h b f m 

g f e n y 

I in n d 5 



S 







This is the determinant of Ex. 2, bordered symmetrically, the common consti- 
tuent of the added lines being zero. The result is clearly a homogeneous function 
of the second degree of a, $, y, S ; and, by aid of the notation of Ex. 2, the value 
of — A may be written down at once in the form 

AJ + B& + Cy- + W- + 2F0y +2Gya+ 2HaP + 2Zo8 + 2M0S + 2NyS. 

6. Prove, by means of the Proposition of Art. HI, that the square of any deter- 
minant is a symmetrical determinant. 

7. The product of two reciprocal determinants is the reciprocal determinant of 
the product of the two original determinants. 
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148. Skew-Symmetric and Skew Determinants. — 

A skew-symmetric determinant is one in which every constituent 
is equal to its conjugate with sign changed. Since each leading 
constituent is its own conjugate, it follows that in such a deter- 
minant all the leading diagonal constituents are zero. 

A determinant in which all except the leading constituents 
are equal to their conjugates with sign changed is called a skew 
determinant. Thus, while a skew-symmetric determinant is 
zero-axial, in a skew determinant diagonal constituents are 
present. The calculation of the latter kind may be reduced to 
that of the former by the method of Art. 136. 

The remainder of this Article will be occupied with the proof 
of certain useful properties of skew-symmetric determinants. 

(1). A skew-symmetric determinant of odd order vanishes. 

For any skew-symmetric determinant A is unaltered by 
changing the columns into rows, and then changing the signs 
of all the rows. But when the order of the determinant is odd, 
this process ought to change the sign of A ; hence A must in 
this case vanish. For example, 

a b 



A ^ 



-a 
-b -c 



= 0. 



(2) . The reciprocal of a skew-symmetric determinant of the n"' 
order is a symmetric determinant when n is odd, and a skew-symmetric 
determinant when n is even. 

In any skew-symmetric determinant the minors correspond- 
ing to a pair of conjugate constituents differ by an interchange 
of rows and columns, and by the signs of all the constituents. 
Hence the two minors are equal when their order is even, 
namely when n is odd ; and equal with opposite signs when « is 
even. In the former case, therefore, the reciprocal determinant 
is symmetric ; and in the latter case it is skew-symmetric, its 
leading diagonal constituents being all skew-symmetric deter- 
minants of odd order. 
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(:j). A skew-symmetric determinant of even order is a perfect 



.square. 



This follows from the principles established in Art. 146. 
Take, for example, the determinant of the fourth order 



A- 



a 
b 
c - i 



a o c 

Ode 

-d / 



-/ o 



and let the inverse constituents forming its reciprocal be de- 
noted by A u B lt . .. At, &c. We have then, by (2), Art. 146, 



A A - A,B t = A 







-/ 



./' 



= ./ 2 A. 



Now At and B 2 , being skew-symmetric determinants of odd 
order, vanish ; and A%=- B lt since these are conjugate minors ; 
hence / 2 A = A 2 , which proves that A is a perfect square. 
Similarly, for a determinant A of the sixth order, it is proved 
that the product of A by a skew-symmetric determinant of the 
fourth order is a perfect square ; and since the latter determi- 
nant has been just proved to be a perfect square, it follows that 
A is so also. By an exactly similar process, assuming the truth 
of the Proposition for the determinant of the sixth order, it may 
be proved for one of the eighth ; aud so on. 



Examples. 

1. Verify the following expression for the skew-symmetric determinant of the 
fourth order: — 

a b c 

— a Ode 

-b -d / 

-e -e -f 



[nf - be + «*)». 





Examples. 


2. Expand in powers of x the skew determinant 




x a b 


A s 


— a x d 

- b - d x 




-c -e -/ 
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When the expansion of .Art. 136 is employed to calculate a skew determinant, 
it is to he observed that the determinants of odd order in the expansion all vanish, 
and those of even order may he expressed as squares. Here the coefficients of the 
odd powers of x plainly vanish, and the result takes the form 

A = x l + (« a + 4 2 + c 2 + d" + e"- +P) x 2 + {af- be + cdf. 

3. Expand the skew determinant 

A a b a d 

-a B e f g 

— b — e C h i 
-e -f -h D j 

- d - g -i -j E 

The result may be written in the form 

ABCDE + SpABO + 2 (ej -fi + ghfA, 

where the first 2 includes ten terms similar to the one here written, and the second 
2 five terms. The terms involving the products in pairs of the leading constituents 
vanish, as also the term not involving these quantities. 

i. The square of any determinant of even order can be expressed as a skew- 
symmetric determinant. 

The following method of proof is applicable in general. 

The square of (aib*C3dt) is obtained by multiplying the two following determi- 
nants : — 



a i 
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di 
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«i 
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<h 
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— d% 
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03 
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«3 
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— di 


U 
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and the product of these is 

0, - {nih) - {cidi), - {aih) - ("A), - («i J i) - ("A), 

(«r-i»2) + («A), 0, - («aS») - («s<fe), - («a*4) - («**«), 

(«i*a) + {oid 3 ), (a 2 b 3 ) + (czda), 0, - (0:364) - («3<^), 

(aii 4 ) + (cidi), (an.h) + (czdi), («3*4) + (czdi), 0, 

which is a skew-symmetric determinant. 

5. Form the reciprocal of a skew-symmetric determinant of the third order. 
Using for A the form in (1) of the present Article, the result is easily found 
to be the symmetric determinant 

c 2 — bo ac 



-be 



■ ab 



b- 

ac — ab 

6. Form the reciprocal of the skew-symmetric determinant A of the fourth order 
in Ex. 1. 

Representing by the function af— be + cd whose square is equal to A, and by 
A' the required reciprocal, we easily find 

f<p -e<p d<p 

-/0 af> -*0 

ety — cfy a<p 



- d<j> 



— a<j> 







The value of this skew- symmetric determinant may he written down by aid of the 
result of Ex. 1. It is thus immediately verified that A'= (af — be + cdffy 1 = A 3 . 

7. Form the reciprocal of the skew-symmetric determinant A of the fifth order 
obtained by making the leading coefficients all vanish in the determinant of Ex. 3. 

Since the reciprocal is a symmetric determinant (see (2), Art. 148), and since 
also it must be such that the constituents of any line are proportional to those of any 
parallel line (Art. 146), it appears that the required determinant must be of the 
form 

01 2 0102 0103 0104 0105 



0201 


02= 


0203 


0204 


0205 


03<?>1 


0302 


03 2 


0304 


0305 


0401 


0402 


0403 


04 2 


0406 


0501 


0502 


0503 


0504 


05 



in which 0i, 02, 03, 04, 0s are five functions of the second degree in the original 
constituents whose squares are the values of the five first minors complementary to 
the leading constituents of A. 
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In general the reciprocal of a stew-symmetric determinant of any odd order 
2m + 1 is of a form similar to that just written, the diagonal constituents heing the 
squares, and the remaining constituents the products in pairs, of 2m + 1 functions, 
each of the m th degree in the original constituents. 

149. Theorem. — "We conclude the present chapter with 
an important theorem relating to a determinant whose leading 
first minor vanishes. Adopting the notation of Art. 137, we 
regard A as the vanishing determinant, and state the theorem to 
be proved as follows : — If a determinant A, whose value is zero, 
be bordered in any manner, the product of the determinant so formed 
by the leading first minor of A is equal to the product of two linear 
homogeneous functions of the added constituents. 

Retaining the notation of Art. 137, we shall prove that the 
product of A' and A t may be expressed in the form : — 

A, A' = - (Am + Bfi + Oxy + . ■ .){A x a'+A& + A 3 y' +...). 

This follows at once from (2) of Art. 146 by considering in 
the determinant reciprocal to A' the values of the constituents 
inverse to a„, a, a, «i ; and expressing in terms of the original 
constituents the determinant of the second order formed by 
these four. Another proof of this result may be readily derived 
from the expansion of Art. 137, by the aid of the property of 
the reciprocal of a vanishing determinant (Art. 146), viz. that 
in the determinant formed by A u B u C u &c, the constituents 
in any line are proportional to those in any parallel line. 

If the determinant A is symmetrical, and the bordering also 
symmetrical, the two factors on the right-hand side of the above 
equation become identical, and the theorem takes the following 
form : — If a symmetrical determinant, whose value is zero, be bor- 
dered symmetrically, the product of the determinant so formed by 
its leading second minor is equal to the square with negative sign of 
a linear homogeneous function of the bordering constituents. 

Regarding A' as the original determinant, the following 
useful statement may be given to the theorem just proved :— If 
in any symmetrical determinant the leading first minor vanish, the 
determinant itself and its leading second minor have opposite signs. 

VOL. II. B 
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Examples. 

1. If a skew-symmetric determinant A of odd order 2m + 1 be bordered in 
any manner, the resulting determinant A' is equal to the product of two rational 
functions each containing the added constituents in the first degree and the original 
constituents in the m' h degree. 

Writing, according to the result of Ex. 7, Art. 148, the reciprocal of the given 
skew-symmetric determinant in the form 

</>l 2 <pl<l>2 <pi<p3 • 

</>2</>l <f>2 2 <f>2<p3 . 



and applying the theorem of the present Article, we find 

<?>i 2 A' = - (<|>i 2 a + <(>i(p2j8 + (pifay + . . .) (<£iV + tp2<l>ifi' + <|>3<f>i7' +...), 

or A' = - {<pia + <p2& + tf>37 + . . -)(</>io' + <p2& + fay' + . . .). 

It may be observed that if in this result a', /3', y, &c, be made equal to — a, — 0, 
- y, &c, respectively, we fall hack on the theorem (3) of Art. 148. 

2. If a skew -symmetric determinant of even order 1m he bordered in any 
manner, the resulting determinant is equal to the product of two rational functions, 
one of the »»'*, and the other of the (m + l) th degree in the constituents. 

This may be derived immediately from the last example by making therein all 
the added constituents in the first column, viz., a, $', y, &c, equal to zero, except 
the last, which is to be made = 1. The determinant then reduces to one of the kind 
here considered, the bordering constituents forming the top row and the last 
column. It appears also that the factor of the m th degree in the result is the square 
root of the given skew-symmetric determinant of order 2m. 

3. Prove 
a j3 y 



a e 
$' -o 
y' b —a 
4. Kesolve into its factors 




-b 



s - (aa. + 5/3 + cy)(aa' + bff + ey). 







7 

-b 



— c a y 
y b —a z 
8' -X — y — z 
Am. {ax + by + cz) {x ($y') +y {ya)+ z (a$') + a (af) + b{&6') + c{yfi')\. 
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1. Prove 
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S J, 





(to 


«1 


«2 




«i 


«3 


«3 




«2 


«3 


ff4 


■here /has the usual signification. 






2. Prove 











a 


$ 


7 


= 2 


a 


ff 


y 




a' 


r 


y 



0+7 7+0 o+|8 

& +y y' + a a + $' 

&" + y" y" + a" a"+$" 
3. Prove 

07 187' + 187 $'y' 

70 70' + -/a yd 

aP aff + a'P a'0' 
where the factors on the right-hand side are determinants of the second order. 

Dividing the rows by &y, 7V, dp ; and putting A = -, u = -, v = -, the 

o $ 7 

determinant (omitting a factor) reduces to the form 



= (07) (7^') ( aJ 8'), 



1 -A 

1 -/» 
1 -v 



1 ju + j* juy 
1 V + \ v\ 
1 K+ fj, \fi 
4. Find the value of the determinant 

1 
1 
1 
1 






■{li-v){v- \)(\-p), &c. 



(3 + 7 + 5 $y + 05 + 78 ,875 

a + 7 + 5 07 + 08 + 78 078 

a + + 8 a0 + oS + 08 a0S 

+ /3 + 7 a/8 + 07 + #7 0187 



Since the interchange of two letters would make two rows identical, this can 
differ by a numerical factor only from the product of the six differences. Or we 
may reduce the determinant easily to the form in Ex. 10, Art. 132. The value of 
a similar determinant of any order can be found in the same way ; and the sign 
can be determined in any instance by the method of Ex. 9, Art. 132. 

B P. 
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5. Prove 

0V + a 2 $ 2 $y + aS I 



y 2 a- + i S- ya + 



1 



a 2 2 + 7 2 S' a3 + 75 1 



= (/3-7)(a-8)(7-a)(|8-8)(«-j8)(7-8). 



Add the last column multiplied by 20/578 to the first. The determinant becomes 
then of the form of Ex. 9, Art. 132. 



6. Prove 

{$ + 7 - a - S) 4 (18 + 7 - a - B) 2 1 

(7 + a - $ - S) 4 (7 + a - - 8) 2 1 

(a + 18 - 7 - 8)1 (0 + - 7 - S) 2 1 

7. Prove 
*/ b ax + b 

b c bx + c 

ax + b bx + e 



:64(/3-7)( a -S)( 7 -a)(/3-S) 
(a- j8) (7 - 8 



(««- J 2 )(M; 2 +2A.r + c). 



Subtract from the third row the second row plus the first multiplied by : 
8. Prove similarly 

a b c 



fix 2 + 2 bx + c bx 2 + lex + d cx 2 + Idx + e 

a b 
b c 
c d 



ax 2 + Ibx + c 

bx 2 + lex + d 

ex 2 + idx + e 





(ax* •( ibx 1 + 6ex 2 + idx + e). 



9. Giv 



f\ (x) = aix 3 + Zhx 2 + Zc\x + d u 
h (x) = <r 2 * 3 + 3*2« 2 + Zcix + dz, 
h (•■*) = "zx 3 + 3b 3 x 2 + 3c<sx + d 3 ; 



prove the identity 

/>(*) /i'W fi"(x) 

/*(*) /»'(*) ,/i"M 

/sW /»'(*) /s"W 



s- 18 
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— X 


x'~ 


— x''' 


01 


In 


ei 


di 
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C-i 


it 


?3 


bj 


c-t 


dz 
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The first determinant reduces easily (omitting a factor) to the following: — 

ax + di I 

c%x + <h 

czx + di 

We have seen (Ex. 7, Art. 142) that the order of a determinant may be increased 
without altering its value. By a suitable selection of the added constituents the 
■calculation of a determinant may often be simplified by bordering it in this way. 
The determinant last written is plainly equal to 



a\x + fa 


fax H- a 


azx + ij 


bzx + c-i 


03* + fa 


fax + C3 



1 











«i 


a\x + ii 


fax 4 ci 


c\x + d\ 


<?2 


a%x + fa 


fax + Ci 


C2%+ di 


"3 


a$x + fa 


fax + a 


c-iX + dz 



Subtracting from the second column the first multiplied by x ; subtracting then 
from the third the new second column multiplied by x ; and, finally, from the fourth 
the new third column multiplied by x, we have the result above stated. 

10. Show that the determinant 



Ax- + cy 2 + bz 2 
(A - c) xy 
(A — b) xz 



1 (A - c) xy 

\>f + az 2 + ex 1 - 1 
(A - a) yz 



(A - b) xz 

(A - a) yz 

Az 2 + bx 2 + ay 1 



contains A (x 2 + y 2 + z 2 ) - 1 as a factor, and that the remaining factor is indepen- 
dent of A. 

Border the determinant, as in Ex. 9, with a first column whose constituents are 
1, Ax, Ay, Az ; and with a first row whose constituents are 1, 0, 0, 0. Subtract 
then x times the first column from the second, y times the first column from the 
third, and z times the first column from the fourth. In the determinant thus 
altered subtract from the first row x times the second plus y times the third plus z 
times the fourth. 

1 1 . Expand in powers of x the determinant 



«1 + X 


fa 


C\ 


di 


ai 


fa + X 


c% 


dx 


«3 


fa 


n + x 


d 3 


a± 


fa 


Ct 


di 



Am. x* + («i + fa + 03 + di) X* + { [fa «s) +",(aidi) + (cnea) + (Mi) + {*ifa) + («s<*») } x 2 
+ { (fac3di) + {amdi) -l- («i bzdi) + («i fact) } x + (aifaesdt). 
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12. Prove 



c 



— i 

T ' 

13. Prove the identities 
1 o a 

1 



d 



cV 
d"> 



- (lc^){ad■){ca■)(bd^)(ab■){ed■) 
abcda' b' o d' 



0' 

i 



aa 
00' 
77' 
55' 





B 


C 




a 


A 




A 


B 




B' 


C" 




C" 


A' 




A' 


B' 



where 



A=($-y)(a-S), B = ( 7 - a) (0- 5), C = (a- 0) (7 - 5), 
^' = 08'-7')(«'-S'). i'=( 7 '-a')(/3'-5'), CT - (a ~ ff)(,y' -S'). 

Expanding the first determinant in terms of the minors formed from the first 
two columns (see Art. 135), we easily prove that it is equal to 

A (0V + a'S') + B {y'a' + 0'5') + (a'0' 4 y'S') ; 
and employing the identical equation A + B 4 C = 0, along with the relations of 
Ex. 18, Art. 27, the result follows. 

14. Prove that the determinant of Ex. 13 is equal to 
1 (87 + 08 p'y' 4 a'S 

1 7a 4 08 7'a'+0'8' 

1 aP + yS a'0' + 7'S' 

This follows at once from the relations of Ex. 18, Art. 27. If a', 0', y, $' be 
but equal to a"', 0" m , y m , S m in the result, we obtain an identity which includes 
Ex. 5, p. 52, as a particular case. 

15. Express as a function of differences the following determinant, whose 
vanishing expresses the condition for involution of six points on a line : — 

1 0+0' aa' 



1 



Multiplying the determinant by 
a? 

0- 

7 2 



4 0' 
7 + 7' 

— a 
-0 
-7 



00' 
77' 
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and then removing the factor (/3 - 7) (7 - a) (a - &) from both sides of the equation, 
the value of A is easily expressed as follows : — 

A = {«-&) O-7') (7- a) + (a'- /3) (ff-y) {y-aj. 

This result may also be derived from the determinant of Ex. 13, whose vanishing 
expresses the general homographic relation between two sets of four points. 
16. Expand the determinant 



r. 











ff4 


- 1 


X 








«3 





-1 


X 





«2 








-1 


x 


ffll 











- 1 


(to 



This is found to be identical with the quarlic 

aox* + aix s + aix 1 + asx + «4 ; 

and it is easily seen that a polynomial of any degree can be expressed as a determi- 
nant of like form. 
17. Prove 



= {x- a) {x- P)(x-y) (x-$); 



"1 


a-i 


«3 


X 


h 


h 





X 


C\ 





7 


X 


/3 


7 


S 



column from the first, $ times the 



oi, «2, «3, b\, h, ci being any quantities. 

This follows by subtracting a times the last 
last from the second, &e. The student will have no difficulty in writing down the 
corresponding determinant of the (n + l) th order which is equal to the polynomial 
f(x) whose roots are 01, 02, as ... an- 

18. Resolve into factors the determinant 



(«-•')• 


(a- 


j3') 2 


(«-7T 


(fl-«0' 


(0-0T 


(0-yT 


(7- a') 3 


(7-/3T 


(7 - 7') 2 


a 2 


1 




1 


-2a' 


P 


1 




1 


-2)3' 


7 2 7 


1 




1 


-2 7 ' 



Here 



and these two determinants may be resolved as in Ex. 9, Art. 132. 
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19. Resolve into factors the determinant 








(a - «)• 


(a-0') 3 


(a-7') 3 




A = 


(0- a') 3 


(0-0') 3 


(/3-7'> 3 


• 




(7--T 


(7-0T 


(7-7') s 




Multiplying the twc 


rectangular arrays 






a 3 a 2 


a 1 




1 


3a' 3a' 2 


- a 


fl 3 e 2 


1 


■ (1), 


1 - 


30' 33' 2 


-0 


7 3 7 3 


7 1 J 




1 


3 7 ' 3 7 ' 2 


-7 



(2), 



A becomes equal to the sum of four terms, from each of which we can take out as 
a factor the product of the two determinants 



0' 2 
7' 2 



1 a a 2 1 

1 2 , 1 

1 y 7 2 1 

The remaining factor is 

3 {3a07 - 207 5a' + S0V 2a - 3a' 0Y}, 
which can be written also in the form 

3{(a-a')(0-0')(7-7') + (a-0')(0-7')(7-a') + (a-7')(0-a')( 7 -0')}. 

20. Prove the expansion 
1 + «i 1 1 1 
1 l+a-2 1 1 
1 1 1 + «3 1 

1 1 1 1 + «4 

This is easily proved by subtracting the first column from each of the others, 
and then expanding the determinant as a linear function of the constituents of the 
first column. It will be apparent from the nature of the proof that the value of 

the similar determinant of the »"' order is «i«203 ...«„! 1 + 2 — I . 

21. Prove the relation 



= /W -s/'M, 



( 1111) 

• fll«2«3«4 (1H 1- h — 'H I 

( «i «2 03 «4) 



X 


X 





X 


X 


7 


X 


X 



where 



f{x) = (* - a) (* - 0) (x - 7) (x - 5). 
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This can be derived from the preceding example, or proved independently in a 
similar way. As in the last example, the determinant of this form of the n th degree 
can be similarly expressed. 

22. Each of the coefficients of any equation can be expressed in terms of the 
roots as the quotient of two determinants. 

The student can easily extend to any degree the following application to the 
equation of the third degree. 

From Ex. 10, Art. 132, we have 

x 3 x z x 1 
o 3 a 2 a 1 
j8 3 0- 1 
7 3 y-- y 1 
Expanding the determinant, this identity can be written 



(P-y) (y- a) («-/3) (x - a ) (x - ffj (x-y). 



a 3 


a 


1 




a 3 


a 2 


1 




a 3 


a 2 


e z 





1 


z 2 + 


3 


£ 2 


1 


K - 


/3 3 


j3 2 8 


i* 


7 


1 




7 3 


7* 


1 




7 3 


7 2 7 










a 2 


a 


1 












= 


/3 2 


£ 


1 


{x 3 - 


-ih^ + J 












7 2 - 


7 


1 







from which the above proposition follows ; pi, pi, pi being the coefficients of the 
equation whose roots are a, j8, y. 

23. Express as a determinant the reducing cubic of a biquadratic. 
Writing down the equations which result from the identity 

(a x i + iaix s + %a%x 2 + ia 3 x + «*) = (ax* -f Ibx + c) (ax- + 2b' x + c') , 

assuming 6ao<j> s a</ + a'c - IbV , and substituting in the following identity : — 



= 0, 



a a' 




a' a 







laa' aV 


i-a'b 


fflc' + a c 


b b' 


X 


V b 





3 


aV + a'b IbV 


be' + b'c 


c c' 




c c 


o 




ac' + a'c be' + b'c 


2cc' 


easily find the equation 










«0 




a\ «2 + 2«o</> 








«1 


«3 


- Oo<t> as 


= 0, 








#2 + 2ao<j> 






13 a l 







which when expanded is found to be identical with the standard reducing cubic. 
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24. Find the condition that a biquadratic should be capable of being expressed 
as the sum of two fourth powers ; and, expressing it in the form 

ax* + 4iz 3 + 6cx* + idx + esl(x + 8) i + m (x + <p)\ 

find the quadratic whose roots are 8 and (p. 

From this identity we have the following equations : — 
I + in = a, 
18 + m(p = b, 
e* + m<pi = c, ■). (1) 
18* -)• m<p* = d, 
18* + nup* = e. 

Assuming A + fax + vx 1 — as the equation whose roots are 8 and <p, we easily 
obtain the three equations 

\a + p.b + vc = 0, 
Kb + ilc + vd = 0, 
Ac -i- fid + ve = 0, 

from which we have at once the required condition ,7=0; and from the first two, 
along with the assumed equation, we obtain the following quadratic whose roots 
are 9 and <p : — 

1 x x 1 



= 0, 



If it were required to express a. cubic as the sum of two cubes, in the form 
I (x + 8) 3 + m(x + tj>) 3 , the first four of the above equations (1) would lead to the 
same quadratic for 8 and <p. 

25. For the biquadratic 

A (x + a) 4 + B [x + |8) 4 + C(X + 7) 4 + D (x + S)« = 0, 
prove 

S= SAB [a- PY; 

I=2,AB{a-[iy, 

/= S.ABC (a - 0) 2 (a - yf ($ - yf. 

These expressions are true for a biquadratic written as the sum of any number 
of fourth powers. If it can be written as the sum of two only, J = 0, since only 
A and B remain ; and if it reduces to one fourth power, S, I, J all vanish — results 
already obtained by other methods. 

26. Discuss the determinant of the fourth order, whose constituents (a — a') 4 , 
(a - j8') 4 , &e. are arranged as in Ex. 19, p. 56 ; and if a, £, y, 5, a, ff, y', 8' 
are the roots of two given biquadratic equations, show that the value in terms of 
the coefficients contains as a factor 

ae' + a'e — 4 [bd' + b'd) + dee' . 
When the two biquadratics are identical this factor becomes 11. 
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27. Find the condition that the homogeneous quadratic function of three 
variables 

ax 2 + by 2 + cz 2 + Ifyz + Igzx + Mxy 
should be resolvable into two factors. 

Equating the given function to the product of the factors 

(ca + Py + 72) (a'x + $'y + y'z), 



we readily find 




















a 


a 







a 


« 




a h g 







,8' 







$' 





= 8 


h b f 




7 


7' 







y' 


y 




9 f 



hence the required condition is that the determinant last written should vanish. 

28. Show that the most general values of x, y, t, w which satisfy the two 
homogeneous equations 

ax + by + cz + dw = 0, a'x + b'y + c'z 4 d'w = 

may be expressed symmetrically in terms of two indeterminates X, T in the form 

{ab') (ac') (ad') x = aX + a'Y, 

(Jo') (be') (bd') y = bX + bY', &c. 

This can be proved by joining to the two given equations the two following : — 



-,x + 



V ■ 



• + —. z + — w= \, 
c d 



o' 2 J' 2 c' 2 a" 2 

x + — y + — z+ — w- 
abed 



where \, /j. are indeterminate quantities ; by then solving for lc, y, z, w, as in 
Art. 144, and reducing the determinants as in Ex. 12, p. 54 ; and finally making 
X = a'b'e'd'X, Y= abcd/i. 

29. If in any determinant r columns (or rows) become identical when x = a, 
then (x — a)"- 1 is a factor in the determinant. 

This appears easily by subtracting in the given determinant one of the r columns 
from each of the others. The resulting r — 1 columns must each contain x — a as 
a factor, since by hypothesis each constituent in it vanishes when x = a. 

30. Find the value of the determinant of the n th order 



A = 



whose leading constituents are all equal to x, and the remaining constituents all 
equal to a. 
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By the preceding example A must contain (x — a)" -1 as a factor ; and by adding 
all the columns we see that it must also contain x + (it - 1) a as a factor. Hence A 
can differ by a numerical factor only from the product of these ; and by comparing 
the product with the leading term we find 

A = (x - a)"- 1 {x + (» - 1) a}. 
This result can readily be proved directly without the aid of Ex. 29. 

31. The determinant 
/i(«) /»(«) />(«) 

fiifi) M&) M® 
My) My) My) 

in which /j, ft, fz are any rational integral functions, contains the difference- 
product (£ — y) (7 — a) (a — 0) as a factor. 

This appears readily by reasoning similar to that of Ex. 29. Determinants of 
this nature, in which the constitutents of any column (or row) are functions of the 
same form, and the constitutents of any row (or column) involve the same quantity, 
are called alternants. It is clear that the result is general, and that the alternant 
of any order contains as a factor the difference-product of all the quantities involved. 
The determinants of Exs. 9, 10, Art. 132, and Exs. 11, 12, Art. 140, are alternants 
of the simplest form. 

32. Express in the form of a determinant the quotient of the alternant in the 
preceding example by the difference-product. 

Assuming, to fix the ideas, that the functions involved are each of the fifth 
degree (which will include lower degrees by making some coefficients vanish), we 
may write 

/i(a) s aia? + b\a i + Cm 3 + rfjo 2 + «io +/i, 

/ 2 (a) = «2a 5 + bzaS + C2a 3 + cka? + eia +fi, 

/3(a) = «3a 5 + bsa 1 + C30 3 + dsa? + eza. +/3. 

Now taking a, $, 7 to be the roots of the equation 

x 3 + px 2 + qx + r = 0, 

and forming the product of the following determinants : — 









h 

bi 
h 





C2 d% 



(h 
P 
1 



«i ft 

q r 

r 





it readily appears that the determinant last written is the required quotient. 

A similar method may be used to form the quotient when the alternant is of any 
order, and/1,/2, fz, &c. rational integral functions of any degrees. 
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33. Eesolve the following determinant into linear factors : — 
«i flj 03 a n 5 

»5 «1 «2 «3 «4 

04 «5 «1 «2 "3 



i 03 «4 05 01 

In all the rows the constitutents are the same five quantities taken in circular 
order, a different one standing first in each row. A determinant of this kind is 
called a cireulant. It is convenient to write a circulant in the form here given, 
viz., such that the same constituent occupies the diagonal place throughout. 
Taking to he any root of the equation z 5 - 1 = 0, and adding to the first column 
the sum of the constituents of the remaining columns multiplied hy 0, 2 , fl 3 , 4 , 
respectively, we observe that the following are factors of the determinant : — 

(111 «! +03 +04 + 5 , 
«1 + 0O 2 + 0-03 + fl 3 « 4 + 4 <7 5 , 
«1 + 2 O2 + 4 «3 + 0«4 + 3 «5, 
oi + e 3 ai + 003 + 4 O 4 + 2 O 5 , 
"1 + 0*02 + 3 fl 3 + 2 O4 + 0O 6 , 

the five roots of x 5 - 1 = being 1, 0, 2 , 3 , 4 ; and comparing the coefficient of 
«i 5 in hoth expressions it appears that the numerical factor is unity (cf. Ex. 13, 
Art. 140). A circulant of any order can be treated in a similar manner. 

34. The product of two circulants of the same order is a circulant. 

35. Calculate the determinant of the n th order 

o„ b„ 

— 1 o„-i b„.i 

An = — 1 i(„-2 b n -2 

0-1 0„_3 b,,-3 



in which all the constituents are zero except those which lie in the diagonal and in 
lines adjacent to it on either side and parallel to it, one of these latter sets consisting 
of constituents each equal to — 1. 

Expanding in terms of the first column, we have the following relation connect- 
ing three determinants of the kind here considered whose orders are n, « - 1, 
»-2:— 

An = «,iA,i-i + 4,iA,,-2. 
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By aid of this equation the calculation of any determinant is reduced to that of 
the two next inferior to it in the series A,„ A„-i, An-2, . . . Aj, Ai ; and the values 
of Ai and A2 are plainly «i and azai + fa, respectively. 

Dividing the equation just given by A»-i we have 



A^ 

An-1 



«,! + 



A„-i ' 

Au-2 



replacing by a similar value the quotient of A„_i by A n -2, and continuing the pro- 
cess, it appears that the quotient of any determinant by the one next below it in 
the series can be expressed as a continued fraction in terms of the given consti- 
tuents. On account of this property determinants of the form here treated are 
called continuants. When each of the constituents J,„ J„.i, . . . fa, fa (in the line 
above the diagonal) is equal to + 1 the resulting determinant is a simple continuant. 
36. Calculate the determinant of the «"' order 



a 


1 








. 


n 


a 


1 





. 








u. 


1 


. 








£ 


a 


1 . 



whose only constituents which do not vanish are a, $, 1, occupying the diagonal 
and the lines adjacent and parallel to it as here represented. 

The calculation is readily effected for any particular value of n, in a manner 
similar to that of the last example, by aid of the equation 

An — aAu-L — iSA»-2, 

the values of Ai and A2 being a and a? — /3, respectively. 

By examining the formation of the successive values of A, the student will 
readily observe that the terms contained in the result are 

*■<; o 2 ^ 2 j3, o«>-^'-, . . . a?ji<~\ $•; 

when n is even and of the form 1r ; and 

a 2 " 1 , a 2 -"- 1 /?, a 2 '"^ 2 , . . . a'jS-" 1 , a/3', 

when n is odd and of the form 2r + 1 . 

For the purposes of a subsequent investigation, in which the results just stated 
will be made use of, it is not necessary to know the general forms of the numerical 
coefficients which enter into these expressions ; but such forms can be arrived at 
without difficulty, and the following general expression obtained for A„ : — 



A„ = a" -(m-l)a"- 2 j8 + 



«-3)(»-2 , , 

- o»- 1 S 2 ■ 

1.2 p 



(*-5)(n-4 )(»-3) n6fl3j _„ 
1T2T3 " ^ + & °- 
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37. When a polynomial U is divided by another V of lower dimensions, the 
coefficients of the quotient, and of the remainder, can be expressed as determinants 
in terms of the coefficients of JJ and U'. 

The method employed in the following particular case is equally applicable in 
general. Let IT be of the fifth, and U" of the third degree ; the quotient and 
remainder can then he represented as follows : — 



Q = q x 2 + q\X + qi, R = rax 1 + r\x + r 2 . 

V = a'ox 3 + a'lixP + a? 2 x+ a'3. 



Also, let 

V = «o£ 5 + «i« 4 + mx z + a,3X 2 + aiX + as. 
From the identity Us QV + S 

we have the foDowing equations : — 

oa = Qoa 0, 

ai = qoa\ + jia'o, 

«2 = qoa\ + jia'i + <?2«'o, 

"3 = qaa'i + q\a\ + qza\ + r , 

«4 = qia' 3 + qza'i + n, 

«5 = q2i'z + r 2 . 

Solving by Art. 144, q , q\, q% are expressed as determinants by means of the 
first three of these equations ; and taking the first three with each of the others in 
succession, we determine r , n> »'2. Tor example, to find r we have, from the first 
four equations, 









— «o 






a'o 








ao 


a'o 





- «i 


= 0, 


or ffi'oVo = 


a'l 


a'o 





ai 


a'i 


a'o 


- 02 






a'2 


a\ 


a'o 


a 2 


ff'j 


a'l 


- 03 + To 






a'3 


a'-j 


a'l 


as 



38. Find the general forms of the coefficients of the quotient, and of the re- 
mainder, when a polynomial of even degree 2m is divided by a quadratic. 
Taking x 2 + ax + as the given quadratic function, we have the identity 

a x im + ai x 2 '"- 1 + «2 x im - % + . . . + «2„,- 2 x 2 + a%m,ix + a 2m 



3 (q x' i '"- 2 + qiX im - 3 - 



■ + qim-ix + q 2m -2) (x' + ax + p) + r x + n . 



Writing down the first r + 1 equations, formed as in the preceding example, to 
solve for jo, ?i> qt, ■ • ■ qr, it is easily seen that the value of q r thence derived is 
a determinant of the r th order of the form treated in Ex. 36, bordered at the top 
with the constituents 1, 0, ... 0, ao, and at the right-hand side with ao, «j, . . . u r . 
Expanding this determinant in terms of the last column, it is immediately seen that 
any quotient is expressed by means of a series of the determinants of Ex. 36 in the 

form 

q r = a r - a,._i Ai + a r -2 A2 - &c. . . . + ai A,-i + A r ; 
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the upper or lower sign to be used according as r is even or odd. To obtain the 
coefficients of the remainder we hare the equations 

$Q2m-3 + aq2m-2 + >'0 = «2m-l, 
Pq2m-2 + ri= «2m- 

Expressing the values of q^m-3, qt m -2 by the formula just proved, and attending 
to the results of Ex. 36, we derive the following general forms for Co and ri : — 

)-o = Mn-i + A lm -zP + ^2„-5i8 2 + . . . + ^ 3 /3»'- 2 + Ai$»'-\ 

»-l = film + Bz m -2& + Bzn-ig? + . . . + Btf'"- 1 + B o m , 

in which the coefficients A, B are all functions of a, the highest power of a in any 
coefficient A or B being represented by the suffix attached to the coefficient. 

39. If the leading constituents of a symmetric determinant be all increased by 
the same quantity x, the equation in x obtained by equating to zero the determinant 
so formed has all its roots real. 

Let the determinant of the n th order under consideration he denoted by A,„ and 
written in the form 

a + x h g 



A„ : 



h S-t j; / 
g f <• + t 



Let the determinant obtained from this by erasing the first row and first column, 
i.e. the leading first minor of A,,, be denoted by A n -i ; again, the leading first minor 
of An-1 by A„_2 ; and so on, the last function Ai obtained in this way being of the 
form l + x. To these we add the positive constant Ao = 1 , which may be regarded 
as completing the series of minors and obtained by the same process, since An is not 
altered by affixing a last row and a last column consisting entirely of zero-elements, 
with the exception of the constituent + 1 in the leading diagonal. We have now 
a series of n + 1 functions — 

An, An-l, An-2, . . . A2, Al, Ao, 

whose degrees in x are represented by the suffixes. When + °o is substituted for x 
the signs are all positive, and when — co is substituted the signs (beginning with 
Ao) are alternately positive and negative. Hence if x be regarded as increasing 
continuously, n changes of sign must be lost in this series during the passage 
from - eo to + cc . Now it appears by the theorem of Art. 149, that a value of x 
which causes any function (excluding An, Ao) in this series to vanish gives opposite 
signs to the functions adjacent to it on either side. A retains its sign throughout. 
It follows, exactly as in (2), Art. 96, that a change of sign can never be lost except 
when x passes through a real root of A„ = 0. There must, therefore, exist n real 
roots of this equation in order that n changes may be lost during the passage of x 
from — oo to + a> . 
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Any equation in the series, being of the same form as A n = 0, has all its roots 
real. It is plain also that each of these equations is a limiting equation (see Art. 90) 
with reference to the equation next above it in the series ; since, in order that a 
change of sign may be lost between A„ and A,,-! at the passage through each of 
two consecutive roots of the former, the value of A»-i must change sign between 
these two values of x. The equation A„ = may have equal roots, and by what 
has been just proved it appears that, when this equation has r roots equal to a the 
equation A».i = has r — 1 roots equal to a, the equation A„-2 = has r — 2 roots 
equal to a, and so on. 

The determinant here discussed occurs in several investigations in pure and 
applied mathematics. The proof here given of the important property under dis- 
cussion is taken from Salmon's Higher Algebra (Art. 46), to which work the 
student is referred for other proofs of the same theorem. 

40. If the determinant of the preceding example have r roots equal to a ; prove 
that every first minor has r — 1 roots equal to a ; every second minor »• — 2 roots 
equal to a, and so on. 

Employing the notation A, S, &, . . . for the elements of the reciprocal deter- 
minant, we have the equation 

AB-B 2 = A„_ 2 A„. 

Now it is easily seen by proper transpositions of rows and columns that every 
leading first minor contains the multiple root r - 1 times. It follows from the 
equation just written that the minor S must contain this root r — 1 times ; and B 
may be taken to represent any first minor. 

41 . Find the conditions that the equation 



a + x h g 

h b + x f 
9 f c + x 



= 



should have equal roots. 

Since each first minor must contain the double root, we readily derive the 
required conditions in the following form : — 

a- — = b = ,;-—-. 

/ 9 h 

[This and the preceding example are taken from Eouth's Dynamics of a System 
of Rigid Bodies, Part n., Art. 61.] 

42. Any symmetrical determinant can be altered so as to have any selected 
pair of conjugate constituents each zero, the determinant remaining symmetrical. 

Consider, for example, the determinant obtained by putting x = in the pre- 
ceding example, and suppose it is required to remove the constituent g. Multipl - 
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each constituent of the third column by a (dividing the whole determinant by a at 
the same time), and subtract from the constituents so altered those of the first 
column multiplied by g. Treat now the two corresponding rows in the same way ; 
the resulting determinant is symmetrical, and in it g is replaced by zero. This 
process may be applied to a determinant of any order, to remove in succession all 
the conjugate constituents of the first row and column, and afterwards of the 
remaining rows and columns, so as to reduce the determinant finally to one, all of 
whose constituents vanish except those in the leading diagonal. 

43. Keduce the following determinant, of any order, to a form in which x will 
appear in the leading constituents only : — 



aix + a\ lix + b\ cix + c\ 
a%x + a\ bix + b'i c%x + c'% 
azx + a'3 bix + b's c$x + c'z 



Multiply by the determinant reciprocal to (aib-tc-i . . . l n ). If the given deter- 
minant is symmetrical, the determinant derived from it in this way will not be 
symmetrical ; but a different process may be used to reduce it in that case to 
a symmetrical determinant which will have x present in the leading constituents 
only, viz. by removing the coefficients of x from all pairs of conjugate constituents 
in succession by a process exactly analogous to that of the preceding example. If 
the coefficients of x in the leading constituents of the reduced determinant should 
all have the same sign, it may he proved, just as in Ex. 39, that the corresponding 
equation will have all its roots real. 

ii. Let a determinant of the «** order be divided into two rectangular arrays, 
one containing n rows, and the other v rows (where 11 + v = «), and let pv sums of 
products be formed by operating with one array on the other as in the multipli- 
cation of determinants ; if then such relations exist among the constituents that 
all these sums of products separately vanish, the determinants of order fi formed 
from the first array are proportional to determinants of order v formed from the 
complementary constituents of the second. 

To fix the ideas, we take a determinant of the fifth order, hut the mode of proof 
is perfectly general. Let the determinant 



«1 «2 «3 «1 «5 

h b 2 b 3 H h 

"1 Ci ca Ci c 5 

X\ X% Xz Xi X5 

n yi n 2/4 j/5 
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be split horizontally into two arrays, one of three, and the other of two rows ; and 
let the following six relations exist : — 

taixi = 0, Sanji = 0, S.biXi = 0, Shyi = 0, Scixi = 0, Soiyi = 0. 

If now A he expanded by Laplace's theorem, and the minor determinants so taken 
(as can readily he done) that the expansion is written with all positive signs, e. g. 
in the form : — 

A s {aiha) (2*2/5) + {aihci) fays) ■+ {mho) (*jy s ) + («A«s) (2:32/4) + &c, 

it is proposed to prove that each minor determinant of the third order formed from 
the first array is proportional to its factor in the expansion of A so written. 

We use for convenience the following notation for the expansion last written— 

A = LL' + MM' + NN' + PF 1 + &c. 

Squaring the determinant A, making use of the above relations, replacing by their 
values the determinants obtained by squaring separately each of the component 
arrays, and equating the two values of A 2 thus obtained, we have 

(ZZ'4 MM' + NN' + kc ) 2 =(£ 2 + Jf 2 + iV 2 +&c. . ■){L" i + M' i + N , "+ &c ), 

whence 

{LM' - L'Mf + [LN' - L'Nf + {MN" - M'Nf + &c. . . . = 0, 

from which we have at once 

L _M _N _P _ 
T~ M'~ N'~F~ °- 

45. Write down the relations which exist among the minors of the second order 
formed from a determinant of the fourth order divided equally into two rectangular 
arrays in the manner of the last example, like conditions being fulfilled. 

We take the general determinant of the fourth order 



"1 


h 


e-i 


ch 


(12 


h 


«2 


d% 


«3 


h 


«3 


dz 


<li 


h 


Oi 


di 



and first expand it by Laplace's theorem. As the expansion of such a determinant 
in terms of its second minors is often required in practice, the student is recom- 
mended to accustom himself to write it with all positive signs as follows : — 

(bid) («3<4) + (oiss) (h<%i) + (aih) {csdi) 

+ (auk) (*3"4) + (h<h) (c 3 « 4 ) + («i<fe) (03*4). 

The method of writing this down is obvious, the same arrangement being observed 
as on all former occasions where four letters were involved. 

F 2 
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By the preceding example, we have at once the relations 

(hc 2 ) _ {c\(H) _ («A) _, (<tirfQ _ (^1^2) _ (firfa) 
{a 3 di) ~ (hdt) ~~ (csdi) ~'{b 3 c i ) (c 3 «i) (a 3 bi)' 

provided the following four equations hold : — 

2«1«3 = 0, 2«1<74 = 0, 2fl2«3 = 0) 2«2«4 = 0. 

What is here proved has an important application in geometry of three dimen- 
sions with reference to the six coordinates of a right line. (See Salmon's Analytic 
Geometry of Three Dimensions, 4th ed., Art. 57 h.) 

It may be remarked here that it will he found convenient to write uniformly 
with positive signs the expansion of a determinant of the third order, which occurs 
so often in practical questions. Taking, for example, the determinant obtained by 
erasing the last row and last column of A, we write its expansion as follows, the 
three letters being taken in circular order : — 

(aihc 3 ) m ai (i 2 C3) + h (C2S3) + ci («2*3). 

46. Derive the equations (3) of Art. 145, for obtaining the ratios of n variables 
from » — 1 linear homogeneous equations, from the proposition of Ex. 44. 

47- Express by determinants the values of the unknown quantities derived 
from a set of given linear equations by the Method of Least Squares. 

The given equations, which are greater in number than the unknown quantities, 
are supposed to have been obtained as the result of observation or experiment ; and 
the numerical coefficients which enter into them, being consequently liable to 
errors of observation, are not known with certainty. In such cases the most 
reliable values of the unknown quantities are obtained in the manner about to be 
explained by what is called the " method of least squares." Take, for example, 
five equations of the form a\X 4- b\y + c\z = mi, a%x + b 2 y + c^z = )«2, &c, between 
three unknown quantities x, y, z. Multiply them respectively by «i, « 2 , 03, 04, « 5 , 
and add ; again by bi, h, S3, bi, b$, and add ; and again by e\, c 2 , Cz, 04, Cs, and 
add. In this way the following three equations are obtained : — 

«2«i 2 + ?/2«i5i + z2«i«i = 2«i»ni, 

x'Saibi + j/2 Si 2 + z2b\Ci — 25nni, 

xSaici + yzbici + z2ci 2 = 2ci»ji ; 

from which we have without difficulty 

_ («Ac 3 ) (mAga) 4- (aifacj) (mifaci) +...■ + (a-thc;,) (mzbjCs) 

(a l b 2 C<s)' i + («1*2C4) 2 +....+ («3%5) 2 ' 

with corresponding values for y and :, each of these values containing ten terms in 
the numerator and ten in the denominator. 

48. Show that the value of x given in the preceding example can be obtained 
by first eliminating y and z from every set of three of the five given equations, and 
then applying the method of least squares to the ten equations in x alone which 
result from the elimination. 



CHAPTER XIV- 

ELIMINATION. 

150. Definitions. — Being given a system of n equations, 
1 homogeneous between n variables, or non-homogeneous between 
n - 1 variables, if we combine these equations in such a manner 
as to eliminate the variables, and obtain an equation R = 
containing only the coefficients of the equations, the quantity 
R is, when expressed in a rational and integral form, called the 
Resultant or Elimimnt. 

In what follows we shall be concerned chiefly with two 
equations involving one unknown quantity x only. In this 
case the equation R = asserts that the two equations are con- 
sistent ; that is, they are both satisfied by a common value 
of x. We now proceed to show how the elimination may 
be performed so as to obtain the quantity R, illustrating the 
different methods by simple examples. It is proper to observe 
that the value of R arrived at by some processes of elimination 
may contain a redundant factor. The method of elimination 
by symmetric functions leads to a value of R free from any 
such factor ; and we refer, therefore, to the conclusion of the 
discussion in the next Article for the precise definition of the 
Resultant. 

Let it be required to eliminate * between the equations 

ax* + 2bx + c = 0, «V + 2b'x + c' = 0. 

Solving these equations, and equating the values of x so 
obtained, the result of elimination appears in the irrational form 

b JV^ac b' ^/b n -a'c' 

--+ = - - + ; 

a a a a 
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Multiplying by aa we obtain 

ab' -a'b^a ,/b'* - a'c' - a' ^/W^ac. 
Squaring both sides, and dividing by the redundant factor 
a a', and then squaring again, we find 

R = 4 (ae - V) (a'c - b' 1 ) - (ac' + a'c - 2bb')*- 
This method of forming the resultant is very limited in 
application, as it is not, in general, possible to express by an 
algebraio formula a root of an equation higher than the fourth 
degree. Other methods have consequently been devised for 
determining the resultant without first solving the equations. 
We now proceed to explain the method of elimination by sym- 
metric functions of the roots of the equations. 

151. Elimination by Symmetric Functions. — Let two 
algebraic equations of the m th and n th degrees be 

(j> (x) 3 a^x™ + a-!*'" -1 + a 2 x m ~* + . . . + a m = 0, 
i// (x) s boX n + l x x n - x + b i x n -' 1 + ... + b n =0; 

and let it be required to find the condition that these equations 

should have a common root. For this purpose let the roots of 

the equation <p (x) = be a u a 2 , . . . a m . If the given equations 

have a common root it is necessary and sufficient that one of the 

quantities 

^(o,), i//(a 2 ), . . ., \p{a m ) 

should be zero, or, in other words, that the product 

\p (ai) 4j (a 2 ) \p (a 3 ) . . . ip (a m ) 

should vanish. If, now, we transform this product into a 
rational and integral function of the coefficients, which is 
always possible as it is a symmetric function of the roots of the 
equation $ (x) = 0, we shall have the resultant required. 
Further, if j3i, /3 2 , . . . /3« be the roots of the equation \p (x) = 0, 
we have 

t (a t ) = b { ai - fa) { ai -fr)... (0,-/3,), 
^ (a 8 ) = b (a 2 - /3i) (a 2 - /3 2 ) . . . (a 2 - /3„), 

\p(a m ) = b (o m -/3i) (a* - /3a) . . . [a m - /3»). 
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If we change the signs of the m n factors, and multiply these 
equations, taking together the factors which are situated in the 
same column, we find 

«.» + («0 ,/,(«,) ...+ («„) = (- 1)- 6.-0 (ft) </> Q3 2 ) ...</> (j3 M ). 

We may therefore take 

J2=(-l)«"J.-^ I )^O.)...*O.)=«."^(«0^(«0--^(a-),(l) 

for both these values of R are integral functions of the coef- 
ficients of $ {%) and \p (%) , which vanish only when $ (*) and 
i// (*) have a common factor, and which become identical when 
they are expressed in terms of the coefficients. 

152. Properties of the Resultant. — (1). The order of 
the resultant of two equations in the coefficients is equal to the sum 
of the degrees of the equations, the coefficients of the first equation 
entering R in the degree of the second, and the coefficients of the 
second entering in the degree of the first. 

This appears by reviewing the two forms of R in (1), 
Art. 151 ; for in the first form a , «i, . . . a m enter in the n"' 
degree, and in the second form b , bi . . . b» enter in the m th 
degree. Also it may be seen that two terms, one selected from 
each form, are (- l) mn b m a m n and «„" b n m . 

(2). If the roots of both equations be multiplied by the same 
quantity p, the resultant is multiplied by p mn . 

This is evident, since any one of the m n factors of the form 
a p - /3 ? becomes p (a p - (3 q ) , and therefore p mn divides the resul- 
tant. From this we may conclude that the weight of the resultant 
is mn, in which form this proposition is often stated. 

(3). If the roots of both equations be increased by the same'l 
quantity, the resultant of the equations so transformed is equal to { 
the resultant of the original equations. 

For we have 

±R = a n b m n{a p -P i ), 

where II signifies the continued product of the mn terms of the 
form op - j3 s ; and this is unaltered when a p and f3 q receive the 
same inorement. 
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(4). If the roots be changed into their reciprocals, the value of 
R obtained from the transformed equations remains unaltered, except 
in sign when inn is an odd number. 

Making this transformation in 

R = a n b a "'n{a p -/3 S ), 
we have 

T>' - n n], m (_-[ \mn II (a p - p g ) 

(aia 2 . . . a m ) n [pipi . . . p«J 
but 

a,a 2 . . . a m = (- 1)» ?=, /3x^ 3 . . . fa = (- 1)" £ ; 

substituting, we obtain 

-R' = afb a '<< (- 1)'"" n ( a , - fa) = (- l) mn R. 

From this it follows that in the resultant of two equations 
the coefficients with complementary suffixes of both equations, 
e.g. « 0) a„ ; a u a m . u &c, may be all interchanged without alter- 
ing the value of the resultant. 

(5). If both equations be transformed by homographic transfor- 
mation, that is, by substituting for x 

Xr + ix 

A X + fx 

and each simple factor multiplied by \'x + \x , to render the new 
equations integral; then the new resultant R' = (\/x' - \'fx) mn R- 
To prove this, we have 

<P i x ) = a o (* - «i) ix - u 2 ) . . . (x- a m ), 

^(*) = h(x-fa){x-fa)...(x-fa); 



also 



a r becomes (A - X'a,) ( * 



jxa r — fi 
X — X'a,-/ 



X-fa „ ( X "^)(*- A ^ 1 

Multiplying together all the factors of each equation, 
« becomes a (X - X'a„) (X - X'a 2 ) ... (X - X'a m ), 
h „ b (A - Xfa) (A - Xfa) ... (X - X'/3») . 
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Also, since Or, j3,- are transformed into ^ "*"-. , ^ , ? ^, -n, 

A — A a r A-Ap, 

"*-& beCOme8 (\-\>a r )(\-\>B r ) > 
whence 

a u n b a m n (a,. - /3 r ) becomes « " 5 m (A/ - A'/x) mn n (« r - j3r), 

that is, the resultant calculated from the new forms of 0(#) and 

■${<*>) is 

(X/t'-XV)""J2. 

This proposition includes the three foregoing ; and they are 
oollectively equivalent to the present proposition. 

153. Kulcr's Method of Elimination. — When two 
equations <j> [x) = 0, and *// (x) = 0, of the m th and n th degrees 
respectively, have any common root 9, we may assume 

<j>(x) = (x - 0) 0i (a;), 

yp{a>) s [x - 0)\p 1 (x), 

0i (#) =p x x m - 1 +]hx m -' + . . . +p m , 

ypi(x) s S 1 !*"- 1 + qzx"- 2 + . • ■ + q», 

the coefficients being undetermined quantities depending on 6. 
Whence we have 

0(as) ifn(x) a \p(x) 0i(«), 

an identical equation of the (to + n - l) th degree. Now, equating 
the coefficients of the different powers of x on both sides of the 
equation, we have m + n homogeneous equations of the first 
degree in the to+ n quantities^, p 2 , . . . p m , q t , q%, . . ■ q n \ and 
eliminating these quantities by the method of Art. 145, we 
obtain the resultant of the two given equations in the form of 
a determinant. 



where 
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Suppose the two equatious 

ax 1 + bx + c = 0, aiz*+ l\.x + «i = 
to have a common root. We have identically 

{q\X\ q 2 ) (ax 1 + bx + c) = (pix + pi) («ia; 2 + hx+cj), 
or (q\a - pi «i) a; 3 + (qib + q 2 a -pih - Pi «i) x 2 

+ {qic + qt6—pici—p2bi)z + qne-p20i = 0. 

Equating to zero all the coefficients of this equation, we have the four homo- 
geneous equations 

q\a —pi<ii =0, 

q\b + qza -pih- pi ffli = 0, 

q\C + qib - pi ci - pi h = 0, 

qic ~P2Ci = ; 

and eliminating pi, pi, qi, j2, we obtain the condition for a common root in the 
form 







«i 
h 





«i 
4i 



o c\ 

The student can easily verify that this result is the same as that of Art. 150. 

' 154. Sylvester's Dialytic Method of Elimination. — 

This method leads to the same determinants for resultants as 
the method of Euler just explained ; but it has an advantage 
over Euler's method in point of generality, since it can often be 
applied to form the resultant of equations involving several 
variables. 

Suppose we require the resultant of the two equations 
<j> (x) 3 ao% m + atf 7 "- 1 + a % x m ~' + . . . + a m = 0, 
\f, (x) = b x n + h x x n - x + b i x n - i + . . . + b„ = 0, 
we multiply the first by the successive powers of x, 

r n-l ~n-2 v 2 ~ ~0 . 

and the second by x™' 1 , a;'"" 2 , . . . « 2 , x, x", 
thus obtaining m + n equations, the highest power of x being 
m + n - 1. We have, consequently, equations enough from 
which to eliminate 

as" 14 "- 1 , x m+n -\ . . . x', x 

considered as distinct variables. 
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Examples. 
1 . Find the resultant S of two quadratic equations 

ax 2 + bx + c = 0, aix 1 + hx + oi = 0. 

We have ax 3 + bx 1 + ex = 0, 

ax 1 + bx + c = 0, 

a\X 3 + hx z + ax = 0, 

«ia 2 + bix + c\ = ; 

from which, eliminating x 3 , x 2 , x, we get the same determinant as in the preceding 
Article, columns now replacing rows : 
a b 



S; 











a b 

«i bi c\ 
«i b\ 
2. Form the resultant of the two equations 

Z7= « + a\x + aix 1 + a^x 3 + mx* 
V= h + hx + fax* + bax 3 = 0. 
Proceeding as before, we easily find 

tfO #1 ^2 «3 ff4 
«0 #1 ^2 ^3 &4 



So 






s>. 



(to a\ ai «3 a\ 

b\ bi h 

Jo h i: is 

b h h h 

b h bi b 3 

It will he observed that S contains the coefficients of U in the 3rd degree, and 
those of Fin the 4th degree ; also ao 3 h* is a term in S (see (1), Art. 152). 

1 155. Beasout's method of Elimination. — The general 
method will be most easily understood by applying it in the 
first instance to particular cases. We proceed to this applica- 
tion — (1) when the equations are of the same degree, and 
(2) when they are of different degrees. 
(1). Let us take the two cubio equations 

ax 3 + W + ex + d = 0, aw 3 + hx* + c x x + d x = 0. 
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Multiplying these two equations successively by 
«i and a, 

a^x + bt „ ax + b, 
Oix 2 + bix + d „ ax 2 + bx + c, 

and subtracting each time the products so formed, we find the 
three following equations : — 

(obi) x 1 + (ffCj) x + (adi) = 0, 

(«d) x 2 + { (ach) + (id) } x + (i<?i) = 0, 

(ach) %* + (bch) x + (cdi) = 0. 

By eliminating from these equations x % , x, as distinct 
variables, the resultant is obtained in the form of a symmetrical 
determinant as follows : — 

(a&i) (ad) (flrfi) 

(ffd) (ad,) + (id) (bdi) 

(ad,) (if/0 (cd,) 

To render the law of formation of the resultant more ap- 
parent, the following mode of procedure is given. 

Let the two equations be biquadratics, as follows : — 

ax i + bx 3 + ex 1 +dx + e = 0, a^ + b,x 3 + o x x % + d l x + e 1 = 0; 

whence, following Cauchy's mode of presenting Bezout's method, 
we have the system of equations 

a bx 3 + ex 1 + dx + e 
«i b,x 3 + c^x 1 + d,x + d' 

ax + b ex* + dx + e 



a x x + ij d« 2 + d x x + d' 

ax 2 + bx + c dx + e 

chx? + biX + d d x x + d' 

ax 3 + bx* + ex + d e 
a x x 3 + bix % + Cix + di d' 
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which, when rendered integral, lead, on the elimination of 
x 3 , x 1 , x, to the following form for the resultant : — 



(ah) 
(ad) 
(adi) 
(aei) 



(aci) 
(adi) + (be,) 
(aei) + (bdi) 

(be,) 



(adi) 
(aej + (bdi) 
(be,) + (edi) 

0*0 



(aei) 
{be,) 

(dei) 



If, now, we consider the two symmetrical determinants 

(abi) (ac^ (ad,) (aei) 

(ac^ (ad,) (ae^ (bei) (be,) (bdi) 

(adi) (ae^ (bej (ce^ (bdi) (cdi) 

(ae,) (be,) (cei) (dei) 

the formation of which is at once apparent, we observe that M 
is obtained by adding the constituents of the second to the four 
central constituents of the first. 

Similarly, in the case of the two equations of the fifth degree 

ax 5 + bx i + ex 3 + dx* + ex +f = 0, 
ciiX 5 + b 1 x i + CiX 3 + diX* + eiX + f = 0, 

the resultant is obtained from the three following determi- 
nants : — 



(ah) (ae,) (adi) (aei) (af) 

(ad) (adi) (ae x ) (afi) (bfi) 

(adi) (ae,) (afi) 

(aei) (afi) (bfi) 



(«/.) (*/.) m 



m (cf) 

{of) (df) 
(df) (ef) 



(bd) (bdi) (bei) 
(bdi) (be^ (cei) 
(be^ (ce^ (de^ 



(cd^, 



by adding the constituents of the second to the nine central 
constituents of the first, and then adding the third to the central 
constituent of the determinant so formed. The student will 
have no difficulty in applying a similar process of superposition 
to the formation of the determinant in general. 
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(2.) We take now the case of two equations of different 
dimensions, for example, 

ax 4 + bx 2 + cx> + dx + e = 0, arf + b t x + c x = 0. 

Multiplying these equations successively by 

«! and ax 1 , 

ctix + bi „ (ax + b) x*, 

and subtracting each time the products so formed, we find the 
two following equations : — 

(abi) a? + (aci) *' - da Y x - ea x = 0, 

(aCi) x 3 + { (bcj) - da x } x* - [dbi+ea 1 }x-eb 1 = Q. 

If, now, we join to these the two equations 

a x x 3 + b,a? + c x x = 0, 

a x x % + b x x + Ci = 0, 

we shall have four equations by means of which x s , a?, x can be 
eliminated ; whence we obtain the resultant in the form of a 
determinant as follows : — 

(abi) (acj) da,! ea x 

(<rci) (bci) - dai db y + ea x eb x 

«! bi -c x 

a, - bi -Ci 

This determinant involves the coefficients of the first equa- 
tion in the second degree, and the coefficients of the second 
equation in the fourth degree, as it should do ; whence no 
extraneous factor enters this form of the resultant. 

We now proceed to the general case of two equations of the 
m th and n th degrees. 

Let the equations be 

<j> (x) = a x m +■ atf"*- 1 + a 2 x m -' + . . . + a m = 0, 
$ (x) s b x n + bix"- 1 + b 2 x n ~' +... + b n = 0, 
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where m > n ; and let the second equation be multiplied by x ,n - n . 
We have then 

b x m + biX™' 1 + fax™-* + . . . + b n x m ^ = 0, 

an equation of the same degree as the first. This equation has, 
however, in addition to the n roots of \p (x) = 0, m-n zero roots ; 
so that we must be on our guard lest the factor a m m - n (i. e. the 
result of substituting these roots in <p (cc) ) enter the form of the 
resultant obtained. From these two equations we derive, as in 
the above case — (1), the following n equations : — 

a ttiX"'' 1 + a 2 x m ~ 2 + . .. + a m 



b biX"'- 1 + b 2 x m -* + .. . + b n x m -' 1 ' 



a x + ax a z x m - 2 + a 3 x m ' 3 + ... + «„, 



b x + bi hx" 1 '* + b 3 x m - 3 + .. . + b n x m - ,t ' 



a Q x n ^ + «^"- 2 + . . . + « m _, a n x m ' n + an^x™-"- 1 + ...+ «„ 



box"- 1 + biX"- 2 + . . . + b„_! b n x m ~ n ' 

which, when rendered integral, are all of the [m - l) th degree ; 
whence, eliminating x m ~ l , x m ' z , ... a; as independent quantities 
between these n and the m - n equations 

b^x™- 1 + hx m ~ 2 + bix™- 3 + . . . =0, 

5 « m - 2 + hx m - 3 +. . . = 0, 



b x n + b,x n - 1 + ...+ b„ = 0, 

we obtain the resultant in the form of a determinant of the m th 
order, the coefficients of the first equation entering in the degree 
n, and the coefficients of the second equation entering in the 
degree m ; whence it appears that no extraneous factor can enter ; 
and that the resultant as obtained by this method has not been 
affected by the introduction of the zero roots. 



= (Sfi -\'fi){a r b) ; 
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If R be the resultant of two equations <p (x) = 0, \jj (x) = 0, 
whose degrees are both equal to m, the resultant R' of the system 

\<p (x) + flip (x) = 0, X'(j> (x) + fi\p (as) = 

is (A M '-XV)'"i2; 

for each of the minors (a r b s ), which in Bezout's method con- 
stitute the determinant form of R, becomes in this case 

Xa r + fib,-, \'a r + fxb r 

\a s + idb s , \'a, + ftb, 

whence R' = (\// - \'fj.) m R, since R is a determinant of 
order m. 

156. Other methods of Elimination. — We conclude 
the subject of Elimination with an account of a method which 
is often employed, but which has the disadvantage of giving 
the resultant multiplied in general by extraneous factors. The 
process about to be explained is virtually equivalent to that 
usually described as the method of the greatest common measure. 

In forming by this method the resultant of the two quadratic 

equations 

ax i + bx+c = 0, a i x 2 +b l x+ d = 0, 

we multiply these equations successively by a t and a, Ci and c, 
and subtract the products so formed. We thus find the two 
equations 

(abi) x + («d) = 0, 

x { (ad) x + (bd) } = 0. 

Observing that the value zero for x does not satisfy both 
the given equations we may discard the factor x from the second 
of the equations last written, and thus obtain the resultant 
without any extraneous factor in the form 

(ac i y-(ab 1 ){bc l ) = Q. 

As the degree of this expression is four, and its weight four, 
it is a correct form for the resultant. 

To form by the same process the resultant of the cubic 
equations ax * + bx* + cx+d=0, a.x 1 + b,x 2 + c x x + d x = 0, 
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we multiply these equations successively by a± and a, di and d, 
and subtract each time the produots so formed. We have then 

(ah) a? + (ad) x + (adi) = 0, (adi) a? + (bdi) x + (cdi) = 0. (1) 

Now, eliminating x between these two quadratics by means 
of the formula above obtained, we find for their resultant 



(ah) (adi) 
(adi) (edt) 



(ah) (aci) 



(«Ci) (adi) 
(Wi) (crfi) 



(arfi) (Wi) 

an expression whose degree is 8 and weight 12, in place of 
degree 6 and weight 9 ; whence it appears that it ought to be 
divisible by a factor whose degree is 2 and weight 3. This 
factor must therefore be of the form I (bc x ) + m (adi). "We 
proceed now to show that it is (adi) ; and to find the quotient 
when this factor is removed. 

For this purpose, retaining only the terms which do not 
directly involve (adi), we have 

(ab 1 )(cdi){(abi)(cd 1 ) + (cai)(bdi)\, 
which is divisible by (adi), since 

(bci) (adi) + (ccti) (bdi) + (ab x ) (cdi) = 0. 

Expanding the determinants, and dividing off by (adi), we 
find ultimately the quotient 

(adi) 3 - 2 (abi) (cdi) (adi) + (bdi)(caC)(ad^) 
+ (caiY (cdi) + (ah) (bd,y - (abi)(bc 1 )(de 1 ), 
which, being of the proper degree and weight, is the resultant. 

If we proceed in a similar manner to form the resultant of 
two biquadratic equations, by reducing the process to an elimi- 
nation between two cubic equations, we shall have to remove an 
extraneous factor of the fourth degree, which is the condition 
that these cubics should have a common factor when the bi- 
quadratics from which they are derived have not necessarily a 
common factor ; and in general, if we seek by this method the 
resultant of two equations of the n th degree, eliminating between 
two equations of the (n -l) th degree, we shall have to remove an 
extraneous factor of the order 2w - 4. This method, therefore, 

VOi. II. g 
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is inferior to all the preceding methods ; and it cannot be 
conveniently used except when, from the nature of the investi- 
gation, extraneous factors can be easily removed. 

157. Discriminants. — The discriminant of an equation 
involving a single unknown is the simplest function of the 
coefficients, in a rational and integral form, whose vanishing 
expresses the condition for equal roots. We have had examples 
of such functions in Arts. 43 and 68. We proceed to show 
that they come under eliminants as particular cases. If an 
equation f(x) = has a double root, this root must ocour once 
in the equation f'(x) = ; and subtracting xf (x) from nf{x), the 
same root must occur in the equation nf{x) - xf (x) = 0. 

This is an equation of the (n - l) tn degree in * ; and by 
eliminating * between it and the equation f'{%) = 0, which is 
also of the (n - l) n degree, we obtain a function of the coeffi- 
cients whose vanishing expresses the condition for equal roots. 
The degree of this eliminant in the coefficients oif(x) is 2 (n — 1) ; 
and its weight is n (« - 1), as may be seen by examining the 
specimen terms given in section (1), Art. 152. Expressed as a 
symmetric function of the roots of the given equation, the 
discriminant will be the product of all the differences in the 
lowest power which can be expressed in a rational form in 
terms of the coefficients. Now the product of the squares of 
the differences II (en - a 8 ) 2 can be so expressed ; and since it is 
of the 2 (n - 1)" [ degree in any one root, and of the n (n - i) th 
degree in all the roots, it follows that the discriminant multi- 
plied by a numerical factor is equal to « 2 1" -1 ) II (a t - a 2 ) 2 . 

If the function f[x) be made homogeneous by the introduc- 
tion of a second variable y, the two functions whose resultant is 
the discriminant of f{x) are the differential coefficients of f(x) 
with regard to x and y respectively. In the same way, in 
general, the discriminant of a function homogeneous in any 
number n of variables is the result of eliminating the variables 
from the n equations obtained by differentiating with regard to 
each variable in turn. 
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Examples. 
1. Find the discriminant of 

aex 3 + Zaxx 1 + 3a 2 z + a 3 = 0. 
We have here to find the eliminant of the two equations 
a^x 1 + 1a\x + « 2 = 0, 
«i« 2 + 2«2« + «3 = 0. 
The condition for a common root is, by Art. 150, 

4 (»o«2 — «i 2 ) («i«3 - «2 2 ) — (ao«3 — fliaj) 2 = 0. 

The function of the coefficients here obtained is therefore the discriminant, 
which may also be written in the form of a determinant, as follows, by Art. 154 : 



ao 


2«i 


«2 








«o 


2«i 


a> 


«i 


2«2 


«3 








ffll 


2,7 2 


«3 



It can be easily verified that this value of the discriminant is the same as that 
already obtained in Art. 42. 

2. Express as a determinant the discriminant of the biquadratic 

«o# 4 + 4«ia; 3 4 6ci2Z 2 4 4«3a; + at, = 0. 

We have here to eliminate x from the equations 

aax z 4 3ffia; 2 4- 3a%x + «3 = 0, 

aix 3 4 3«2« 2 + 3«3* 4 «4 = 0. 
By the method of Art. 154 the resultant is 



«o 


3«i 


8«2 


«3 











(7-0 


3«i 


3«2 


«3 











rtO 


3«i 


3«2 


«3 


a\ 


3(72 


3a 3 


(?4 











Ol 


3(7-2 


3«3 


«i 











«1 


3«2 


3« 3 


( 'l 



This must be the same as I 3 - 21J 2 of Art. 68. 

3. Express the discriminant of the quartic as a determinant by Bezout's method 
of elimination. 

G2 
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4 . Prove that the discriminant, Am, of the equation 
V = ax m + by"' + ci m - 0, 
where x + y + zsO, 

may be obtained by rendering rational, in the form A m = 0, the equation 



(ic)"- 1 + (co)™- 1 + (oS)™- 1 = ; 

and calculate in particular the values of A3, A4, A5. 

Wh en z is replaced by its value from x + y + 2 = the given function ^contains 
two variables, and the discriminant is obtained by eliminating x and y from 

— - = and — - = 0. 
ax ay 

5 . Prove by elimination that J = is one condition for the equality of three 
roots of the biquadratic of Ex. 2. 

Since the triple root must be a double root of 

Vi = «o# 3 + 3aia: 2 + 3a2a: 4 « 3 = 0, 

and therefore a single root of ctix 2 + la^x + a 3 = ; and since it must also be a 

single root of 

172 = Ooz 2 + %aix + «2 = 0, 

it follows from the identity 

V\ = x l U 2 + 2x (aix 2 + la^x + az) + 012a; 2 + 2a 3 x + at 

that the triple root must be a root common to the three'equations 
floz 2 + 2«ix + a-i = 0, 
(tlX 2 + 2a^x + «3 = 0, 
aix 1 + 2«3« + ai = 0. 



Hence the condition 



«0 


«\ 


«2 


«1 


«J 


«3 


«2 


«3 


"I 



s/=0. 



6. Prove that the discriminant of the product of two functions is the product of 
their discriminants multiplied by the square of their eliminant. 

This appears by applying the results of Art. 151 and the present Article ; for 
the product of the squares of the differences of all the roots is made up of the 
product of the squares of the differences of the roots of each equation separately 
and the square of the product of the differences formed by taking each root of one 
equation with all the roots of the other. 
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158. Determination of a Root common to two 
Equations. — If R be the resultant of two equations 
U= a m x m + a^x™- 1 + . . . + a, = 0, 
V^ b n x n + J,,-!*"" 1 +...+ &„ = 0, 
and a any common root, then 

dR dR dR 
_ dch da % da 3 ~ 
a = dR^"dR = dR = 
da da L da 2 
To prove this we first show that functions <j> (x) and \p (x) 
can be obtained such that R = ZT<j> (x) + V\p (*), namely, when 
U and V are multiplied by <p (x) and \p (*), respectively, and 
added, all terms involving * vanish identically. Take, for 
example, the form of R given for two functions of the 4 01 and 
3 rd degrees, respectively, in Ex. 2, Art. 154. Multiply the 
second column by x, the third by x 2 , &c, and add to the first 
column, thus obtaining U, x JJ, a? U, V, x V, x % V, x 3 V for the con- 
stituents of the first column. The determinant when expanded 
takes then the form ZT<j> (x) + Vip [x), where $ is a quadratic 
function, and ip a cubic function of x. This mode of proof can 
be applied to any two functions ; and it will be observed in the 
general case that <j> and \p are of the degrees n - 1 and m - 1, 
respectively, the degrees of U and V being m and n. We have 
therefore 

R^U<j> + VxP; 

whence dR „d^ „. dd> 

— =x*<i> + U-f- + V-?-, 
da p da p da p 



a^ 1 * + U-P^-+ V 



and when a is a common root of the equations Z7= 0, and V= 0, 
we have, substituting this value for * in the preceding equations, 

dR _ dR 

da p da p +x 
which proves the proposition. 
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A double root of an equation can be determined in a similar 
manner by differentiating the discriminant A. 

When the equations U = and V = have two roots com- 
mon, the first differential coefficients of R with regard to a p , 
a ptl , &c, vanish identically, and it is necessary to proceed to a 
second differentiation. In this case the common roots are given 
as the roots of the quadratic equation 

cPR , „ cPR (PR n 

-5—5 o? - 2 - — - — * + - — 2 = 0, 

CCCCp (IClp uQp+\ ClClpt\ 

as is easily seen by differentiating the value of R above given, 
when the first member of the equation last written is found to 
be equal to 

dap 1 da p <la pil da p ^j \da/ da p da pH da ptl 2 J 

an expression which vanishes when either of the common roots 
is substituted for x. 

A similar process will apply if there are three or more 
common roots. 

The examples which follow are given to illustrate the 
principles contained in the foregoing chapter. 

Examples. 

1 . Eliminate x from the equations 

ax 1 + bx + c = 0, 

z 3 = 1. 

Multiplying the first equation by x, we have, since X 3 = 1, 

bx 2 + ex + a = ; 

and multiplying again by x, we have 

cx L + ax + b = . 

Eliminating x* and x linearly from these three equations, the result is expressed 
as a determinant 



a 


b 


c 


b 


c 


a 


c 


a 


b 
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If the method of symmetric functions (Art. 151) be employed, and the roots of 
the second equation substituted in the first, the resultant is obtained in the form 

(a + b + c) («ai 2 + bu + c) [au + ia i + c). 

2. Eliminate similarly x from the equations 

ax i + bx 3 + cx i + dx + e = 0, x 5 = 1 . 

The result is a circulant of the fifth order, obtained by a process similar to that 
of the last example. By aid of the method of symmetric functions the five factors 
can be written down. An analogous process may be applied in general to any 
two equations of this kind. 

3. Apply the method of Art. 153 to find the conditions that the two cubics 

</> (x) = ax* + bx z + ex + d = 0, 

tfj (.r) s a'x s + b'x 1 + c'x+ d'= 

should have two common roots. 

When this is the case, identical results must be obtained by multiplying <p (x) by 
the third factor of ty{x), and ij> [x) by the third factor of cj> (x). We have, therefore, 

[a'x + /i') <j> (x) = (Ax + m) ^ (*), 

where A, n, A', ,u' are indeterminate quantities. This identity leads to the equatii >ns 

A'a — Aa' = 0, 

A'b + n'ct — Ab' — /j.a'= 0, 

A'c + n'b — Ac' — /j.b' = 0, 

A'd + fie — Ad' — /xc' = 0, 

n'd — ixd' = 0. 

Eliminating A', /j.' , A, /m from every four of these, we obtain five determinants, 
whose vanishing expresses the required conditions. There is a convenient notation 
in use to express the result of eliminating from a number of equations of this kind. 
In the present instance the vanishing of the five determinants is expressed as 
follows :— 

as b c 



d 



0, 



the determinants being formed by omitting each column in turn. It should be 
observed that the conditions here obtained are equivalent to two independent 
conditions only, and itcanhe shown that, when any two of the determinants vanish, 
the remaining three must vanish also. 
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4. Prove the identity 
a 2 2a0 /3 2 

ao' ap + a'P ft3' s (a/3' - a'ft 3 . 

a' 2 2o'j8' j8' 2 

This appears by eliminating x and y from the equations 
cu; + ft/ = 0, a'* + ffy = ; 
for from these equations we derive 

(aa; + ft/) 2 = 0, (ax + ft/) (a * + /3» = 0, (o'*+ /3V) 3 = 0. 

The determinant above written is the result of eliminating x 1 , xy, and y 1 from the 
latter equations ; and this result must be a power of the determinant derived by 
eliminating x, y from the linear equations. 

5. Prove similarly 

3ct 2 ,8 3a0 2 |8 3 

a s ft + 2aa'0 2aPP + a'0 2 fti8' 

a' 2 /3 + 2aa'/3' 2a'/3/3* + aft 2 j8ft 2 

3a' 2 ft 3a'ft 2 ,8' 3 

6. Prove the result of Ex. 13, p. 54, by eliminating \, n, \', /*', from four 
equations 



= {off - a'ft 6 



Aa + jtt 



& 



A/3 



&o. 



A'a + ,u A'/3 + ;U" 

connecting the variables in homographic transformation. 

7. Given TT = AiP + 2Buv + CV», 

r = A'u* + 25' «» + C"» 2 , 

m = <u- 2 + 2bxy + cy 1 , 

v = a'i 2 + 2J':tt/ + c'j/ 2 , 
determine the resultant of J7and V considered as functions of x, y. 
Since V '= A (u - av) (u - &v), 

V = A' (u — a'v) (u - $'v), 

if U and V vanish for common values of x, y, some pair of factors, as u - av and 
u — a'v, must vanish ; whence forming the resultant of u — av and u — a'v and 
representing the resultant of u and v by It (u, v), we have 

S (u - av, u — a'v) = (o - a') 2 R (u, v) ; 

and multiplying all these resultants together, we find 

-S ( Pi, Vx) = A'A'* (o - a') 2 (0 ~ 0') 2 (a - ft) 2 (fi - «') 2 {-R {", ")}*. 
or 

£(P*. P*) = {X{U, F)} 2 {-ff(«, »)}«. 



Examples. 89 

8. Prove that the equation whose roots are the differences of the roots of a given 
equation f{x) = may be obtained by eliminating x from the equations 

/(*) = 0, fix) +f(x) ^- 2 +/'" (*) j-^j + &o. = ; 

and determine the degree of the equation in y (cf . Art. 44) . 

9. Eliminate x, y, z from the equations 

x + y + z = 0, 

ayz + bzx + cxy = 0, 

ay 5 z 3 ^+ bz 3 x 3 + ex 3 y 3 = 0. 

Taking the first two equations along with an assumed linear equation with 
arbitrary coefficients, viz., 

\x + ixy + vz = 0, 

and eliminating x, y, z, we easily obtain 

ax 2 + b/j.- + cu* + (a - b - c) /in + (b - c - a) v\ + (c - a — b)\/i= 0, (1) 

which must be equivalent to the equation 

(\xi + nyi + «i) (\x% + iU*/2 + wsj) = 0, (2) 

where Xi, y\, «i, xz, y%, zj are the two systems of values of x, y, z common to the 
first two of the given equations. Substituting these values in the third of the 
given equations, we have 

R = (ayi 3 zi 3 + bzi 3 Xi 3 + cxi 3 yi 3 ) (ay 2 3 zz 3 + bzz 3 xz 3 + cx 2 3 yz 3 ) ; 

and reducing this value of S by means of the symmetric functions determined by 
the comparison of the equations (1) and (2), we find 

iS = ipiq + q* + 27pr, 
where p = a? + b 2 + c 2 — 2bc — lea — lab, 

q = abc(a + b + c), 
r = a 1 4 2 c 2 . 

10. If XI, V, TTare three given functions of x of the degrees m, n, m + n - 1, 
respectively, prove that an identical relation exists of the form 

HW= U<t> (x) + Vty (as), 

where <f> (x) and \fi (x) are functions to be determined, of the degrees n - 1 and m - 1 , 
respectively, and 11 is the resultant of U and V. 

11. Verify the results of Art. 158 by differentiating the value of M given in 
Art. 151. 



CHAPTER XV. 

CALCULATION OF SYMMETRIC FUNCTIONS. SEMIN VARIANTS AND 
SEMICOVARIANTS. 

159. Waring's General Expressions for s m and p m . — 

The most fundamental properties of symmetric functions of the 
roots of equations have been already discussed (Arts. 27, 28, 
and Chap, vm., Vol. i.). In the present chapter we add some 
miscellaneous propositions which may often be used with 
advantage in the calculation of symmetric functions. The 
general expressions, due to Waring, referred to in Art. 80, 
will first be given : — 

(1) General expression for s m in terms of the coefficients 

Pi, p* ■ ■ ■ p n , of an equation of the n ih degree. 

We have 

^ (- D r 
- log e (1 + p,y + . . . + p n y K ) = 2, ~ [piV +P*f + ■■■ + PnV n ) r 

= Siy + o wf + q Wf +•■•+- s m y m + ... (Art. 79). 
& o m 

Now, making use of the known form of the coefficient of y m 
in the expansion of [ptf + ihy* + ■ ■ • + p n y n ) r by the multinomial 
theorem, and comparing coefficients of y m in the above equa- 
tion, we find 

in which n + 1\ + r 3 + . . . + r n = r, 

r, + 2r 2 + 3/- 3 + .. . + nr n = m; 
and r u r 2 , r 3 , ...?•„ are to be given all positive integer values, 
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zero included, which satisfy the last of these two equations. 
Also, representing by r { any of these integers, 

r {n + l) = l . 2 . 3 . . . n, 

with the assumption that F (1) = 1 when r t = 0. 

(2) General expression for any coefficient p m in terms of the 
sums of the powers of the roots s 1} s 2 , ■ . ■ s m . 

We have 

1 +p t y + .. . +p m y m + . . . + p n y n = erv'i . e^ 2s 2 . «rfc' 3s 3 . . . 

(Art. 80). 

"When the factors on the right-hand side of this equation 
are developed, and the coefficients of y m on both sides compared, 
we find, employing the notation of the last example, 

(-l)'-i^-- • + '«s 1 n,j/2. . . «„'•». 



p m = X 



r {n + 1) r (r 2 + 1) ... r {r m + 1) 2 r * 3''3 . . nf* ' 



in which t\, r 2 , . . . r m are to be given all positive values, zero 
included, which satisfy the equation 

ri + 2r 2 + 3r 3 + . . . + mr m = m. 

160. Symmetric Functions of the Roots of two 
Equations. — If it be required to calculate a symmetric func- 
tion involving the roots a 1; a 2 , a s , . . . a m of the equation 

§ (x) = a x m + a l x m ~ l + « 2 * m - 2 + . . . + a m = 0, (1) 

along with the roots j3i, /3 2 , (3 3 , . . . /3„, of the equation 

rf, (if - kf° + htf™ + hif-> + . . . + K = 0, (2) 

we proceed as follows : — 

Assume a new variable t connected with x and y by the 
equation 

t = Xx + fiy ; 

and let y be eliminated by means of this equation from (2) . The 
result is an equation of the n th degree in x whose coefficients 
involve X, /x, and t in the n th power. Now let x be eliminated 
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by any of the preceding methods from this equation and (1). 
We obtain an equation of the mn th degree in t, whose roots are 
the mn values of the expression \a + /i(3. 

If, now, it be required to calculate in terms of the coefficients 
of <j> (x) and \p (y) any symmetric function such as Sa^ /3 ? , we 
form the sum of the (p + q) ih powers of the roots of the equation 
in t. We thus find the value of 2 (Act + ^uj3) pt? expressed in 
terms of the original coefficients and the several powers of A 
and p. The coefficient of \ p fi q in this expression will furnish 
the required value of 2u p j3 9 in terms of the coefficients of 
$ (x) and i£ (y). 

If it were required to calculate symmetric functions of the 
roots of three equations, we should assume 

t =\x + fllj + vz, 

eliminate x, y, z, and proceed as before. This method therefore 
applies whatever the number of equations ; and by making the 
coefficients a r = b r = c r , &c, we fall back on the symmetric 
functions of the roots of a single equation already calculated. 

161. Calculation by Sums of Powers of Roots. — By 
aid of the following differential equation, connecting a function 
of the coefficients and its value in terms of the sums of the 
powers, symmetric functions can often be calculated with great 
facility : — 

d _, x lfdF dF dF 

— F(p„ p z , . . . p n ) = - - — + p, + . ..+ p n - rl - 

as r r\ap r dp nl dp n 

To prove this equation, we take the equation (1) of Art. 80, 
and differentiate it with regard to s r . Comparing coefficients 
of the different powers of y, we have 

dp q dp r 1 

— - = 0, when a < r ; -f- = — 
ds r z ds r r 

and substituting these values in 

d rl . . dF dp x dF dp, 

— F(p x , p 2 . ..p n )= — -j- + — -f- 
ds r dp i ds r dp 2 ds r 

we have at once the equation above written. 



dp„k 
ds r 


1 


r 


dF dp n 
dp n ds r ' 
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1. Calculate the value of the symmetric function 2ai 2 ci2 2 c»3 2 04' of the roots 
of the equation 

x" +pi it" -1 + p2 os*-' + . . . + p n = 0. 

Knowing the order and weight of any symmetric function, we can write down 
the literal part of its value in terms of the coefficients. Here 2 is of the second 
order, and its weight is eight ; hence 

2 = hpa + tip-ipi + hp 6 p2 + hpips + Upi 2 , 

where to, h, fa, &c., are numerical coefficients to he determined. 

Terms such as p$pi 2 , P5P1P2, PsPi 3 , &c., although of the right weight, are 
of too high an order, and therefore cannot enter into the expression for 2. Again, 
2 expressed in terms of the sums of the powers of the roots is of the form 
-F(»2> *4, «6> "s) ; for, in general, 2ai* 02' o3 r . . . , when so expressed, is made up 
of terms such as s p , s piq , s ptqtr , . . . Sk p , ... all of which are sums of even powers 
when p, q, r, . . . are even ; therefore in this case none hut even sums of powers 
enter into the expression for 2. 

Also, since — = 0, and — = 0, we have, using the formula above given for — , 
dsa dsi ds r 

taps + hpi pi + tip 3 p 2 + t 3 {ptpi + pn) + ZUpipi = 0, 
t p\ + hpi = 0. 
From these equations we infer 

to + h = 0, fa + h = 0, h + h = 0, h + 2U = ; 
but U = 1, since for a quartic 2 -pi? ; therefore 

tx = - 2, to = 2, t 3 = - 2, fa = 2 ; 
and, substituting these values of t , ti, fa, h, ti, 

2a! 2 «2 2 03 2 on 2 = 2p s - IpiPi + 2pePz - 2paP3 + Pi 2 . 

2. Calculate 2ai 2 02 2 o3 2 for the same equation. 

Ana. - 2p 6 + 2pip 5 - Ipips, + pa 2 . (Cf. Ex. 6, Art. 82.) 

3. Calculate for the same equation the symmetric function 2ai 3 a2 2 0.1. 
Here the weight is six, and the order three ; hence 

2m 3 02 2 03 = hp 6 + tips, pi + hpipz + tspiPi 2 + hpa 2 + + t s p\ p-ipa + t s p % 3 . 

Also 2, expressed in terms of si, s 2 , S3, &c, is (Art. 78) 

Sl «2 S3 — S\ 85 - S3 2 — *2 Si + 256. 

Now, differentiating these two values of 2 with regard to s 6 , and comparing 
differential coefficients, we have 

C**- * 2, or lo 12. 

dse 
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Differentiating with regard to «s, we have 

hp\ + dpi = 5«i = - bp\ ; .-, t\ = 7. 

Differentiating with regard to sj, 

toPi + ttpi 2 + hpz + t-p? = 4s 2 = 4 (pi 2 - 2p 2 ) ; 
whence 

to + h = - 8, h + t 3 = 4 ; 
and 

<3 = - 3, i!2 = 4. 

Again, te = ; for 2 vanishes if « — 2 roots vanish. And we find U and h by- 
taking the particular case when n — 3 roots vanish ; for in this ease 

2cti 3 a2 2 <M = a\ ct2 03 2ai 2 02 = - P3 {- P1P2 + 3^3) = piPip 3 - 3p3 2 , 
and therefore h = - 3, <s = 1 ; whence, finally, 

2ai 3 ara3 = - 12^ 6 + 7i)i^5 + ipiPi - ZpiPV - Sp^ + pipzp 3 . 

162. Functions of Differences of a Cubic. — The 

propositions contained in this and the next following Articles 
are most useful in the calculation of certain classes of symmetrio 
functions of the roots of cubic and biquadratic equations ; they 
are also of great importance, as will appear in the sequel, in 
reference to the determination of the number of independent 
invariants and covariants of these forms. 

Peop. I. — Every rational and integral symmetrio function 
<j> (a, (5, y) of the roots of the equation 

a x 3 + 3«i# 2 + 3« 2 « + a 3 = 

which involves the differences only of these roots is, when multiplied 
by tf ", expressible in the form F(a , H, A), or OF (a , H, A), 
according as <j> is an even or odd function of the roots, F being a 
rational and integral function ofa , H, A, and is being the order of<p. 
It is first necessary to prove the following Lemma : — There 
exists no function of H and A which is divisible by a a . For if there 
were any such function F p (H, A), then, making a vanish, we 
should have 

F p (H', A') s 0, where E' = - af, A' = Wa 3 - %a?a?, 

the values of if and A when « vanishes (Art. 42). This equation 
is clearly impossible ; for if we eliminate a Y by means of the 
equation H' = - a*, the resulting equation will contain a 2 and 
a 3 as well as H' and A'. 
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To proceed with the proof of the Proposition :— Since is a 
function of the differences, we can suppose it to be calculated 
from the cubic deprived of its second term (Art. 36). We 
have therefore 

aft (a, j3, y ) = F{fl„ H, G), 

in which F is a rational integral function, and r, which cannot 
be less than <j> (Art. 81), remains to be determined. Arranging 
the right-hand side according to powers of G, we may write 

a*+ (a, /3, y) = F («„, H) + GF, {a , S) + GPF, (a„, E) + . . . 

Since the weight of H is even, it follows that when is 
an even function of the roots (i. e. its weight even] all terms 
involving odd powers of G must disappear, and when is an 
odd function F and all terms involving even powers of G must 
disappear. Taking out G as a factor in the latter case, and 
eliminating even powers of G by means of the relation 

G 2 + 4# 3 = « 2 A, (Art. 42.) 

we have proved that a r <t> is expressible in the form F(a , H, A), 
or GF(a , H, A), according as <j> is even or odd. 

It appears therefore that every odd function of the roots 
of the kind here considered must have as a factor 

(2a - /3 - y) (2/3 - y - a) (2y - a - j3). (Ex. 15, Art. 27.) 

We can suppose this factor removed from <j>, with the cor- 
responding value in terms of the coefficients from the second 
side of the equation ; and it only remains to determine the 
value of r in the ease of an even function of the roots. Writing 
the relation in the form 

0(«, ft j)=F(a , S, A), 

arranging the right-hand side according to powers of a m and 
dividing by a r ~", we have 

«."* («, ft j) = F [a„ H, A) + S FA f; A \ 

where F is an integral function of a 0i H, A, and S contains all 
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the fractional terms. Now, <p being a symmetrio function 
whose order is zs, a °<j> is expressible as an integral function of 
the coefficients* (Art. 81) ; and since, by the lemma above estab- 
lished, none of the terms included in S can become integral, the 
fractional part must disappear, and the equation assumes the 

form 

a '$(a,P,y) = F e (a„H, A). 

The proposition is therefore proved. 

163. Functions of Differences -of a Biquadratic. — 

The corresponding proposition for a biquadratic is as follows : — 

Every rational and integral symmetric function (j> (a, j3, y, §) of 
the roots of the equation 

a^ + 4«i2; 3 + 6tf 2 * 2 + 4« 3 * + a i = 0, 

which involves the differences only of the roots, is, when multiplied 
by 'a u , expressible in the form F(a , H, I, J) or GF(a , H, I, J) 
according as <j> is an even or odd function of the roots, F being a 
rational and integral function of a , H, 1, J, and vs being the 
order of f. 

The following lemma must first be proved : — There exists 
no function of H, I, J which is divisible by a . For, suppose if 
possible F p (H, I, J) to be such a function. Making a vanish, 
we have F p (H', I', J') = 0, where H' = - a?, T = - 4« 1 « 3 + 3a 2 2 , 
J' = 2a,a 2 a 3 - «4«i 2 - «2 3 (the values of H, I, J, when a = 0) ; 
but no such relation can exist, since it is impossible to eliminate 
a i, « 2 , « 3 , «4, so as to obtain a relation between H', T, J' 
alone. 

Now since, as in the preceding Article, (j> is a function of 
the differences of the roots, we can suppose it calculated from 
the equation deprived of its second term (Art. 37). We have 

I'll fty&TOT'fi 

a r f( a ,(3,y,S) = F(a ,H,I,G), 

in which .Fis a rational and integral function, and r remains to 
be determined. Proceeding as before, 

« > [a, j3, y, 8) = F («„ H, I) + OF, ( ff „ E, 1) + G*F t (a„ II,I)+... 
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Since the weight is even in the case of both the functions 
H and I, we infer, just as in the preceding Article, that G is a 
factor in the odd functions ; and, eliminating even functions of 
G by the relation 

G 2 = a* {HI -a t J)- 4H\ (Art. 37) 

we prove that a ''<j> is expressible in the form F(a , H, I, J) or 
GF (a 0) H,1,J) according as <j> is even or odd. It appears 
therefore that every odd function of the roots of the kind 
here considered contains the factor 

(/3 + y-a-S)(y+a-/3-S)(a + j3-y-S). 

(Ex. 20, Art. 27.) 

Removing this factor, we proceed to determine r in the case 
of an even function. Writing the relation in the form 

a r<t>{ a> j3, y, 8) = F (a„S,I, J), 

and dividing by «</'"'% we have, as in the preceding Article, 

«„-* («, (3, y, 8) = F (« , H, I, J) + S - p{If '?' J) ■ 

Now since the right-hand side must be an integral function 

of the coefficients (Art. 81), and since, by the lemma above 

established, none of the terms included in 2 can become integral, 

we have 

a "4>(a, (3, y, S) = F (a , R, I, J), 

which proves the proposition. 

Instances of the use of this proposition in the calculation of 
symmetric functions of the roots of a biquadratic will be found 
among the examples at the end of the chapter. 

164. Seminvariants and Semicovariants. — Let 
«!, at, a 3 , . . . a n be the roots of 



1.2 



the general equation written with binomial coefficients. "We 
proceed to the consideration of an important class of functions 

VOL. II. h 
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of x which may be derived from a given symmetric function of 
the roots. 

In the two preceding Articles we have been occupied with 
certain special kinds of homogeneous symmetric functions of 
the roots which contain the differences only of these quantities 
(cf. Art. 36). Such functions may be called (for a reason 
which will appear in a subsequent chapter) semi-invariants, or, 
as it is usually written, seminrariants. Being symmetrio func- 
tions of the roots, they are expressible (when multiplied by a 
power of fl ) in a rational and integral form in terms of the 
coefficients. 

We may use in like manner the term semicovarianfs to denote 
similar functions of the differences of the quantities x, a b a 2) . . . a„, 
such that when they are arranged in powers of x the successive 
coefficients of x are expressible in a similar manner in terms of 
the coefficients. 

We proceed now to show how semicovariants may be 
generated, and then expanded in powers of x, when expressed 
either in terms of the roots or in terms of the coefficients. 

From any relation such as 

a "<j>( ai , a 2 , ... a„) = F(a , a u a % , . . . a n ), 

where <j> is an integral function of the order to, and F the cor- 
responding expression in terms of the coefficients, we may, by 
diminishing each of the roots by x, and consequently changing 
any coefficient a r into U r (see Art. 35), derive the following 
equation : — 

a "<j> (d! -x, a a -x, ... a n - x) = F(U , U u U 2 , . . . U„), (1) 

thus obtaining two forms for a semicovariant, one expressed in 
terms of the roots, and the other in terms of the coefficients. 

To expand these forms in powers of x, we have, for the first 
member of the equation, by Taylor's theorem, 

0(a,-z, a 2 -x,...a n -x) =<p + xS<p o + - — ^S 2 ^, + (2) 
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j « d d d 

and _g s + +.,.+ 

(tai da 2 da n 

Again, omitting all powers of % higher than the first, the 
second member of the equation becomes 

F(a , tti + aoX, a 2 + 2a 1 x, ... a n + na n -ix), 

or, when expanded, 

F + xDF + &c, 
where 

F = F(a , a 1} a 2 , . . . a n ), 

, -, d d d d 

and D = « — + 2a! -— + 6a 2 -—+... + na„- x — . 

da x aa 2 da% da n 

Comparing the two expanded forms, we have 

a "$(j) (oi, a 2 , ... a„) = DF(a , a lt . . . «„), 

and consequently, by successive applications of the operators 
8 and D, 

a "8 r <l> (a,, n 2 , . . . a„) = D r F(a m a^ ... a„) ; 

whence we infer from the expansion (2) 

F(U , Z7k, — ?7 re ) = F + xDF + —jyF t+ &o. . . . 

By the aid, therefore, of the two operators— 8 in terms of 
the roots, and D in terms of the coefficients — we can expand at 
pleasure either side of the equation (1) in powers of #. By 
means of the successive operations of 8 we obtain a series of 
functions of the roots ; and, by means of D, their equivalent 
values in terms of the coefficients. 

The results now arrived at are equally true if the function <p 
involves the roots of two or more equations, F being the corre- 
sponding value in terms of the coefficients of these equations, 
and D and 8 being replaced by the sums of the similar operators 
relative to each equation. 

H 2 
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It is important to observe that when §<£ vanishes identically, 
so also 

8 (%,) or 8>> = 0, S s tf> s °> &c, 

and therefore ,t: disappears in the expansion of the first member 
of equation (1). Now this can happen only when is a function 
of the differences of a„ a 2 , ■ ■ . o n ; whence we conclude that if 
F(a , «!,... a n ) is a seminvariant 

DF{a„ a u a 2 , . . . «„) = 0. 

This identical relation is often sufficient to determine the 
numerical coefficients in a seminvariant when the order and 
weight are known. If there should be two or more semin- 
variants of the same order and weight, the operation of D will 
not supply equations enough to determine all the assumed 
coefficients, as will appear from the discussion in the next 
Article. If no seminvariant exists of the required order and 
weight, the coefficients will all vanish. 

165. Determination of Seminvariants. — The problem 
of finding the seminvariants of a given order to and weight k of 
a quantic is the same as that of determining all such solutions 
of the differential equation 

_ d<P rf$ d<P 

Z)<P = a — + 2ff, — + . . . +. ««,,., — = 0. (1) 

a«i da 2 da n ' 

To solve this equation when possible assume 

$ = Xi0i + \ 2 <p 2 + . . . + \ r <pr, (2) 

where <pi, <j> 2 , • • • <j>r are all the possible combinations of 
« , d, ffj, . . . a„ of the order ts and weight k, and Ai, X 2 , . . . K 
arbitrary multipliers. 

Now, substituting this value of <J> in the equation D<& = 0, 
we have as the result 

Liipi + L 2 \p 2 + . . . + Lpipp s 0, 

where tpi, $%, ^ 3 , . . . \p p are all the distinct terms of the order « 
and weight k - 1, and L x , L 2) ... L p are linear functions of 
X^ X 2 , . . . \, which must all vanish when <£ is a seminvariant. 



Determination of Seminvariants. 
To determine Ai, A 2 , A 3 , . . . A r we have 

Ju\ = l\\\\ + /12A2 + . • . + l\ r \r = 0, 
J^% — '21A1 4- /22A2 + . . • + hr^-r = vj 
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(3) 



■Lip = lpi\\ + *p 2 A 2 + . • . + (pr^r ~ « 

There are three distinct eases to be now considered : — 
(1.) When r is greater than p, there are not sufficient 

equations to determine all the quantities A 1} X 2 , X 3 , . • • X r ; but 

any p of them can be determined as linear functions of the rest. 

For this purpose we can proceed as follows : — Introduce r-p=j 

arbitrary multipliers defined by the equations 



OT u Xi + OTi 2 X s + . . . + m w \ r = Ai, ' 
nhiXi + m 22 X 2 + . . . + OT 2r X r = A 2 , 

m/iXi + mj-zXn + . . . + mj r \r = Ay. 



(4) 



Solving the equations (3) and (4) for Xi, X 2 , . . . X,-, and sub- 
stituting in equation (2), we have the following value for $ : — 

<t> = A1S1 + A 2 S 2 + A3S3 + . . . + Aj"2j, 
and therefore 

Z>4> = A^Si + A 2 Z)S 2 + . . . + A,-DS,- = 0, 

whence Z^ = 0, D2 2 = 0, . . . DS,,- = 0, 

since Ai, A», . . . Ay may have any values whatever. 

We conclude, therefore, that in this case there are r - p = j 
linearly independent seminvariants. 

(2.) When p is equal to r or greater than r the equations 

L x = 0, Li = 0, . . . L p = 
cannot, in general, be satisfied, and there are no seminvariants 
of the quantic of the order w and weight k. 

(3.) When p = r - 1 there are just sufficient equations to 
determine the ratios of X ls X 2 , ... X,., and consequently only 
one semin variant exists. 
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Examples. 

1. Determine for a cubic a seminvariant whose order and weight are both 
three. 

Assume = Aatfa?, + Saotii ai + CVj 3 , 

these being the only three terms which satisfy the required conditions. It is 
evident from the form of D that the operation is performed by applying to the 
suffix of any coefficient a r the same process as in ordinary differentiation is applied 
to the index. Thus Dch = >'«r_i, and therefore 

Bcf, = (3A + B) a<?a% + (2B + 3C)«i 2 «o = 0. 
Hence 

ZA + B = 0, and 27? + 30 = ; 

and putting A=\, we have B = — 3, and 0=2; whence, finally, 

= «o 2 «3 — 3«o«i«2 + 2«i 3 = G. (See Art. 36.) 

For a quadratic no such seminvariant can be formed. 

2. Investigate seminvariants of a quartie whose order and weight are both four. 
Assuming 

cp - Aao 3 ai + Bcts?a\a% + Cfeo 2 «2 2 + -Da «i 2 «2 + Eai*, 
we readily find 

D<(> = (iA + B) « 3 «3+ (32? + iO+ 2£)«o 2 «i«2 + {2D + 42?) « «i 3 . 

AVe have now only three equations among the assumed five coefficients, whose 
ratios cannot consequently be determined completely. Expressing B, C, and D in 
terms of A and E, we have easily 

<t> = Aa - (a ai — 4«i«3 + 3«2 2 ) + 2?(s 2 «2 2 - 2« «i 2 «2 + «i 4 ), 
viz., </> = Aa^I + EH-, 

where A and E may have any values. We may say therefore that there are in 
this case two independent fundamental seminvariants of the required order and 
weight, viz., ao 2 I and 2T 2 ; and from these may be derived an indefinite number 
of seminvariants of the same order and weight by assigning to A and E different 
numerical values. 

3. Determine for a cubic a seminvariant whose order is four, and weight six. 
Assume 

<j> = Aa t) 2 a3 l + _B«o«2 3 + C«3«i 3 + -D«i 2 «2 2 + Eaoaiaza 3 , 
whence 

D<j> = {6A+E) a ^a 3 + (62? + 3E + 2D) « «i«2 2 + (3C+ 42)) a^m 

+ (3(?t2-E)«o»i 2 «js0. 
Now let A = 1, whence E = - 6 ; also SO + 2E = 0, giving (7=4; and 
3C+42) = 0, giving 2)=- 3 ; and from 62? + 32? + 22) = 0, we have finally B = 4. 
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Hence tf> = « 2 « 3 2 + 4« «2 3 + 4<J 3 «i 3 - 3«iW - 6a «i«2«3. 

Compare Art. 42, where the value of is given in terms of the roots. 

4. Determine a seminvariant of a quintie whose order is three and weight 
five. 

It is easily seen that the only terms of the required order and weight are 
n u ''«5, «o«i«4, a^mas, «i 2 «3, and a\a^. Proceeding as before we find that the 
ratios of the assnmed coefficients are determinate, and the seminvariant is found 
to be 

«0 2 «5 — 5<!(|«1«4 -I- 2«0«2«3 — 6«1«3 2 + 8«l 2 tf3. 

5. Determine for a quartic a seminvariant whose order is three and weight six. 

Ans. anazcn + 2«i«2«3 — «o<*3 2 — «i 2 «4 — «2 3 = J- 

6. Investigate for the general equation the seminvariants whose order is three 
and weight six. 

It is easily seen that the only terms which can enter into such seminvariants 
additional to those which occur in the preceding example are «o 2 «6 and «o«i«5- 
Writing down the function <p consisting of seven terms with indeterminate coef- 
ficients, and applying the operator D, we find that there are only five equations 
among the assumed coefficients. We obtain therefore, as is easily seen, semin- 
variants of the form 

Ka„ (a a 6 - 6ai« 5 + 15«2«4 - 10«3 a ) + fJ, 

in which K and /x remain undetermined, their multipliers in this expression being 
two fundamental seminvariants of the required type. 

It may he observed that «o«6 - 6«i«s + \5a%ai - IO03 2 is an invariant of a 
sextic. This function can be readily found directly by investigating seminvariants 
whose order is two and weight six. Invariants being, as well as seminvariants, 
symmetric functions of the roots which contain the differences ouly are obtained by 
the present method of investigation ; and any function of the coefficients so 
obtained which is an invariant for a quantic of one particular order will be a semin- 
variant for quantics (written with binomial coefficients) of all higher orders. The 
function obtained in Ex. 3 is an invariant of a cubic, and / is an invariant of a 
quartic. It must be carefully noted, however, that most seminvariants, as e. g. those 
obtained in Exs. 1, 4, are not invariants for quantics of any degree, as will be seen 
from the definition of an invariant and its properties discussed in the next chapter. 

7. Investigate for a quartic seminvariants of order four and weight six. 

The only terms additional to those of Ex. 3 are ao 2 «2<«4 and « «4Si 2 . Adding 
therefore X«o 2 «2«4 +■ /" ffi o«4«i 2 to the value of <p in Ex. 3, and operating by J), we 
find, after expressing the remaining coefficients in terms of A and A, the following 
value of f, 

</> = x («o 2 «2a 4 - « «4«i 2 + Sa a2 3 + 4«3«i 3 - 3«iW - 4« «i«2«3) + AA 3 , 

where A3 is the function obtained in Ex. 3, viz. the discriminant of the cubic. 
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Observing that the multiplier of \ is the product of the functions ,ffand I, and 
substituting for A3 its value SI — aaJ (Art. 42), we have 

tp = K'BI + /jLaoJ. 

For a quartie, therefore, the functions SI and. «oJ are two fundamental semin- 
variants of the required order and weight. 

8. Investigate seminvariants of the same order and weight as in Ex. 7 for 
quantics of the sixth and higher orders. 

It will be found that there are in this case two equations less than would he 
required to determine the ratios of the assumed coefficients, and there will conse- 
quently be three fundamental seminvariants. It may be easily shown that all 
seminvariants of the required type can he represented in the form 

<p = Affo 2 (ffoffc - 6»i«6 + 15«2ai - 10«3 2 ) + /J.SI + va a J. 

9. Prove that any seminvariant of the equation 

(do, «u ■ ■ ■ Or) (x, l) r = 

is also a seminvariant of the equation 

(a , «i, . . . u r . . . tin) (x, 1)" = 0, 
n being greater than r. 

It was Cayley who originally stated the theorem that the 
number of linearly independent seminvariants of order to and 
weight f is r - p, where r is the number of terms of this order 
and weight, and p the number of terms of the same order and 
weight k - 1, which can be formed from the coefficients 



In the discussion above given, it is assumed that L l9 L 2 , . . . L p 
are linearly independent, and it should be observed that if 
certain linear relations connected them, for each such relation 
the number p would be reduced by one. Cayley himself gave 
no proof of the independency in general of these quantities ; 
but proofs have been supplied by Sylvester (Crelle, vol. 85, 
p. 89) and by Prof. Elliott (Algebra of Qualities, Art. 128). 
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Examples. 
1 . Prove directly that 

^ F( U , XJi, U 2 ,... U„) = DF{V , Vi, Uz... V n ). 

This follows readily from the equations 

DV r = rVr-i = d -^; B { Up . V q . .} = -£ { V, . V, . .} 



dx 



dx 



2. Expand F ( U , Pi, Pj, . . . IT,,) by Maolaurin's theorem ; and hence 
prove 

F( U ,U h ... U„) = F + xBF + ~ 2 D*F + &e. 

where -F = F(a , a h «2, • • • «„). 

3. Determine <j>i, <f>%, . . . <jy, . . . tpp from the equations 

<p 1 + 02 + . ■ ■ + <pp = To, 

(Mi + 0202 + • • ■ + <Mp = T h 

4>ifli 2 + tf> 2 »2 2 + . - . + <M/ = r 2. 



<pi6iP- 1 + (pzBzP- 1 + . . . + <fe V 1 = y p-i> 



This is an extension, of an example already solved (Ex. 1, p. 38), and it will he 
readily found hy applying the method there employed that <j>j is given as a function 
of the (p — l) ,h degree in 9j hy the equation 



= 0, 



where s k = fli* + 82"= + 3 * + ■ • • + »/. 

4. Prove that 

n = ao e (/3 _ 7 )2 ( 7 _ a )2 (a _ 0)2 („ _ S )2 (/3 _ 5)2 {y _ 5) 2 = JJ3 + w/ 2 ( 

where m = - 271- 

"We make use of the proposition of Art. 163, and express the given function of 
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the roots, whose order is 6 and weight 12, in terms of «o, -2", I. J- From the 
table — 





Order. 


Weight. 


H 


2 


2 


I 


2 


4 


J 


3 


6 



it is easy to see that H cannot enter, for the terms of the sixth order containing H, 
viz. E 3 , S 2 I, EI 2 , have not the proper weight. Therefore n must be of the form 
ll 3 + mj 2 , where I and m are numerical coefficients. 

Now put «3 and a t equal to zero, and n will vanish, since in that case the 
quartic will have equal roots ; hence, employing the reduced values of J and /, 
= l(3a 2 2 ) 3 + m (- at 3 ) 2 , and therefore m = - 27?. 

In applying this method to obtain the values of symmetric functions, the rule 
to be followed in every case is — Retain those terms of weight k whose order is not 
greater than zs, and make the whole homogeneous by multiplying terms whose 
order is less than ra by suitable powers of a . 

5. Calculate the symmetric function of the roots of a biquadratic 
2(0-7) J (7-«) 2 («-/3) 2 . 

Since the order of this symmetric function is four and its weight six, we may 

assume 

«o 4 2 (|8 - 7 y (y - a) 2 (a - $)* = IKI + ma J. (1) 

The values of I and in may be found by putting a% = 0, <im = 0, as in the pre- 
ceding example, and calculating the value of the reduced symmetric function (when 
7 = 0, 5 = 0) in terms of the coefficients of the quadratic equation 

«o£ 2 + iciiz + 6«2 = 0. 
Identifying then this value with the reduced value of IEI + ma J, we obtain two 
simple equations to determine I and m. Or we may proceed as follows by taking 
two biquadratics whose roots are known, and calculating in each case the sym- 
metric function by actually substituting the roots, and then comparing both sides 
of the equation when E, I, J are replaced by their values calculated from the 
numerical coefficients. 

First we take the biquadratic equation 6« 4 — 6a; 2 = 0, whose roots are 0, 0, 1,-1, 

whence 

2 = 8, R = -6, 1=3, J=\. 

Substituting in equation (1), we have 

1728 = -3l + m. 



Examples. 
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we find 
whence 
and " 
and finally, 



Proceeding in the same way with the biquadratic equation 

x* — 6a 2 + 5 = 0, whose roots are ± /5, ± 1, 
2 = 768, S=-l, 1=8, 7=-4; 
- 192 = 2l+m, 
Z = -2 x 192, m = 3 x 192; 

«o 4 2 = 192 (- 2JJX+ 3aoJ). 

6. If a, y3, y, 5 be the roots of the equation 

ffo* 4 + iaix 3 + Qa^x* + ia$x + ai = 0, 

calculate in terms of «o, -ff> I, J the value of the symmetric function 

«o 6 5 (3a - P - y - 5) 2 (30 - y - 5 - a) 2 (3y - 8 - a - /3) 2 . 

This may be solved by the same method as the two preceding examples, or we 
may proceed as follows : — 

a G 2 = 4 6 2si 8 Z2 2 s 3 2 , 

where z\, s 2 , «3, 24 are the roots of the equation 

z i + 6m , ' + 4Gz + ao % I-SS i = 0. (Art. 37.) 

Hence, by Ex. 2, Art. 161, 

Am. ii{- IS 3 + ctfXI - 4<ro 3 /}. 

7. If P(«o, «i, . . «„) is a seminvariant of the equation (ao, m, . . «„) (x, 1)» = 0, 
prove that the same function of the sums of the powers of the roots, viz. 
_F(so, >i, s%, . . . s n ), is also a seminvariant. 

This follows by operating on the first function by D, and on the second by - 8, 
and observing that Da r = ra f .i and - Ss r = cs r _i. We thus obtain results identical 
in form ; and if one vanishes identically so must the other. 

8. Calculate the determinant 



in terms of the coefficients of a quartic. 

By the preceding example, this determinant is a function of the differences of 
the roots ; we may therefore remove the second term of the quartic before calcu- 
lating it ; and if the equation so transformed be 



y* + iV + Pzy + Pi 
4 - 2P 2 

- 2P 2 - 3P 3 
■ 2P 2 - 3P 3 2P, 2 - 4Pi 



= 4{8P 2 Pt-2P 2 3 -9P 3 2 }; 
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but « 2 P 2 = 6JT, «o s -ft = 40, Oo 4 -P* = <I ~ 3-^ '■ 

Substituting for P 2 , Ps, Pi these values, we have 

ff <A = 192 (- 2.HP + 3a J) : 

the same result as in Ex. 5 (cf. Ex. 7, p. 35). 

9. If u, ^, y, 5 be the roots of the equation 

o a; 4 + iaix 3 + 6aix 2 + iasx + «4 = 0, 
express M,, I„ J„ O, of the equation 

s s 4 + 4si* 3 + 6s 2 £ 2 + is3X + »(eJ(i+«)' = 

in terms of S, I, J, G. 

A B, S J 8 i8S*-a<?I G._ G 

Ans -7} = -*^' ^ = — ;^~ - v _-! V 

and by the aid of the relations 

G 2 + 4.H" 3 = so 2 (.HP - a J) , G,* + iS, 3 s s 2 (fl./, - s /«) , 

1 92 
J, = LA(3a J-2Hl). 

10. "When^ is even, prove that 

2 (ai - a 2 )f> = soSp -^si« p _i + %P (P - 1) «2*j>-2 - &0 - 

Since 

« . p— 1 
2 (a; - a)!> = nxP - psi xp~ 1 + ^— ^ s 2 a*- 3 - &e. ... - ps p -\ % + s p , 

changing x into ai, a 2 , 03, . . . a», in succession, and adding the results on both 
sides of the equations thus obtained, we find 

p . p — 1 
22 (01 - a 2 )P = s s P -psiSp-i + — — —- SiSp-2 - ... - psi$ p _\ + s s PI , 

where all the terms on the right side of this equation are repeated except the middle 

term. Thus 

2 (ai - a 2 ) 4 = »o«* _ 4s i* 3 + 3s 2 2 ' 

2 (ai — a 2 ) 6 = So« 6 — 6S1S5 + 15s 2 S4 — 10s 3 2 , &c. 

11. Form the equation whose roots are <j>'{a), <p'(P), <p'(y)> </>'(8), where 
u, 0, 7, 5 are the roots of the equation 

<£ (ic) = « a:' + 4oia; 3 + daix 1 + 4a 3 a; + «4 = 0. 

,, 32G „ 96(2_HX-3« P) „ 256 (P 3 - 27/ 2 ) „ 

Am. </>' 4 + — - <p ' 3 + — j — — <f 2 + = 0. 

«o 3 « 4 «o G 

12. If 2 (a - 0) 2 (0 - 7 ) 2 (7 - a) 2 (x - S)*, 
when expanded, becomes 

Kgx 1 + iKix 3 + 6_Zr 2 z 2 4 iK 3 x + X 4 ; 
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prove that 

-B>07 + JTi (0? + ya + ojS) + Jga (a + + 7) + JTj ± 16 VA 
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! - y) (y - a) (a - 0) 

A = I 3 - 27/ 2 



where 

13. Prove that 

« 4 2 (0 + 7 - a - 5) 2 (0 - y) 2 (a - 8) 2 = 192 {3« J - 257). 

14. Prove that 

« 6 2 (0 + y - a- S) 4 (0 - yf (a - 5) 2 = 512 (« 2 / 2 - 36«„B7+ 12.ff 2 J). 

15. The quotient of a simple alternant (one, namely, in which each element 
is a single power) by the difference-product (see Ex. 31, p. 60) can be expressed 
as a determinant whose elements are the sums of the homogeneous products of the 
quantities involved. 

"We take a determinant of the third order, and propose to prove 
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where U p , Tl q , &c., are the sums of the homogeneous products of o, 0, y, as defined 
in Art. 83, Vol. I. The method employed is perfectly general. Take the following 
identity, which is easily proved : — 



x y z 

X — a y — a 2 — a 

x y * 

x-'p y-P z-0 



x - y y—y z— 7 



»" 



U 3 2 b 



x' y z' 
x y z 



1 a a 2 
1 2 

1 y 7 2 



{x-a){x-P){x-y){y-a)(y-P)[y-y)(z-a.)(z-f}){z-y) 



write (x — a) (x — 0) (x — y) as a, divisor under each of the elements of the first 
column on the right-hand side, (y - *)(y - 0) {y - y) under those of the second, 
and (z - a) (z - 0) (z — 7) under those of the third, and substitute from the follow- 
ing and similar equations (Ex. 1, Art. 83) : — 

-^— = 1 + ax' + aV 2 + . . , + afx'P + ..., 



(x-a){x- 0)(x-y) 



= 1 + Uix' + U2X' 2 + . . . + n v .*>+ ( 



where 



,_ 1 
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The identity written above becomes then 



1 + ax' + .. .+aPx'P +. , . 
l + j8z' + . . . + /8VP+., . 
l+yx' + ... + yPx'P + .,. 



i + nia;' + n 2 j.-' 2 + .. . + n p x'p+.,. 

x' + n^' 2 + . . . + T\ p .ix'p + .,, 
x n + . . . + Tlp-ix'p + ., . 





1 a a 2 




1 $ 7 




i y ? 2 



where the second and third columns of the determinants here written can be sup- 
plied by replacing x' by y' and z', respectively. Comparing coefficients of x'Py'tz* 
on both sides, we have the required result. It should be noticed that when the 
difference-product determinant is written in the form used above (viz. with ascend- 
ing powers in the order of the columns) the sign to be attached to the product is 
always positive, since the product of the two determinants, containing the term 
n p rig-inr-2^7 2 , must contain the term aPfiiy r . Note also, in applying this calcula- 
tion to particular examples, that ITo = 1, and iIf = when j is negative. 

16. Prove, by the preceding example, 

1 a 2 a 6 
1 /3 2 /3- 
1 7 2 7 5 

The quotient, therefore, of the given determinant by the difference-product is 
nill3 - Hi, which may be shown to be equal to Sa 3 /8 -f 2<n3 3 + 22a 2 /3y. 

17. Prove, by the method of Ex. 15, 



nu 


n 2 


n 6 




1 a a 2 





ni 


n 4 




1 /3 2 
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n 3 




i y T 2 



1 



1 a2 a2~ . a a>"~~ ai m 



1 



1 ai ai 2 
1 a% ai' 

1 a„ a.,, 2 



where m = or > n. 

This result may be derived directly from Ex. 1, Art. 83. 

18. Determine a seminvariant of a sextic whose order is three and weight 
eight. 

Am. atfiza?, - 3« «3«5 4- 2a «i 2 - «i 2 « 6 + 3a,uia 5 - aidzUi - 3«2 2 «4 + 'la-ji r. 



CHAPTER XVI. 



COVAKIANTS AND INVARIANTS. 



166. Definitions. — In this and the following ohapters the 
notation 

(a , a 1} « 2 , . . . a n ) (x, y) n 

will be employed to represent the quantic 

a x u + na^ l ~ l y + — - — —-!■ a 2 x n - 2 y i + . . . + na n -i %y n ~ l + a„ y", 

X . A/ 

a homogeneous function of * and y, written with binomial 
coefficients. If we put y = 1, this quantic becomes U„ of 
Art. 35 ; and the same notation may be used to denote the 
homogeneous quantic written in x and y. 

Let <j> be a serninvariant (as denned in the preceding 
chapter), of the order ot, of the roots etj, a 2 , a 3 , . . . a n of the 
equation V n = («„, «u a 2 , . . . a n ) (x, 1)" = ; then if 

1 1 1 



ai-X a % -X u n —X 

be substituted for a i} a 2 , . . . a n , respectively, the result multi- 
plied by U n " (to remove fractions) is a covariant of U„ if it 
involves x, and an invariant if it does not involve x. 

From this definition of an invariant we may infer at once 
that 

V0 («n a 2> «3, • • • a») 

is an invariant of TJ n when # is composed of a number of terms 
of the same type, each of which involves all the roots, and each 
root in the same degree ot. 
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These definitions may be extended to the case where (the 
function of differences) involves symmetrically the roots of 
several equations U p = 0, U q = 0, U r = 0, &c, the roots of these 
equations entering in the orders w, -m, vs", &c. . . . respectively. 

We may substitute for each root a, as before, and remove 

a — x 

fractions by the multiplier Up XJ q ' TJ/ '. . . . &c. If the result 
involves the variable .r, we obtain a covariant of the system of 
quantics U p , U q , U r , &c. ; and if it does not, (j> is an invariant 
of the system. 

167. Formation of Covariants and Invariants. — We 
proceed now to show how the foregoing transformations may 
be conveniently effected, and covariants and invariants calcu- 
lated in terms of the coefficients. With this object, let the 
seminvariant be expressed in terms of the coefficients as 
follows :— 

a "(j> (ai, a 2 , . . . a n ) = F(a , «i, « 2 , . . . a n ). 

Now, changing the roots into their reciprocals, and conse- 
quently a into a„, &c, a r into a n -r, &c. (that is, giving the 
suffixes their complementary values), we have 

ffo"^(ai, «!, • • • «„) = F{a,i, «n-l, ■ • ■ Co), 

where i// is au integral symmetric function of the roots, and 
F the corresponding value in terms of the coefficients. This 
function is called the source* of the covariant derived therefrom. 
Again, substituting ai - x, a^-.r, ... a n - x for a u a 2 , . . . a,„ 
and consequently V r , &c, for a r , &c. (Art. 35), we find 

a "^ ( 0l - x, a 2 - x, . . . a n - x) = F( U n , U n ^, ... U 1} U ). 

Thus, by two steps v/e derive a covariant from a function 
of the differences, and find at the same time its equivalent 
calculated in terms of the coefficients. 

To illustrate this mode of procedure we take the example in 
the case of the cubic 

tf„ 2 2 (a - ft) 1 = 18 (aS - a a 2 ) ; 

* This term was introduced by Mr. Roberts. 
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■whence, changing the roots into their reciprocals, and a , a lf a 2 , a 3 
into # 3 , «2, «i, a , we have 

a„ 2 2a 2 (j3 - y) 2 = 18 (a 2 2 - « 3 «i) . 

Again, changing u, j3, y into a - x, /3 - x, y-x, and «i, a 2 , a 3 
into Z7i, Z7 2 , U 3 , respectively, we find 

«o 2 S (j3 - y) 2 [x - a) 2 = 18 ( TJ? - U 3 Ux). 

The second member of this equation becomes when expanded 

J7i U 3 - U 2 Z = (ff ffla - «i 2 ) * 2 + («o«3 - aiffs) <» + (fli«3 - «/)• 

This covariant is called the Hessian of U 3 . We refer to it 
as H x , since H is its leading coefficient. 

As a second example we take the following function of the 
quartic : — 

« 2 S (j3 - y) 2 (a - S) 2 = 24 (a «4 - 4« lff3 + 3« 2 2 ) ; (1) 

whence, changing the roots into their reciprocals, and a m a 1} a 2 , a 3) « 4 
into « 4 , fl 3 , <h, «i, « 0) we have 

«„ 2 S (y - j3) 2 (8 - a) 2 = 24 (a 4 « - 4a 3 «i + 3« 2 2 ). 

These transformations, therefore, do not alter equation (1) : 
again, since in this case ip (a, /3, y, 8) is a function of the diffe- 
rences of the roots, tp is unchanged when a - x, ]3 - x, &c. . . . , 
are substituted for a, j3, y, 8. We infer that « «4 - ^a x a 3 + 3« 2 2 
is an invariant of the quartic Z7 4 . 

We observe also, in accordance with what was stated in 
Art. 166, since 

* - (J3 - yf (« - S) 2 + (y - «) 2 (j3 - S) 2 + (a - /3) 2 ( y - 8) 2 , 
that any one of the three terms of which $ is made up involves 
each of the roots in the degree ■m, which is here equal to 2. 

In a similar manner it may be shown that 

« 3 {(7-«)(/3-3)-(«-/3)(y-8)){(a-^(y-S)-(/3-y)(a-S)} 

x{(,3-y)(a-8)-(y-a)(/3-S)} 
= - 432 (a «z«4 + 2«ia 2 «3 - «o«3 2 - «i 2 «4 - « 2 3 ) 
is an invariant of the quartic. 
vol. n. i 
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There is no difficulty in determining in any particular case 
whether tp leads to an invariant or covariant, for if <p leads to an 
invariant, <j> = ±\p, that is <j> is unchanged (except in sign, when 
its type-term is the product of an odd numher of differences of 
the roots, i.e. when its weight is odd) when for the roots their 
reciprocals are suhstituted, and fractions removed by the simplest 
multiplier (aia z a 3 . . . a n )". An invariant whose weight is odd is 
called a skew invariant. 

168. Properties of Covariants and Invariants. — 
Since <p is a homogeneous function of the roots, the covariant 
derived from it may be written under the form 

IT" f x x x 



X" \ai — X a 2 - x a n — X 

where ot is the order, and k the weight, of <j>. 

Also, as (j> is a function of the differences, we may add 1 to 

each constituent, such as , thus obtaining — - — . Again, 

a r - x a r - x 

multiplying each constituent by x, the covariant becomes 
U" ( a\X a 2 x a n x 



2 $ 

X iK r \ai - x a 2 - X 

Employing now the notation x' , a\, a 2 , &c, for the recipro- 
cals of x, ai, a 2 , &c. ; and denoting by U' the function whose 
roots are a\, a' 2 , . . . a',„ viz. 

V s a n x' n + na n _ l x' n ~ l + &c, . . . + na x x' + a = ; 

1 - a r x 
since —, , = , 

and V = a n x" (x' - a\) {x - a\) ...(*'- a' n ) = x n V, 
the covariant above written is easily reduced to the form 

1 1 1 



(- lyxf""^ u' a <p 



a i — x a ■ 



whence it is proved that the covariant is unaltered when for 
x, ai, a % , ... o„ their reciprocals are substituted, and the result 
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multiplied by (- 1)" x n " r ' 2K . This transformation changes a r into 
a„-r, that is, each coefficient into the coefficient with the com- 
plementary suffix. 

Now if any covariant whose degree is m be written in the 
form 

{B m B 1 ,B 2 ,...B m ){x,l) m ; (1) 

changing a , «i, ... a„, oc, into a n , a n ^, ... a m -, we have 

CO 

another form for this covariant, namely, 

(-l)-af *(G., C„ C* ... O.)^, 

and as this form is an integral function of x of the same type 
as (1), we have, by comparing the two forms, 

m = rm -2k, B =(-iyO m , ... B r = (- l)"^,; 

thus determining the degree of the covariant in terms of the 
order and weight of the function <p, and showing that the 
conjugate coefficients («'. e. those equally removed from the 
extremes) are related in the following way : — 

If F(a , «i, « 3 , . . . ««) &e «wy coefficient of the covariant, 
(- l^-Ffff,,, ««-i, ««-2, • • • «o) * s « fe conjugate. 

This property is characteristic of covariants, and is not 
possessed by semicovariants, although the two classes of func- 
tions agree in the mode of formation by the operator D, as will 
appear in the Article which follows. 

From the expression for the degree of a covariant in terms 
of w and k, namely, wot - 2k, we may draw the following 
important inferences : — 

(1). If afcf) is an invariant, ma = 2k. 

For, in this case <j> and $ are the same function, and conse- 
quently their weights k and mz - k are also the same. 

(2). All the invariants of qualities of odd degrees are of even 



For if n be odd, it is plain from the equation tm = 2k that 
ot must be even, and k a multiple of n. 

I 2 
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(•5). All covariants of qualities of even degrees are of ecen 
degrees. 

For in this case rnz - 2k is even. 

(4). Covariants of qualities of odd degrees are of odd or even 
degree according as the order of their coefficients is odd or even. 

(5). The resultant of two covariants is always of an even order 
in the coefficients of the original quantic. 

For, the order of the resultant expressed in terms of the 
orders and weights of the covariants is 

zs (im' - 2k') + w' (hot - 2k) s 2 («W - otk' - ct'k) . 

169. Formation of Covariants by the Operator D. — 

From Art. 164 we infer that the expansion of F{U n , C^n-i, • • • U ) 
may be expressed by means of the Differential Calculus in the 
form 

F + xDF a + ^ D 2 F + ... + -j— ^ D r F + .... 

where F is the result of making x = in F(U,„ U n -i, ■ ■ ■ Co), 

viz. 

F = F(a n , «„_„ . . . « ), 

„ d d d d 

and D = a — + 2«, — + 3a 2 — +.. . + «</„_, — . 

««i da 2 da 3 da,, 

In forming a covariant by this process, the source F„ with 
which we set out is altered by the successive operations JD, each 
operation reducing the weight by one, till we arrive at the 
original function F(a , a u . . . a„) from which the source was 
formed. Since this is a function of the differences, the ex- 
pression resulting from the next operation D vanishes, and the 
covariant is completely formed. The corresponding operations 
8 on the symmetric function \p have the effect of reducing the 
degree in the roots by one each step, the final symmetric function 
containing the differences only. Thus by successive operations 
we obtain two expressions for a covariant — one in terms of the 
roots, and the other in terms of the coefficients. 
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The degree m of the oovariant is plainly equal to the number 
of times S operates in reducing \p to 0, i.e. equal to the difference 
of the weights of the extreme coefficients. And since 

, / ^ A 1 1 

y-o = («i«2 • • • a«r0 — —,...- 

\«i <*2 a„ 

the weight of ip is wm - k, where k is the weight of (ai,a 2 , . . . a») ; 
hence the degree of the covariant whose leading coefficient is 
a "(j> is ww - 2k, the same value as before obtained. We add 
some simple examples in illustration of this method. 



Examples. 
1. Form the Hessian of the cubic 

« * 3 + 3«i« 2 + 3«2a: + «3 = 0. 
Taking the function S= s «2 - «] 2 , we find, as in Art. 167, 
« 2 2o 2 (/3 - if = 18 (« 2 2 - *1«3). 
Operating on the left-hand side by 8, and on the right-hand side by D, we obtain 

- «o 2 2 2a O - 7)2 = 18 {am - «„«s) ; 
and operating in the same way again, 

« 2 2 2(,8- 7 ) 2 = 36(ai 2 -«o«2)- 

The next operation causes both sides of the equation to vanish. Hence the 
required covariant is, as in Art. 167, 

(«i«3 - «2 S ) + («o«3 - «i«2) x + («o«2 - «i 2 ) a; 2 - 

We find at the same time the corresponding expression in terms of % and the 
roots. 

2. Form the Hessian of the biquadratic 

«oa; 4 + iaix s + 6«2* 2 + imx + #4 = 0. 

The covariant whose leading coefficient is S == «o«2 — «i 2 is called the Hessian 
of the biquadratic. Its degree is 4, since zs = 2, and k = 2 ; and .•. raj - 2k = 4. 
Changing the coefficients into their complementaries, the source of the covariant is 
«4«2 - «3 2 , and we easily find 

Sx = (ito«2 - «i 2 ) x i + 2 («o«3 — «i a a) % 3 + («o«4 + 2«i«3 — 3«2 2 ) a; 2 

+ 2 (fll«4 - «2«3) X + («2«4 - a 3 2 ). 
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3. Form for a cubic a covariant whose leading coefficient is the sem- 
in variant 67. 

Changing the coefficients in G into their coniplementaries, we get the source 
33 2 <7,i - 3«3«2ffi + 2«t2 3 , and operating with D we easily obtain the covariant in the 
following form : — 

(«3 2 <!!0 - 3<J3«2«1 + 2ff 2 3 ) + 3 (ffl3«2«f0 + «2 2 «1 - 2a3»l 2 ) X 

- 3 (ffo«i<w + arm - 2« «2 2 ) x 2 - («o 2 a3 - 3«o«i«2 + 2«i 3 ) a; 3 . 

In this the conjugate coefficients (Art. 168) differ in sign as well as in the inter- 
change of complementaries, the weight of G being odd. The student will have no 
difficulty in expressing this covariant in terms of x and the roots by the aid of the 
value of G given in Ex. 15, Art. 27. 

170. Theorem. — Any function of the differences of the roots 
of a covariant or semicova riant is a function of the differences of 
the roots of the original equation. 

Let the covariant or semicovariant be 

0W s i x ~ P') (* - P») • •• [v-Pp)- 
Since <p is a function of the differences of x, a u a 2 , . . . a„, 
we have 

-j- - 8<£ = 0, viz., $'(«) + 2 {x - pt) (x - p 3 ) . . . (x - Pp ) Bp,. = 0. 

Now, substituting for x in this identical equation each root 
p u pi, . . . in succession, we have 

f G»,)(l + S P i) = 0, 4>'((h){1 + Sp 2 ) = 0, &c, 
whence 

V + 1 = 0, Sp 3 + 1 = 0, . . . S PJ + 1 = 0, . . . 

and consequently 

S (ft' - Pi) = 0, 

which proves the theorem. 

In the preceding pages many instances have been given in 
which the roots of covariants or semicovariants are expressed 
in terms of the roots of the original equation ; and the student 
will easily verify that the result of the operation of <5 on any 
such expression is - 1. The roots of the covariants in Exs. 1 
and 3 of the preceding Article are given in Ex. 25, p. 57, and 
Ex. 13, p. 88, Vol. I., respectively ; and roots of semicovariants 
will be found in Exs. 10, 11, p. 87, and 12, 14, p. 88, Vol. I. 
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The theorem here proved is clearly true also for any 
function of the differences of the roots of two or more cova- 
riants or semicovariants. 

171. Double Linear Transformation applied to the 
Theory of Covariants. — Hitherto we have discussed the 
theory of covariants and invariants through the medium of the 
roots of equations. We proceed now to give some account of a 
different and more general mode of treatment, by means of 
which this theory may be extended to quantics homogeneous 
in more than two variables, such as present themselves in the 
numerous important geometrical applications of the theory. 
Although this enlarged view of the subject does not come 
within the scope of the present work, we think it desirable to 
show the connexion between the method of treatment we have 
adopted and the more general method referred to. With this 
object we give in the present Artiole two important propo- 
sitions. 

Prop. I. — Let any quantic 

JJ n = a {x- a,ij) [x - a 2 y) ... (x - a n y) 
be transformed by the substitution 

x = \x' + fiy', y = XV + /zV ; 

then if I and I' be corresponding invariants of the two forms U„ 

and U' n , we have 

I' = (A M ' - XV) K L 
To prove this, let 

I = a CT S (a! - a 2 ) a (a 2 - a 3 ) 5 . . . (a L - On)\ 

each root entering every term of S in the degree ct. When 
any factor of V n , e.g. x-a-,y, is transformed, we find 

x-a l y={\-ya i ){x'-a' 1 if), where "i ^"^/* ; 
hence U'„ = a\ {x' - a\y') {x' - a\y) . . . . ix' - a' n y'), 
where a\ = a (X - XV) (X - X'a 3 ) .... (X - X'a M ). 
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Again, for the difference of any two roots of U' n , we have 

, _ , _ ( A// - XV) (a p - a g ) 
ap Uq i\-Xu p )[\-\' ttt )' 

Making these substitutions for a'„ and for all the differences 
of roots in J', the denominators of the fractions which enter by 
the transformation disappear, and we have finally 

r = (A/ - \'nfi. 

Prop. II. — If <f> [x, y) be a covariant of the quantic U n , the 
new value of<j>, after linear transformation, is 

(A//-XV)"0(a>,y). 

The proof is similar to that of the preceding proposition. 
We have 

(*> y) = "o"2 (a, - a 2 )° (<*> - a *f — {x- cti!/Y 0* - a >yY ■ •■> 

where each root enters in the degree -a. 

Now, transforming, as in the previous proposition, the value 

of (f> (%, y) thus derived ; since the factors A - X'a u A - X'a 2 , . ■ ■ 

all enter in the same degree ss in the denominator, they will all 

be removed by the multiplier a'", and the transformed value of 

<p [x, y) is 

{\fi-\'nY^{x,y). 

The determinant X// - X'/u, whose constituents are the 
coefficients which enter into the double linear transformation, 
is called the modulus of transformation. 

Without any reference to the roots of the equation U„ = 0, 
we can suppose the transformation of x and y to be applied to 
the quantio in the form 

If (<yi 1 ] 

U n s a<&" + inhx'^y + \ ' a 2 x n - 2 y 2 + ... + a n y u . 

J . 4/ 

The propositions here proved with respect to invariants and 
covariants regarded as functions of the roots will still hold good 
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when these functions are expressed in their equivalent forms in 
terms of the coefficients. "We may therefore now restate the 
Propositions in the following form : — 

Prop. I. — An invariant is a function of the coefficients of a 
quantic, such that when the quantic is transformed by linear trans- 
formation of the variables, the same function of the new coefficients 
is equal to the original function multiplied by a power of the modulus 
of transformation. 

Prop. II. — A covariant is a function of the coefficients of a 
quantic, and also of the variables, such that when the quantic is 
transformed by linear transformation, the same function of the new 
variables and coefficients is equal to the original function multiplied 
by a power of the modulus of transformation. 

The definitions contained in the preceding propositions are 
plainly applicable to quantics homogeneous in any number of 
variables, and form the basis of the more extended theory of 
covariants and invariants above referred to. We give among 
the following examples an application in the case of a quantic 
involving three variables. 

Examples. 

1. Performing the linear transformation 

x = kX + i*.Y, y = XiX + ix.iT, 
if 

ax* + Ibxy + ey* = AX" + 2BXY+ CY*, 
prove that 

AC-B* = (Km - Mtf (ac - V s ). 

2. Performing the same transformation, if 

(a, b, o, d, e) (x, yf = (A, B, 0, D, E) (X, Y)\ 
prove that 

AE - iBE + 3C 2 = (Km - Airf 4 (as - ibd + 3c 2 ). 

3. Performing the same transformation, if 

ax 1 + Ibxy + cf = AX* + IBXY + 01 2 , 
and 

aix 1 + Ihxy + ay" = A^X? + IBiXY + &Y*, 
prove that 

ACi+ AiO- 2BBi = (Km - Ay*) 2 (an + aic - 2bbi). 

This follows from Ex. 1 , applied to the quadratic forms 

(a + icai)x ,i +2(b + Kh)xy+(e + Ki:i)y , '=(A + K A 1 )X' + 2(B + icBi)XY^(0+KCi)Y i , 

by comparing the coefficients of k on both sides. 
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Whence we may infer that, if two quadratics determine a harmonic system, the 
new quadratics obtained by linear transformation also form a harmonic system. 
For their roots being a, $, and 01, j8i, we have 

aai{(a - 01) (0 - 0i) + (a - $i) (0 - ai) } = 2 (aci + aic - 24*i). 
4. If the homogeneous quadratic function of three variables 
ax 2 + by 2 + cz 2 + 2fyz + Igzx + 2hxij 



be transformed into 

AX 2 + BY 2 +CZ 2 + 2FXZ + 2GZX + 2EXY 

by the linear substitution 




z = \iX + imT+viZ, 


y = \zX + luY+nZ, 


z = KzX + p3Y+ v 3 Z; 


prove the relati 


on 
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where the determinant (\1iM2v3) is the modulus of transformation . 

This is easily verified by multiplying the proposed determinant of the original 
coefficients twice in succession by the modulus of transformation written in the 
form 

Ai A2 A3 



VI V2 vz 

and comparing the constituents of the resulting determinant with the expanded 
values of the coefficients of X-, T 2 , &c, in the new form. 

It appears therefore that the determinant here treated is an invariant of the 
given function of three variables. 

172. Properties of Covariants derived from Linear 

Transformation. — We proceed now to show, taking the 
second statement of Prop. II. in Art. 171 as the definition of a 
covariant, that the law of derivation of the coefficients given in 
Art. 169 immediately follows ; that is, given any one coefficient, 
all the red may be determined. 

For this purpose, performing the linear transformation 

x=X+hY, y = 0X+Y, 
whose modulus is unity, the quantio 

(a , «!, a z , ... a n ){x, y) n becomes (A , A u A 2 , 
where 



A = a , Ai = (h + aji, A z = a 2 + 2aji + aji 1 



..A n )(x,rr, 

&o. (Art. 35/ 
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Now, if <j> (a , «!, «!pj, . . . a n , x, y) be any covariant of this 
quantic, we have by the definition 



or 



(«o, «i, a 2 , . . . a n , x,y)=$ (A , A ly A 2) . . . A m X, Y), 
<P («„> «d « 2 , . . . « M , x,y) = $ (A , A u A, ...A n ,x- hy, y). 



Expanding the second member of this equation, and con- 
fining our attention to the terms which multiply h : observing 

also that — — - = ra r -i when terms are omitted which would be 

multiplied in the result by h 2 , h 3 , &c, we have 

<P + h(-y-£-+ Dfj+frf J + &o. ... = 0, 

which must hold whatever value h may have ; hence 

dtj> d<j> d<j> dd> d<j> .... 

dx d^ da 2 da 3 da n v ' 

and, substituting for <j> the value 

(B t ,B 1 ,B t , ...B m )(x,y) m , 
we have 

mB^-hj + m(m-l) B&^y* + ... + mB m ^y m 

s DB<fii m + mDBiX^y + . .. + DB m y m ; 

whence, comparing coefficients, we have the following equations : 

BBo = 0, DBi = B , DB % = 2B U . . . DB m = mB m . 1} 

which determine the law of derivation of the coefficients from 
the source B m ; the leading coefficient B being a function of 
the differences, since DB = 0. 

The calculation of the coefficients is facilitated by the fol- 
lowing theorem which has been proved already on different 
principles : — 

Two coefficients of a covariant equally removed from the extremes 
become equal (plus or minus) ivhen in either of them a Q , a u . . . a„ 
are replaced by a n , a n .i, . . . a , respectively. 
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To prove this, let the quantic be transformed by the linear 
substitution 

# = 0X+F, y = X + OF, whose modulus = - 1. 
Thus 
(ffo, ffi, a 2 , . . . a„) (x, y)" = (a m «v„ tf M _ 2 , . . . a ) (X, FJ", 

and, by definition, any covariant 

<t> («n, an-!, a n _ 2 , . . . ff , X, F) = (- 1)" tf. (a , ffn «2 • • • ff», «, V) 
s (- 1)" (« , «i, ffs, • ■ • ff», F, X) ; 

whence it follows that the coefficients of the covariant equally 
removed from the extremes are similar in form, and become 
identical (except in sign when k is odd) when for the suffixes 
their complementary values are substituted. 

It is easily inferred in a similar manner that a covariant 
satisfies the differential equation 

dd> dd> d<f> dch d<h . 

dy da n _i da„_, da„. 3 da 

as well as the equation (1) already given. 

Again, if <j> (a , a u a 2 , . . . «„) be an invariant of the quantic, 
the former transformation of the present Article gives, employ- 
ing the definition of Art. 171, 

<t> (flo, «i, a 2 , ... a n ) = <p (A 0> Ai, A 2> . . . A n ) ; 

and proceeding as before, in the case of a covariant, we prove 
that an invariant must satisfy both the differential equations 

d<j> d<j> d6 d(j> 

a -f- + 2a i -f- + 3a 2 -f- + ... na n i -/- = 0, 
drh da 2 c/a 3 da n ' 

a„ -^~ + 2a n _i -i- + 3ff„- 2 —£- + . . . + nch -£- = 0, 

Clttn-i Udn-t da,^ da 

either of which may be regarded as contained in the other, since 
if we make the linear transformation x - T, y = X (whose 
modulus = - 1), we have from the definition of an invariant 

<j> (««, tfn-i, " n -2, ...«„) = (- 1> <f> (« , «i, at, ... a„) ; 
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proving that an invariant is a function of the coefficients of a 
quantic which does not alter (except in sign if the weight he 
odd) when the coefficients are written in direct or reverse order. 

The relation hetween invariants and seminvariants, cova- 
riants and semicovariants, is now clear. Invariants of the 
quantic (a , a l9 . . . a„) (x, y) n satisfy both the differential equa- 
tions last written, whereas seminvariants of (a , « l} , . . a n ) (x, 1)™ 
satisfy only the first of these equations. In like manner 
semicovariants of (a , a h . . . a n )(x, l) n satisfy only the first of 
the differential equations (1) and (2) above written, whereas 
both are satisfied by covariants. 

Having now explained the nature of Covariants and Inva- 
riants of quantics, and the connexion between the two modes in 
which these functions may be discussed, we proceed to prove 
certain propositions which are of wide application in the forma- 
tion of the Covariants and Invariants of quantics transformed 
by a linear substitution. The student who is reading this 
subjeot for the first time may pass at once to the next chapter, 
where the principles already explained are applied to the cases 
of the quadratic, cubic, and quartic. 

173. Prop. I. — Let any homogeneous quantic of the n th degree 
f{x, y) become F{X, T) by the linear transformation 

x = \X + fiY, y = X'X + fi'Y; 

also let any function u, ofx, y become JJby the same transformation ; 
then we have 

fdu _du\_ F (dU _dU\ 

f W dx)~ Uy' dxf [) 

where M is the modulus of transformation. 

To prove this proposition, solving the equations 

x = \X+fxY, y = \'X + n'Y, 
we have 

MX = fix - fiy, MY = -X'x + \y; 
whence 

„ r dX , n ,dX v dT ., ,.dY 

dx ^ dy r dx dy 
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du dJJdX dUdY _1 ( f dTJ_ dU\ 
A & ain ' Tx = dxir, + dYTx ' M^ dX A JY)' 



du_dUdX dUdY = l_f dU + x d 
dy~dXdy + dYdy M \ ** dX til 



which equations may be put under the form 

du (1 dU\ f_^dU\ 
Ty~ \MdYj +fX \ MdXj' 



du .VI dU\ ,( 1 dU 



and since 



dx~ y \MdY) +f "\ MdX 



f(\X + nY, XX+p'7)=F{X,Y), 



1 dU , 1 dV ,. , 

changing X and Y into ■^■jf, and ~ ^-jj-' respectively, 

the proposition is proved. 

In an exactly similar manner, changing X and Y into 



1 _d_ l_jl_ 

MdY' M dX' 

it may be proved that 

The results (1) and (2) may be applied to generate cova- 
riants and invariants, as we proceed to show. 

Suppose ./'(■*"> y) andw to be covariants of any third quantic#, 
where v may become identical with either as a particular case ; 
also, denoting by F e (X, Y) and TJ the same covariants ex- 
pressed in terms of the X, Y variables and the new coefficients 
of v after linear transformation, we have, by Prop. II., Art. 171, 
the identical equations 

M'F(X, Y)^F C (X, Y), and M*U^U C ; 
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whence, substituting from these equations in (1), 

Mr A- -*L\-W f^E" _ *E?\ 

J W dx)~ c \dY' dX/ 
proving that ./ f — , - — l is a covariant of v. 

And in a similar manner it is proved from (2) that 

f W "di) U 

leads to an invariant or covariant of v, according as u is of the 
n th or any higher order. 

We add some applications of this method of forming inva- 
riants and covariants. 

Examples. 

1. If — , — — - be substituted for x and y in tbe quartic («, b, c, d, e) (x, ?/) 4 = TT, 

and the resulting operation performed on the quartio itself, show that the invariant 
/is obtained. 
"We find 

(a, b, c, d, e) ( — , - — ) U= 48 lae - ibd + 3e J ). 

2. Prove, by performing the same operation on H x , the Hessian of the quartic 
(Ex. 2, Art. 169), that the invariant /is obtained. 

Here we find 

(a, b, c, d, e) (■?-, - 4~) M x = 72 (ace + %bcd - ad' - eb* - c s ). 
\dy dx) 

3. Prove that 

(a, b, e, d) (4-, -4-) 0* = - 12 (a-d 2 - Qabcd + iac 3 + iPd - 3SV), 
\dy dxj 

where (r* is the cubic covariant of the cubic (a, b, o, d) (x, y) 3 (Ex. 3, Art. 169). 

4 . Find the value of 

( „-,,(*)'- ( --,4** + <„-,,(*)', 

where u = (a, b, c, d) (x, y) s . 

Am. - 9.ff, 2 . 
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174. Pkop. II. — Ifcj) (a , «i, a 2 , . . . a n ) be an invariant of the 
form (a , a lt a 2) . . . a n )(x, y) n , and u any quantic of the 11 th or any 
higher degree, 

fd"u d"n <l"u d"u\ 

^\d7>' dx"- l (7y' dx'^dy 1 ' ' ' ' 'dy") 

is an invariant or eovariant of u. 
To prove this, let 

* = AX + fiT, x' = AX' + fiT', 

y = A'X + fi'Y, ,/ = XX' +fi'Y f ; 

and transforming, as in the last proposition, 

, d , d , d d 

dx J dy dX dY 

also transforming u, we have U = it ; whence 



X 'dX +Y 'dY) U ={*Tx + y'Ty) U -> < J > 

and writing this equation when expanded under the form 

(D , D 1; A, • • • D»)(X', YY=K rfi, *, • • • <4)(*', y')", 

we have, from the definition of an invariant, 

4, (D , A, D„ • • • D w ) = M*} K, rf l( rf„ . . . f/„), 

showing that (d , rfi, rf 2 , . . . d„) is an invariant or eovariant. 

' When r, y, and x , y' are transformed similarly, as in the 
present proposition, they are said to be coyredient variables. 
And in general, for any number of variables, when the coeffi- 
cients which enter into the transformation of one set are the 
same as those which enter into the transformation of the other, 
the two sets are said to be cogredient. 

The functions which occur in the equation (1) are called 
emanants ; the expression on the right-hand side of the equation 
being the n th emanant of u. 
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Examples. 

1 . Let the quadratic 

oqx 1 + 1a\xy + a 2 y 2 become A X 2 + 2AiXY + AiY 2 . 

We have then, as in Ex. 1, Art. 171, 

AqA% - Ai 2 = M 2 («o«2 - «i 2 ). 
Now since 

dX 2 T ^ - 1 dXdY^ dY 2 dx 2 + y dxdy + V dy 2 ' 

it follows from the last result, considering X', Y' and x', y' as variables, that 

cPU cPU _ I dH[y = idhc, d*u_ I dhc V\ 
dX 2 dY 2 [dXdYj [dx 2 dy 2 [dxdy) ]' 

This gives an invariant of a quadratic, and a covariant (called the Hessian) of 
any higher quantic. 

2. When u has the values 

(a, b, c, d) (x, yf and (a, b, c, d, e) (x, y)*, 

what eovariants are derived by the process of the last example ? 

(Cf. Exs. 1, 2, Art. 169.) 

Ans. (1). (etc — b 2 ) x 2 + {ad — be) xy + (id — e 2 ) y 2 . 

(2). (ac - b 2 ) rf + 2 (ad - be) x % y + (ae + Ibd - Ze 2 ) x 2 y 2 

+ 2 (be- ed) xy 3 + (ce - cP) y*. 

175. Prop. III. — If any invariant of the quantic in x, y, 

U+k{xy'-x'y) n 

be formed, the coefficients of the different powers of k, regarded as 
homogeneous functions of the variables x', y', are eovariants of V. 
For, transforming V by linear transformation, let 

(a , «i, a 2> ... a„)(x, y) n = (A , A u A % , . . . A n ){X, Y) n ; 

also, if x, y and x', y' be cogredient variables, 

xy'-x'y = M{XY'-X'Y). 
Whence 

(«„, <h, «*,.•• «n) {x, yf + k {«*/ - <*>'y) n 

K 
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becomes when transformed 

{A , A» A,,... A n ) [X, D» + hW (XT' - X'F)» ; 
and forming any invariant of both these forms, we have 

(0, tfh, 0„ ...&,) (1, A)» = J/" (*, *„ * a , . . . 9 P ){1, M»ky, 

proving that 

<p r = Mi 9 r , 
or that <p r is a oovariant. 

When {xy- x'y) n is replaced by {b , b lt b 2 , . , . 6„) (a-, y)», we 
have the following proposition whioh is established in a similar 
manner : — 

If (p (a , «i, a^, ... a„) be an invariant of(a , a u a 2 , . . . a n ){x, y) n , 
all the coefficients ofk in 

(j> (a + kb , «i + kb u ... a u + kb n ) 

are invariants of the system of two qualities 

(a , a-,, (h, ... a n ) (as, y) n , (b , b» h, . . . b n ) (x, y) n ; 
or, which is the same thing, 

(■, d 7 d , d V 

\ h °Ja a * b ^ + '-- + b »oU; n )*> & °-> & «-' 

are invariants of the system. 

This proposition may be extended to any number of quantics 
of the same degree in any number of variables. If, further, 
TJ be replaced by a covariant V of the p th degree, we may 
generate new covariants by forming any invariant of 

V + k {xy' - x'yf. 

176. Prop. IV.— If <j> (x, y) and \fj {x, y) are homogeneous 
quantics, the determinant 

d<p d(f> 

dx (ly 

dxp dtp 
dx dy 
is a covariant of these quantics. 
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For, transforming and i/- by the linear substitution 
x = XX + f iY, y = \'X + ,/Y, 

$ (X, Y) = $ {x, y), ¥ (X, F) = * (x, y), 



we have 
giving 



dX dx dy' 



d¥_ d$ dip 

dX dx dy ' 



Whence 



d$ 

Jy" 

d® d<& 

dX dY 



d<f> ,d<p d¥ dip 



fl dx +fl dy' dY' 



fM di + ' M ^- 



dy' 



dV d^T 
dX dY 
which reduces to 



dx 



d<j> f d<p 
dy' " dx dy 



dxp 
dx 



dy' 






djj 
dx 



dy 



d<j> dip d<j> dip 
dx dy dy dx 



j/ rrrr- 



and the proposition is proved. 

This covariant is called the Jacobian of <p and ip, and is often 
written under the form J (<f>, ip) . The Jacobian of n functions 
in n variables is a determinant of similar form, and can be shown 
to be a covariant by an exactly similar proof. 

177. Derivation of Invariants and Covariants by 
Differential Symbols. — If a> if y t ; x z , y 2 ; x 3 ,y 3 ; ... x„, y n be a 
series of cogredient variables (such as, for example, the co- 
ordinates of n points), the functions (x^ - # 2 «/i), . . ■ [®py q -«:qyp) 

are unaltered by linear transformation ; and since -?— , - — 
J dyi dxi 

are transformed by the same linear transformation as Xi, yi (see 

Art. 173), we derive a series of symbols of differentiation, which 

combined as above give the following : — 



d d 
dxi dy 2 



d_d_ 
dx-, dy! 



d d 



A jL\ 



dx p dy q dx q dy p j 



, &o. 



K 2 



132 Covariants and Invariants. 

These symbols may be denoted simply by (1, 2), . . . (p, q), 
&e. ; and by their aid a complete calculus oan be constructed 
for deriving and comparing invariants and covariants. For 
example, the Jacobian of <p, \p may be written in the form 

(1, 2) </>, ^„ 
where <pi = <t> (xi, yj, fa = ^ fe 2^)> 

the suffixes being omitted after the differentiation has been 
performed. Similarly, expanding the symbolic form (1, 2) 2 ^> 1 i^ 2 , 
we obtain the covariant 

<f^d^P d^ dty_ <P$dSp 

dx~ dy 1 dxdy dxdy dy 1 dx* ' 

the distinction between the variables being removed after the 
differentiation has been performed. 

In the investigation by this method of the invariants and 
covariants of a single quantic, the result is obtained under the 
symbolic form 

(1, 2)« (2, 3)" (3, 4)v. . . ( p , q y U&U*... U p U q , 

where Uj, for example, is used to denote the quantic obtained 
by substituting xj and yj for x and y in U. If after this 
operation is performed x and y disappear, we have obtained 
an invariant ; and it is easy to see in this case that the figures 
1, 2, 3, . . . p, q must all occur exactly n times in terms such as 
(i,j)*. For example, the formula 

(1, 2)«Z7itfi 
gives a series of binary invariants for all even quantics, the order 
of the invariant in general being equal to the number of factors 
Z7i, U t , &c. In like manner from the formula 

(12) 2m (23) 2 "* {Z\y m U^U, 
we can derive a series of ternary invariants for quantics of the 
degree 4m, the operation (12) 2 (23) 2 (31 ) 2 in the case of the 
quartic yielding the invariant 

«o« 2 «4 + 2a 1 a 2 n 3 - docis 1 - ff/,r, 2 - « 2 3 . 
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It should be noticed that this interchange of variables may 
be accomplished formally by means of a differential operator ; 
for instance 



.A 



,-lY 
'<%/ 



+ y—\ Uj= 1.2 



3 . . . nJJ, &c, &c. 



The method here explained of forming invariants and 
covariants is due to Prof. Cayley. 

The above method of calculating invariants and covariants 
can be easily extended to ternary forms ; for, if a^A, x i y i z i , 
x 3 y 3 Zi be cogredient variables, it appears readily by the rule for 
multiplying determinants that 



Xi 



.**3 



2A 



2 2 



becomes, after transformation, a similar function multiplied by 
the modulus of transformation ; whence, by Art. 173, we derive 
a series of symbols of differentiation, as follows : — 



(123) = 



d d d 

dxi dyi cfei 

d d d 

dx % dt/i dz 2 

d d d 

dx 3 dy 3 dz 3 



(pgr) = 



d 


cl 


d 


CvUsn 


dy p 


dz p 


d 


d 


d 


dx q 


dy q 


dz q 


d 


d 


d 


dx r 


dy r 


dz r 



We now conclude this chapter with some examples selected 
to illustrate the foregoing theory. The student is referred for 
further information on this subject to Salmon's Lessons Intro- 
ductory to the Modern Higher Algebra ; to (Jordan's Vorlesungen 
uber Invariantentheorie ; and to Clebsch's Theorie der binaren 
algebraischen Formen, where a symbolic method is adopted 
throughout. 
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Covariants and Invariants. 



Examples. 

1. The discriminant of any quantio is an invariant. 

2. The resultant of two quantics is an invariant of the system. 

3. From the definitions, Art. 166, prove that all the invariants of the quantio 
V (xy - x'y) are covariants of TT, the variable being x' : y'. 

Hence derive the covariants of a cubic from the invariants of a quartic expressed 
in terms of the roots. 

4. If I\, I;, 1$, . . . I„ be the same invariant for each of the quantics 

<t>[x) <p{x) <t>(x) <(>{x) 

X — ai X — ai X — 0C3 X — an 

of the order to, where 01, <«, . . . a„ are the roots of c/> (x) = 0, prove that 

2 If (X - Or)" 

is a covariant of ip (x). ,=1 

For example, using J\ to denote the J invariant composed of the four roots 
n2, 03, ai, a-, (Art. 167), with similar values for Jj, Js, Ji, J&, we have the follow- 
ing covariant of a quintic : — 

Jl (x - ai) 3 + Ji {x - a 2 ) 3 + J 3 (x - as) 3 + Ji {x - a*) 3 + Js, (x - a 5 ) 3 . 

6. If 01 , 02, 03, ... an be the roots of the equation 

(«o, ffli, «2, . . . «„) {x, 1)" = ; 
and if 

dO" </>l <\>2 ■ ■ • <pm = -F(«0, «1, «2, . . . «,|), 

where <p\, fa, . . . <p m are all the values of a rational and integral function of some 
or all the roots obtained by substitution, find the equation whose roots are the 
m values of - ^-, given S 2 f = 0. (Cf. Exs. 12, 13, 14, p. 88, Vol. I.) 

Ans. F(V , Z7i, U 2 , . . . U„) = 0. 

6. Express the identical relation connecting three quadratics in terms of their 
invariants. 

Let If = a\ x 1 + 2*i xy + ci y 2 , 

V = «2 x 2 + 2faxy + c% y 2 , 
W = 03 x 2 + Ibixy + c 3 y 2 ; 
multiplying together the two determinants 



«1 


h 


C\ 







Cl 


— 2Si 


«i 





«2 


h 


c% 







«2 


-24 2 


«2 





«3 


h 


03 







03 


-2S 3 


«3 


u 


y 2 


-xy 


X 2 







X 2 


Ixy 


y 2 






-Tn 


In 


In 


V 


In 


-fe 


1%?, 


V 


lis 


In 


I33 


TT 


V 


V 


W 
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we have 



= 0, where 2I pq = a p c q + a q c p — 1b,,b q , 



Expanding this determinant we have 
(Zm/m - W) U* + (J33/11 - /31 2 ) V 2 + {Inhi - In") W 1 + 2 (7 3 iJ 12 - I n Iz 3 ) VW 
+ 2 (J23J12 - I n Iii) WV+ 2 (/ 2S / S1 - /j,iij) CT^s 0. (1) 

There are two particular oases worth noticing : — 

(1). When the three quadratics are mutually harmonic. — In this case J 23 = 0, 
I31 = 0, ii 2 = ; and the identical equation assumes the following simple form : — 

W 



V/ 3 ; 



a0. 



whence 
or 



\V7uJ VV/2: 

(2). When one of the quadratics W = determines the foci of the involution of 
the points given by the other two, V= 0, and V= 0. — In this case 7 13 = 0, and 
I-a = ; and making this reduction in the general equation (1), we have 

(ii2 2 - Iii In) W* = i 33 (In U 2 -2ZuUV + In V % ) ; 

but from the equations In = 0, and J 23 = 0, we find 

«3 = k («A), — 2J3 = k (ciaz), c-i = k (ii«j) ; 

i (a s e 3 - bf) = k 2 {i (aih){hc % ) - («i« 2 ) 2 }, 

Z33 = K 3 { Jn/22 ~ -f 12 2 }, 

and reducing, when k = 1, or W= J(Tf, V), 

-{J{u, F)} 2 = J 2 2?7 2 -2/i 2 trr + Jnr 2 . 

7. Determine the invariants of the quartic 

Ai (x - 01) 4 + A 2 (x - o 2 ) 4 + .. . +\„{x- a,,) 1 . 

^«s. 7= 2AiA 2 (ai - a 2 ) 4 , /= SA1A.2A.3V (ai> «2, 03), 

where v (01, a 2 , • ■ • «r) represents the product of the squared differences of 
ai, o 2 , . . . «r. 

8. Prove that the condition that four roots of an equation of the n th degree 
should determine on a right line a harmonic system of points may he expressed 
by equating to zero an invariant of the degree \ (n - 1) (n - 2) (» - 3). 

9. If <p («o, «!,.•• ««) be any seminvariant of the quantic («o, ai, . . . a„)(x, 1)» ; 
prove that j— is also a seminvariant. 
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10. Prove that the seminvariants 

«o«2 - «i\ «o«4 - 4rti«3 + 3«s s , «o 2 «3 — 3aoai«2 + 2ffi 3 , 
of the quantio («o, si, «2, • • - «n) (•*', «/)" give rise to covariants of the degrees 
In - 4, In - 8, 3n - 6. 

1 1 . Prove that the coefficient of the penultimate term in the equation of the 
squares of the differences of any quantic leads to a covariant of that quantic of the 
fourth degree in the variables. 

12. Prove that the product of two covariants of the same quantic whose sources 
are <f> and <\i may be written under the form 

x 2 
<j>$ + xD (<pii) + — £• (M) + &c. . . . 

Mr. M. Eoberts. 

13. Prove in particular that the m th power of the quantic 

(«o, «i, a 2 , . . . a„) (x, 1)" 
may be represented by 

■*„»■ + xD («„»') + -?— W K M ) + j--|— g D 3 {in"') + &c. 

Mr. M. Eoberts. 

14. Prove from both definitions of a covariant that any covariant of a covariant 
is a covariant of the original quantic or quantics. 

15. If oi, ai, . . . amy and $i, fc, ... 0„ be the roots of the equations 

Cs (« , «i, o z , . . . u m ) (x, 1)'» = 0, and V= {h, h, fa, ■ ■ ■ b«) (x, 1)" = ; 

it is required to derive a covariant of the system J7and V from the simplest function 
of the differences of their roots, viz., 2 (%, - $ q ) = n2a - mZP. 
This question will be solved if we express 

uvS ^^ 

*4 (x- a p ) (x - j8 9 ) 
in terms of the coefficients of XJ and V. 
For this purpose we have 



%> - Pq 



■^ a ^* 1 ^t /3 ^A 1 

Z X - a 2< X - ^ X - & ■& X - a' 



^ (x - op) (x - 0„) ■ 

and if P"and Vbe written as homogeneous functions of x and y, 

■^ 1 = dlog P " ^. «_ = _ <^log P " &c 

■^< x - ay dx ■& x — ay dy 

Whence, substituting these values in the last equation, we have 



JJV 



** (x- 



a p -0 q dV dV dUdV 



(x — a p y) (x — [} q y) dx dy dy dx 



which is the Jacobian of V and V. It should be noticed also that the leading 
coefficient of / ( V, V) is a h - a\ bo. 
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16. Prove that the common factors of two quantics are double factors of their 
Jacohian J(U, V), when the quantics are of the same degree n. 

Let V = P<p, V = Pifi, where P=lx + my. Forming J(U,V), we find part of 
it divisible by P % , and the part which apparently has only P as a factor may be 
written as follows (using Euler's theorem of homogeneous functions, and omitting 
a numerical factor) : — 



(•£♦'£)( 



cty 



djp\ 

dx) 



■■*9 + ( 



&&/ d-ty 
dx i 



I \ dx dyl 



and this is identical with (Ix + my) J(<f>, \f/). 

17. Prove that the 2 («— 1) double factors of XV + /j.V, obtained by varying 
A and /j., are the factors of J (JJ, V), where P"and Fare both of the »'* degree. 

18. Find the resultant of two cubics ?7and V by eliminating dialytically between 



C=0, V-- 



dJ(V, V) dJ(U, V) „ 



19. If 



dx dy 

(A , A\, Ai, . . . A p ) {x, y)p, 
{Bo, B u Pi, . . B q ) (x, y)i 

be two covariants of U n , prove that the leading coefficient of their Jacobian is 

pq(A Bi - AiBo). 
20. If 

(A , A\, A%, . . . A p ) (x, y)p, 

(Bo, Si, S 2 , . . . B„) (x, y)v, 
(Co, ft, % , ... Cp) (x, y)P 
be three covariants of V,„ prove that the determinant 

Ao Ai Ai 

Bo Si Bi 

Go ft ft 

is a semin variant. 



CHAPTER XVII. 

COVARIANTS AND INVARIANTS OF THE QUADRATIC, CUBIC, 
AND QUARTIC. 

178. The Quadratic. — The quadratic has only one inva- 
riant, and no co-variant other than the quadratic itself. 

For, if a and ]3 be the roots of the quadratic equation 

U = az 2 + 2bx + c = 0, 

the only functions of their difference which can lead to an 
invariant or covariant are powers of a - 13 of the type (a- j3) 2p ; 
the odd powers of a - j3 not being expressible by the coefficients 
in a rational form. Whence, expressing 

/ 1 1 V* 

IP* 



\a - x (5 - x) 

by the coefficients, we conclude that the quadratic has only the 
one distinct invariant ac - b", and no covariant distinct from TJ 
itself. 

179. The Cubic and its Covariants. — In the present 
Article the covariants of the cubic will be discussed as examples 
of the principles already explained, and in the following Article 
the definite number of covariants and invariants will be deter- 
mined. 

In the ease of the cubic a covariant is obtained from a 
function of the differences of the roots most simply by sub- 
stituting 

/3y + aX, ya + fix, a/3 + yx for - a, - (3, -y, 

and thus avoiding fractions ; for, transforming a - )3, we have 

1 1 (fiy + ax) + (ya + j3#) _ 

a - x |3 - * (x - a) (x - j3) {x - y) ' 
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and when fractions are removed we arrive at the above trans- 
formation (the order heing equal to the weight in the case of 
either function of the differences H or 6). This mode of 
transforming functions of the differences will now be applied 
to the covariants of the cubic. 

(1). The Quadratic Covariant, or Hessian H x . 
Transforming both sides of the equation 

« 2 (a + w/3 + w 2 y) (a + w 2 /3 + wy) = 9 [a-? - a ff 2 ), 
we have 

a - { (a + w/3 + 0/7) x + I3y + wya + tu 2 a/3) 

x { (a + w 2 (5 + wy) x + J3y + w*ya + waft] = 9 (U/ - U 3 U x ) ; 
thus showing that 

Lx + L x and Mx + M 1 (Art. 59) 

are the factors of 

H x = («.»! - r 'i a ) x " + ( f V«3 - ffi« 2 ) x + (a,a 3 - « 2 2 ), 
where 

Li s fly + wya + w 2 a/3, ifi = /3y + w 2 ya + tuaj3. 

From the form of the Hessian in terms of the roots in Art. 167, 
or from the relations of Art. 43, we conclude that when a cubic 
is a perfect cube each of the coefficients of the Hessian vanishes 
identically. 

(2). The Cubic Covariant G x . 

We have, as in Art. 59, 

« 3 { (a + tu/3 + w 2 y ) 3 + (a + w 2 /3 + toy) 3 J = - 27 (a 2 a 3 + 2« x 3 - 3« «i«a) • 

Transforming both sides of this equation as before, we fiud 

aomLx + LiY+iMx + MiY} = - 27 ( U* V + 2 U, d - 3 ffi U t U) 

= 27 G x , 

where G x denotes the covariant formed from the function of 
differences G; and operating as in Art. 169 on the source 
derived from G (the sign being changed in order that G may- 
be the leading coefficient), we easily obtain (see Ex. 3, Art. 169) 

G x = (« 2 #3 - 3« «itf 2 + 2«i 3 ) x? + 3 (a «i«3 + «i 2 «2 - 2« « 2 2 ) a? 
- («3 2 «o - 3a 3 a 2 ai + 2a 2 3 ) - 3 (a 3 a 2 ar, + a?a x - 2a 3 a 1 ') x. 
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Eesolving (Lx + L^ 3 + (Mx + Mi) 3 , we may obtain the factors 
of G x ; or, more simply, since the faotors of G are j3 + y - 2a, 
y + a - 2/3, a + (3 - 2y, the factors of G x are 

112112112 

+ — , + ■ 



j3 - y - x a- x' y - X a-X j3 - x' a - x /3 - y - x' 

when fractions are removed. 

We have obviously the following geometrical interpretation 
of the equation G x = : — If three points A, B, C determined by 
the equation U = be taken on a right line ; and three points 
A', B", C", such that A' is the harmonic conjugate of A with 
regard to B and C, B' of B with regard to C and A, and C 
of C with regard to A and B ; the points A', B ', C are deter- 
mined by the equation G x = 0. (Compare Ex. V6, p. 88, Vol. I.) 

(3). Expression of the Cubic as the difference of two cubes. 

This can be effected, by means of the factors of the Hessian, 
as follows : — 

{Lx + LJ 3 - (Mx + MA 3 = 27 U ^ ■ 

a 3 

For, as in Ex. 6, p. 116, Vol. I., we have 

L 3 - 3P = J^27 (0 - 7 )( 7 - «)(« - j3). 

Transforming this equation as before, the first side becomes 

{Lx + ii) 3 - (Mx + MJ 3 , 
and the second side 

J^27 (/3 - y) {y - a) (a - /3) (as - a) (x - j3) (x - y). 
Substituting from previous equations, we have 

{Lx + L 1 ) 3 -{Mx + M 1 ) 3 = 27-lG> + 4ff 3 = 27 ^^ • 

a<> a 

(4). Relation between the Cubic and its Covariants. 
The following relation exists: — 

g x 2 + 4b: x 3 = au 2 - 



Number of Covariants and Invariants of the Cubic. 141 

For, from Ex. 6, p. 116, Vol. I., 

«o 8 (j3 - 7) 2 (7 - a) 2 (a - j3) 8 = - 27 (<2 2 + 4J2" 3 ) = - 27^A, 
and transforming this equation as before, 

«o 6 (/3- 7 ) 2 (7-«) 3 («-i3) 2 (*-«) 2 (^-l3) 2 (*-7) 2 =-27(^ + 4Zr/); 
whence A V" i = G x 2 + <LH X \ 

(5) . Solution of the Cubic. 

The expression 

(z/Ja + ey* + (?jJa -ay* 

is a linear factor of Z7. 

For from the relations in (2) and (3) we have 

2a*(Lx + L i y=2'7(UjK+G x ), 

- 2« 3 {Mx + MJ 3 = 27 ( UjA - G x ) ; 
and since 

{Lx + LJ - {Mx + M x ) 

is a factor of U, the proposition follows. 

This form of solution of the cubic is due to Prof. Cayley. 

180. Number of Covariants and Invariants of the 
Cubic. — Before proceeding to the discussion of the quartic we 
take up the problem referred to in Art. 162, viz. the deter- 
mination of the number of independent covariants and inva- 
riants, for which purpose we have in the case of the cubic the 
following proposition : — 

The cubic has only two covariants, their leading terms being 
M and G ; and only one invariant, viz. the discriminant A, where 

a 2 A = G 2 + 4H\ or A = d*d 2 + 4ac 3 - Qabcd + 4db 3 - 3b 2 c 2 . 

The proof of this can be derived immediately from the 
proposition of Art. 162. Let <p (a, (3, 7) be any integral 
symmetric function of the differences of the roots (of order to), 
expressible by the coefficients in a rational form. It is proved 
in the proposition referred to that o?<j> is of the form 

OF [a, H, A), or F(a, H, A), 

according as <j> is an odd or even function of the roots. It follows, 
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therefore, in the first place that there oannot be an invariant of 
an odd degree in the roots, since GF(a, H, A) does not remain 
the same function when a, b, c, d are changed into d, c, b, a, 
respectively ; and the only invariant of an even degree must be 
a power of A, since if F(a, H, A) contained a or H besides A, 
it could not remain the same function when the coefficients are 
similarly interchanged. 

Again, the cubic has only two distinot covariants ; for it has 
been proved that every seminvariant a"^ is of one of the forms 

F(a, H, A), or GF(a H, A) ; 

and therefore the corresponding covariant, formed from the 
seminvariant as leading term, must be expressible as 

F(U, H x , A), or G X F{U, H x , A) ; 

that is, every covariant is expressible in a rational and integral 
form in terms of M x and G x , along with U and A ; or in other 
words, there are only two distinct covariants. 

181. The ttnartic. Its Covariants and Invariants. — 

"We have shown already that the quartic has two invariants, I 
and J (Art. 167). From the functions H and G of the dif- 
ferences of the roots we can derive two covariants H x and G x , 
whose leading coefficients are H and G ; for from the relation 

a 2 S(a-/3) 2 =48(a a 2 -ai 2 ) 
we derive, by the process of Art. 167, 

a s S (a - j3)° (x - y) 1 (x - SY = 48 ( WU % - TJ?) ; 
and, expanding £7?7 2 - U^, we have 

H x = (a a 2 - a-?) x i + 2 (a a 3 - a^) x* + (« a 4 + 2a^ - 3a 2 2 ) x' 

+ 2 (dict-i - a 2 a 3 ) x + (a 2 a 4 - a 3 2 ). 
In a similar manner, since 

G = a„ 2 « 3 + 2a! 3 - 3a a,ai, 
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we obtain the covariant 

- (?« = U'U, + 2Z7",' -ZUU 3 U % , 

which reduces to the sixth degree ; and if it be written as 
follows : — 

G x = A x e + AiX 5 + A^ + A 3 x 3 + AiO? + A& + A„ 

we find, by expanding the above, or more simply, by forming 
the source A 6 , aud performing the successive operations of 
Art. 169, the following values of the coefficients: — 

A 6 = - didx + 3a 4 a 3 « 2 - 2a 3 3 , A 5 = - ai 2 a - 2« 4 o 3 a 1 - (5a 3 a z + 9a 4 a 8 2 , 
At. = - 5a 4 a 3 a - 10« 3 2 ai + 15a i ,a 1 a 1 , A 3 =- 10a a 3 2 + lOafa, 
A 2 = 5« «i«4+10«i s a 3 - 15ff «2«3, A 1 = a 2 « 4 + 2a a 1 a 3 + 6ai 2 a 2 - 9a a 2 2 , 
A = a 2 a 3 - SooOiOa + 2a x 3 . 

Here it will be observed that, when A 3 is determined, 
A 2 , Ax, and A may be obtained from A it A s , and A s by 
changing the suffixes into their complementary values, and 
altering the sign of the whole, in accordance with what was 
proved in Art. 168. 

We proceed in the following Articles to discuss the leading 
properties of these two covariants of the quartic. 

182. (Quadratic Factors of the Sextic Covariant.* — 

As the quadratic factors of G x enter prominently into the fol- 
lowing discussion, we proceed in the first place to find expressions 
for those factors in terms of the roots of the quartic, and to 
deduce their principal properties. 

Since the factors of G, expressed in terms of a, (3, y, 8, are 

/3+7-a-S, 7 + a-/3-S, a + ]3 - y — S, 
the factors of G x are obtained from these by substituting 
1111 



a x - j3' x - y' X 



-=., for a, j3, y, 8, respectively, and mul- 



tiplying each factor by — to remove fractions. 

* See a Paper by Prof. Ball, Quarterly Journal of Mathematics, vol. vii., p. 368, 
containing a full and valuable discussion of the various solutions of the biquadratic. 
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Whence, denoting these factors by it, r, tr, we have 



1 
au = JJ{ + 



U 



U 



s-/3 

1 



x-y 

1 



X-SJ' 

1 



X- y X- a x-fi 
1 1 ] 



1 



\X - a x- fi X - y X- SJ' t 

which values of u, v, w, arranged in powers of .r, are 

U = {j3 + y-a-S)x ,i -2{(3y-a8)x + Py{a + $)-aS(P + y), 

V = [y + a- /3-SK -2(ya- j3S)x + ya{(3 + 8)- 0% + a), 

w= {a + ($-y-$)x*-2{aP-y$)x+c,fZ{y + S)-yS(a + f3) 

and, consequently, 32 6?* = a 3 uvic. 
From equations (1) we easily find 

V- (a -8) {x-(3) (x-y) - ((5-y)(x-a) (x-S), 

W=(a-S)(x-(3)(x-y) + ((3-y)(x-a)(x-S); 

and from these and similar equations we have 

1? - IV 2 W 2 - M 2 



fX 



X 



u 2 -v 2 A U 

1 =4— ' 

A-fj. a 



(1) 



(2) 



(3) 



where X, fi, v have the usual meaning (Ex. 17, Art. 27) ; and 
consequently, 

{fx-v)u 2 + {v-\)v 2 + {\-n)iv* = 0; 
whence 

-{fj.-v)u 2 s (wjA-^ + tfjA-vXwjA-ju-pJX-v). 

Since, as this identical equation shows, the factors on the 
second side are hoth perfect squares, we may assume 



fJX-ju + » JX - v = 2m! 2 , 
!■' JX - /x - « JX - v s 2m 2 2 ; 
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we have, therefore, 



8 - th\ 



M>J\ - JU = Mi* 

JX - V = J*! 8 

m Jv - ju = 2m 1 «< 3 ; 

from which values we conclude that u, v, w, the quadratic factors 
of O x , are mutually harmonic. 

For the geometrical interpretation of the equation G x = 
see Art. 65. 

183. Expression of the Hessian by tbe Quadratic 
Factors of G x . — Since 

-48^ = 2(a-/3) 2 (z-y) 2 (*-S) 2 ; 

combining the terms in pairs, and noticing that 

S(j3- T )(a-S)Z7=0, 

s (a - py (<b - 7 ) 2 (x - sy 

= 2{(j3- 7 )(*- a)(«- 8) + (a-S) (x- j3) (* - y)) 2 , 
the quantities between brackets being u, v, w, we have 

-48^=w 2 +t> 2 +w> 2 , 
a 1 

which is the required expression for S x . 

184. Expression of the Quartic itself by the Qua- 
dratic Factors of G x — From equations (3) a symmetrical 
value may be obtained for U; for, substituting in those equa- 
tions in place of X, p, v their values in terms of the roots 
p u pi, p s of the equation 4p 3 - Ip + J = 0, we find 

« 2 (e» - w*) = 16 (p 2 - p.) Z7", « 2 («> 2 - m 2 ) = 16 (p, - pO £7, 

o*(«»-f»») = 16(p 1 -p,)cr, 

from which equations, by means of the value of H x in the pre- 
ceding Article, we obtain 

(«w) 2 = 1&{ P iV-H x ), {avf=lQ{ Pi U-E x ), (4" 
(aw) 1 = 16 {p 3 U- E x ). 

I, 
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"We now make the substitutions 

m 2 = A,X 2 , v 2 » A 2 Y\ w* = A 3 Z\ 

where A„ A 2 , A 3 are the discriminants of «, r, «' ; thus replacing 
«., », w by three quadratics X, Y, Z whose discriminants are 
each equal to unity. By means of this transformation the 
forms of the quadratics are further fixed, and the identical 
relation connecting their squares (see (1), Ex. 6, p. 135) is 
expressed in its simplest form. Calculating the discriminants, 
we find 

A 1= (P + y - a- S)[jiy (a + 8) - aS Q3 + y)) - (|3 7 - a8)\ 
with similar values of A 2 and A 3 ; whence we have 
A 1 = -(A- y u)(X-v), A 2 = -( /U -v)( / u-A), A 3 = -(v-X)(v- /U ). 

Making these substitutions, the preceding equations become 

(pi - /Oz) (pi - pa) X* = H x - p x U, 

( P ,-p 3 )(p*-pi)Y* = B: x -p z 17, (6) 

(p 3 - pi)(p3 - P2) Z* = Hx - p%U, 

from which are easily deduced the following values of U and 
H x , and the identical equation connecting X, Y, Z: — 

h, = Pl 2 x 2 + p/r '■ + p?z\ 

- U= Pl X 2 + p 2 Y i + p 3 Z\ (6) 

= X 2 + P + Z 2 ; 

where, as has been proved, X, Y, Z are three mutually harmonic 
quadratics whose discriminants are reduced to unity in each 
case. The value of O x may be expressed in terms of X, Y, Z 
as follows. Since 32 O x = a?uvw, and 

« W = ( M - v) 2 ( v - \y (\ - fifX 2 Y 2 Z 2 = ~ (/» - 27J 2 )X 2 Y*Z\ 

we find 

Ox - \ JP -27 J 2 . XYZ. 
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185. Resolution of the Quartic. — From the equations 

- U = Pl X* + Pl Y* + p 3 Z\ 

= X 2 + Y* + Z\ 
we find 

V = (p, - Pt ) F 2 + (p, - p 3 ) £ 2 , ?7= (p, - p.) ^ 2 + 0», - ,»,) X 2 , 

cr=(p 3 -p 1 )Z 2 +(p 3 -p 2 )F% 

where X 2 , Z 2 , Z 2 have the values determined by equations (5) ; 
and breaking up these values of TJ into their factors, we have 
three ways of resolving U depending on the solution of the 
equation 

4 P Z -Ip + J= 0. 

The resolution of the quartic has been presented by Pro- 
fessor Cayley in a symmetrical form which may be easily 
derived from the expressions already given for IT and H x . 
For, since in general 

l(atf? + 2b t xy + ay 1 ) + m {a 2 x* + 2b t xy + c 2 y") + n (a 3 x 2 + 2b 3 xy + c^y*) 
is a perfect square when 

SP [a 1 c l - fa 2 ) + 'Sitnn (a 2 c 3 + a 3 c 2 - 2b 2 b 3 ) = 0, 
lX+mY+ nZ is a perfect square when I 2 + m? + » 2 = 0, 
X, Y, Z being mutually harmonic, and the discriminants each 
reduced to unity. 

The resolution of U is therefore reduced to finding values of 
/, m, n such that the general quadratic IX+mY + nZ, or 

Up* - P» J- 3 * - pi #" + m Jps ~ pi J-ff* - Pi TT 

+ n Jpi -pt JS X - p 3 U, 

being a perfect square, may vanish when U vanishes ; or in fact 
to satisfy the two equations 



l Jp* -Pi + m Jpi-pi + n Jpi ~ Pi = °> P + m 2 + n 2 = 0. 
These equations are plainly satisfied if 
I m n 

J/)2 - pi Jp3 - pi Jpi - p% 

L 2 
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whence, finally, the squares of the four linear factors of U are 

(,02 - pa) jHx -piU±{p 3 - pi) JSx -piTT+ipi- pi) JS X - p 3 U, 

hich expression when rationalised becomes A U 2 . 
If it be required to resolve the quartic kU - XH X , it appears 
in a similar manner that 

I Jpi - pi J&X -piU+mJp3-pi JS X - p 2 JJ 
+ raj|t>i - pzjB-x - Pi V, 

being a perfect square, must vanish when k U - XH X vanishes ; 
or, values of /, m, n must be determined so as to satisfy the 
equations 

P + m 2 + n 2 = 0, 

1 J(P> ~ Pi) ( K - |°iX) + m Jps ~ Pi) (« - P^X) + n J(pi ~ Pi) (k - |OaX) = 0. 
These equations are plainly satisfied if 

I m n 

J(pi-Pi) (K-piX) J(/03 - |Ol) (k - jOjX) J(pi-pi){K- Pi k)' 

whence 

0>2 - Pi) J* - pi\JJI x - Pl U+ {p3-pi) JlC - p 2 Xjff x ~ p-JJ 

+ (pi- pi) Jk - p 3 \js x -p 3 u 

is the square of a linear factor of k U - XH X . 

186. The Invariants and Covariants of kU - XR X . 

—Employing the equations (6) of Art. 184, and denoting 

X 2 + Y 2 + Z 2 by V, we may, by adding - ^V to XH X - K U, 

reduce it to the form R X X 2 + R 2 Y 2 + R 3 Z 2 , where R x + R 2 + R 3 = 0. 
When this is done we have the following reduced values of 

-^1) -^2» -"3 • 

3R, = K (2p, - p 2 - p 3 ) + \ (2/02/03 - /0 3 /0i - pi/02) , 

SR 2 = k (2 Pi -p 3 - Pl ) + \ (2p 3 p l - pip2 - p 2 p 3 ), 
3R 3 -= k (2/o 3 -pi-p 2 ) + X (2p 1 p i - p 2 p 3 - p 3 p t ) . 
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On account of the similarity of the forms 

Pl X* + p 2 Y' + p 3 Z 2 and MiX 2 +M 2 Y 2 + M 3 Z\ 
which are of the same type, we oalculate the invariants and 
covariants of kU - \H X by simply changing p h p 2 , p 3 into 
Mi, M 2 , M 3 in the expressions for the invariants and covariants 
of U. 

Therefore, since 

and 

M 2 -M 3 = (pi - p 3 ) ( K - \pi), R 3 - Ri = (p 3 - pi) (k - \p 2 ), 

Mi - M% = (pi - p 2 ) (k - Xp 3 ), 

we find the following values for the invariants of k U - XH X : — 

_ r3 r u . 2 54j»-p 

/(«A) = Jk ~-q kX + If kA 2iq— X • 

If we form the covariants ff< K ,A), and G^, of Q, where 

4Q = 4k 3 - I K \ 2 + JX 3 

(the reducing cubic rendered homogeneous in k, A), we find, as 
M. Hermite has remarked, 

I{k,\) = _ 12i7( Ki A), J( K) a.) = 4G ! ( K; x). 

Again, to calculate the Hessian of k U - XH X , we reduce 

R?X % + M 2 Z Y* + BJZ* 

by the substitutions 

pi'x* + ^ r 2 + pjz* - i (iff, + ju), 

which are obtained from the equations 

pi = p 2 pi + \I, p? = p%pi + II, p* = pipi + il, 

by multiplying first by piX 2 , p 2 Y 2 , p 3 Z 2 , respectively, and 
secondly by pSX 1 , pfY 2 , p 3 'Z 2 , and adding. 
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In this way we find the following form for the Hessian 
of kU- \E x :— 

which may be expressed in the form 

1 f „ dQ, _o?Q\ 
+ U^T » 



3 [ Bx d K ^ " dX / 

which is a multiple of the Jacobian of kU - XH X and Q, the 
variables being k and A. 

Again, since I' 6 - 27 J 2 = 16 (p 2 - p z ) 2 (p 3 - p,) 2 (pi - p 2 ) 2 , 



and G x = ijl 3 - 27 J 2 . XYZ; 

transforming p u p 2 , p 3 into Mi, B 2 , B 3 , we find 

1%, a, - 27J 2 iKr „ = Q, 2 (P - 27 J 2 ), G iK , Ms = OG<«, 

We have therefore expressed the invariants and covariants 
of k 77 - XH X in terms of the invariants and covariants of 77. 

187. Number of Covariants and Invariants of the 

<tuartic. — "We prooeed to prove the following proposition, 
which determines the number of these functions : — 

The quartic has only the two distinct invariants I and J, and 
two distinct covariants whose leading coefficients are H and G. 

This proposition asserts that every invariant is a rational and 
integral function of 2" and J, and every covariant a rational and 
integral function of 77, H x , G x , I, J. The following discussion 
is founded on principles similar to those already employed in 
the case of the cubic. It is proved in the proposition of 
Art. 163, if <p (a, j3, y, 8) be any integral function of the dif- 
ferences of the roots expressible by the coefficients in a rational 
form, that a^f (a, /3, 7, S) may be expressed by the forms 

GF{a, H, I, J), or F(a, H, I, J), 

according as ty is odd or even. 
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Now, if F(a, JET, I, J) be an invariant, a and H must 
disappear, since if they were present this function could not 
remain the same when the coefficients are written in direct or 
reverse order. Similarly, no odd function such as GF(a, H, I, J) 
can give an invariant. It follows that every invariant is a 
function of I and J. 

Again, the quartio has only two distinct covariants ; for we 
have proved that every function of the differences «" <f> is of one 
of the forms 

F(a, H, I, J) or GF(a, H, I, J). 

Now, considering these forms as the leading coefficients of co- 
variants, it has been proved that every covariant is expressible as 

F ( U, H„ I, J) or O x F( U, H„ I, J) ; 

that is, every covariant is expressible in terms of H x and G x , 
aloDg with U, I, and J; and this is the proposition which was 
required to be proved. 

Examples. 

1 . If U be any cubic, and 67* its cubic covariant, prove that the Hessian of 
\F+ /iG x has the same roots as the Hessian of V, \ and /* being constants. 

2. Prove that any covariant of a quantic, whose roots are ai, en, ■ ■ a„, 

satisfies the equation 

dd> dth 

2o 2 — - - wsi<b = x — r , 
da ay 

where st is the degree of <p in the coefficients of the quantic, and s\ = 2a. 

3. If a quantic have a square factor, prove that the same square factor enters 
its Hessian. 

4. If a quartic have a square factor, the covariant 6 X has that factor as a 
quintuple factor. 

5. Prove that the sextic covariant G x of the quartic <£> (x) may be written under 
the form 

6. Applying the principles of Art. 187, determine without calculation the form 
of the sextic covariant of the quartic \ U + ixS x . 
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7. Calculate the values of E, I, G, /for the Hessian of a quartic. 

. „, 3a J-EI _, J* _, JG „ biJ*-l* 

Am. M = , /= — , 67 = , /' = . 

12 ' 12' 4 ' 216 

8. Find the two conditions that the Hessian in the preceding question should 
be a perfect square, and show that both contain / as a factor. 

Am. JG = 0, a J{2EI- 3a a J) = 0. 

9. A sem in variant of the equation 

(«o, «i, «2, . . . a„) (x, 1)» = 

arranged in powers of a,, being 

p . p — 1 
(f> = A p +pA p .ia n + Ap-z(h? + . . . + A a,j> ; 

prove that DAj = — nan-ijAj-i, and hence show that if iK«o, «i, oa, . . . a,) is a 
seminvariant so also is >p{Ao, A\, At, . . . A r ). 

10. Hence show how the final coefficient of the equation of squared differences 
can be found for any equation when it is known for the equation of next lower 
order. 

11. If 

<p[an) = [A , Ai, Ai, . . . A p ) {a„, 1)p, 

<K«») = (-Bo, JBi, St, . . . S q ) («„, 1)« 

be two seminvariants of U n arranged in powers of «,„ prove that any seminvariant 
of the system <p{%) and \p{%) is a seminvariant of Z7,,.,. 

12. H 

Ji = {Ao, Ai, Ai, . . . A p ) («,„ 1)p, 

h = {Bo, J?i, -B 2 , . . . B t ) {««, 1)« 

be two invariants of TT n = {ao, «i, <H, ■ ■ • «>») {x, y) n , prove that the resultant of 
7i and It when «„ is eliminated is the leader of a covariant of TJ n -i of the degree 

(« + l)pq -pirt - giri 

in the variables, ir\ and m being the orders of Ii and It. 

13. If the discriminant of a biquadratic be written under the form 

{Ao, A\, Ai, A3) {ai, l) 3 , 

prove that the discriminant of this cubic is 

27 2 t72A3 3 , 

where A3 is the discriminant of {ao, a\, ai, as) {x, l) 3 ; and knowing A3, find 
Ai, A\, and Ao. 
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14. Form the equation whose roots are 

■M<»). *(«), <p{w), ■ ■ ■ <p{a»), 

where ai, 02, 03, . . . a n are the roots of /(«) = 0, the resultant R of /(z) and <f> (x) 
heing given. 

Change the last coefficient b m of <p (x) into 5„, - p, and substitute this value for 
t m in the equation B, = 0. 

15. Prove that f and if* expressed in terms of u\ and «a of Art. 182 are both 
of the form 

(A, B, A) (Ml 2 , W2 2 ) 2 . 

16. Prove that the quartic 

f(x, y) s (a, b, e, d, e) {x, yY 

may be reduced by a linear transformation x = \X + /if, y = \'X + p.'Y to the 
form 

f{\, V) X* +/( M , /*') T* + 6pM*X-Y 2 , 
■where 

4p 3 - lp + J = 0, M= \/i - \'p. 

A it 

17. Retaining the notation of the last example, prove that — , and , are the 

K IX 

roots of one of the factors a, v, w of the sextic covariant of the quanic. 

18. Prove that 

the reducing cubic of Art. 65 (cf. Ex. 5, p. 132, Vol. I.). 

19. Prove that 

piPi 2 + p??Y* + ptfZ* = 1V2 S x - n„-i U, 

where IIp-i, Tlp-2 are sums of homogeneous products. 

20. If P"s£* + i, 4 + 6m|V. 

where f = Xx + /j.y, rj = X'x + n'y, M = Xfi - \'/jl ; 

prove that I = M i {\ + 3m 2 ), J = M e {in - m 3 ), 

M*=- l±^ itMhnf - IlM'm) + 7=0, 
I m-m* 

S x = M*\m{? + „*) + (1 - 3m a ) |V}> 

^ SJ lf 3 (l-9OT 2 )^({ 4 -^). 



CHAPTER XVIII. 

COVARIANTS AND INVARIANTS OF COMBINED FORMS. 

188. Combined Forms. — In the present chapter we pro- 
pose to illustrate the theory of the eovariants and invariants 
of systems of two or more quantics (Art. 166) by the simplest 
cases, viz. — (1) two quadratics, (2) quadratic and cubic, and 
(3) two cubics. We give in each case an enumeration of the 
forms which have been shown to be fundamental by the inves- 
tigations of Clebsch, Gordan, and Sylvester ; showing how these 
forms may be obtained, but without attempting the reduction 
of all other forms dependent on them. In estimating the 
number of eovariants and invariants of a combined system, the 
independent forms which belong to each quantio by itself are 
counted among the total number belonging to the system. It 
will be found convenient to use the term special to designate 
those forms which belong to the two quantics regarded as a 
system (and which therefore contain the coefficients of both), 
as distinguished from those which belong to the quantics taken 
separately. 

Invariants and eovariants are both included under the name 
concomitant, which is applied to any function whose relations to 
the quantics are independent of linear transformation. 

189. Two Quadratics. — Let the two quadratics be 

XI = «i* 2 + 2biXi/ + Ci«/ S , V = a 2 x 2 + 2b 2 xy + c 2 y 2 . 
This system has one special invariant, and one special covariant. 
The invariant may be obtained by forming the discriminant of 
\U + fiV, which is found to be 

A 2 («!Ci - bi) + \/x («iC 2 + «aCi - 2b 1 b i ) + ^ {a 2 c 2 - b % 2 ), 
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all the coefficients of X : fi being invariants (Art. 175) ; whence 
we have the special invariant 

«iC 2 + « s ci - 2b x b 2 = 2I U - (Ex. 3, Art. 171.) 

The vanishing of this function of the coefficients is the 
condition that the pencil of lines V V = should be harmonic, 
the rays represented by one equation being conjugate to those 
represented by the other. 

The special covariant is the Jacobian of the system, viz. 

a x x + b x y bi% + c x y 



a 2 x + b„y b z x + c 2 y 
which may be written in the form 



- J(U,V), 



y -■• 



6i 



Ci 



c 2 



obtained by eliminating dialytically the variables from the 
quantics U, V, (xy' - x'yf, the form xy' - x'y being a universal 
concomitant of all binary quantics (Art. 175). This form for 
J(U, V) can also be arrived at by eliminating X and ju from 
the equations obtained by comparing the coefficients in the 
identity \U + fiV = {xy' - x'y) 1 . 

The square of J is connected with V and V by the following 
important relation : — 

- j\u, r) = inU* - 2i a ur+ inV\ 

which may be derived immediately from the equation 

■n? 2xy y* 



(1) 



r 



■xy x' 
bi Ci 
h c 2 



our 

IT 2I xl 2/ 12 
V 2I n 2/ 22 



Ci - 2bi a-i. 
c 2 -2bi « 2 

Again, it is easy to see that J(UV) gives the double lines 
of the system X U + /x V, for when X TJ + n V is a perfeot square 
X 2 /„ + 2\nln + p?In = 0, 
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and eliminating X : fj. by means of the equation A U + /x V = 0, 
the double lines are determined by the equation 

I 12 U 2 - 2I n W + InV* = 0, 

or J 1 {U,V)=0. 

Every concomitant of a system of two quadratics may be 
expressed in terms of the six forms U, V, J{U, V), I n , In> In, 
all of which are constituents of the formula (1) written above. 
The resultant of U, V, for example, is 

4 (/„/„-/»») (Art. 150.) 

which is also the discriminant of J{U, V), and the dialytic 
eliminant of V, V, J {U, V). 

190. Quadratic and Cubic. — Let the two quantics be 

U= {a, b, c, d) (*, y)\ V= («', b', c') {x, y)\ 

the covariants of U being denoted as usual by H x and G x . The 
system has one special cubic covariant, the Jacobian of Z7and V, 
or J{ U, V) ; and one special quadratic covariant, viz., J{S X , V). 
In writing down the remaining covariants it will be found 
convenient to adopt the following notation. We use XT with 
suffix D to denote the result of substituting in fthe differential 

symbols D y , - D x for x, y, respectively, where D x ^ — , D y = — ; 

ctx cty 

hence 

U D - {a, b, c, d) {D y , - B x )\ V D - («', b', c') {D y , - D x )\ 

with a corresponding notation in other cases. 

There are four linear covariants, which may now be written 
as follows : — 

V D {U), V D {G X ), U D {V>), G D (V 2 ). 

The first of these written at length is 

(ac' - 2bb' + ca')x+ {be' - 2cb' + da')y. 
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There are three speoial invariants. The first is the inter- 
mediate invariant of the system of two quadratics H x and 
V, viz., 

(ac - b 2 ) c' - (ad - be) V + (bd - c») a' = I 21 , 

where the notation I pq is used to signify that the invariant is 
of the p th degree in the coefficients of U and the q th in the 
coefficients of V. The second invariant is the resultant R of 
?7and V. It is of the second degree in the coefficients of U, 
and third in the coefficients of V, and may be expressed in many 
ways by the methods of elimination of Chap. XIV. The general 
form of any invariant I 23 of this type is 

J 23 ^IR + m (a'c' - b' 2 ) I u , 

I and in being any numbers. 

The third invariant is of the type 7 43 , and may be obtained 
by operating with V three times in succession on the product 
of U and G x ; it can be written in the form 

rj (ug x ). 

There are, therefore, nine special forms belonging to this 
system ; and if to these be added U and V, and the independent 
covariants and invariants of each, we obtain the complete list 
of fifteen forms, viz., three cubic, three quadratic, and four 
linear covariants, and five invariants. 

191. Two Cnfoics. — Let the cubics be 

Z/ s (a, b, e, d) (x, y)\ V* («', V, c', d') (x, y)\ 

the covariants of U being represented as before by H x and G x , 
and those of V by HJ and G x . 

Of this system there is one quartic covariant, the Jacobian 
of TJ and V, viz., 

J{U, V) - [ab'y + 2 (ac') x 3 y + { (ad') + 3 (bo') }*y 

+ 2 (bd') xf 4 (cd')f ; 

and two special cubic covariants, viz. : — 

J(U,M' X ), and J(V,E X ). 
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There are four special quadratic covariants. If we form the 
Hessian of \U + fiV, i.e. substitute \a + /na, Xb + /xb', &c, for 
a, b, &c. in H x , we fiDd 

Xlff* + XliK x + ^E' x . 

The intermediate Hessian K x here obtained is the first special 
quadratic covariant ; and the remaining three are obtained by 
taking the Jacobians in pairs of H x , K x , and H x . 

There are six linear covariants which may be written as 
follows : — 

H D (V), H D (G' x ), H' D (U), E' D (G x ), U D (S7), V D (H\). 

It is easily seen that H D (U) and H D (O x ) vanish identically, 
for U and O x may be brought by linear transformation to the 
forms ax 3 + dy z , and ad (ace 3 - dy 3 ), respectively, and H x to the 
form adxy (cf. Art. 179). 

There are in all seven invariants, five of whioh may be 
obtained by forming the discriminant of X U + fj. V, the coeffi- 
cients of the different powers of X : n being invariants. If the 
discriminant is 

x 4 a + 4X>e + 6xv 2< i> + 4x,u 3 e' + /a', 

we obtain in this way three special invariants 0, <£, 0', the 
extreme coefficients being the discriminants of U and V. The 
two remaining invariants are of odd orders in the coefficients of 
each cubic. They are denoted by P and Q, and may be defined 
as follows : — 

P = lU D (V) = (ad')-3(bc'), (1) 

27Q = P*-R, (2) 

where R is the resultant of JJ and V as obtained by Bezout's 
method (Art. 155), viz. 

R = (ad') 3 - 18 (aV) (cd') (ad') + 9 (bd') (ca') (ad') 

+ 27 (ca'f (cd') + 27 (aV) (bdj - 81 (ab')(bc')(cd'). 
Substituting this value of R in (2), we find 

- Q s (bc'Y + (ca'Y (cd') + (a¥) (bd'Y - (bej (ad') 
- 3 (ab')(bc')(cd') - (ad')(ab')(cd'). 
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Any invariant comprised in the formula IP 3 + mR, where I 
and m are numbers, heing of the type 7 33 , might have been 
selected instead of Q as the fundamental invariant of this type ; 
reasons will appear subsequently for the selection which has 
been made (see Ex. 4, p. 160). 

If to the special forms enumerated be added those which 
belong to each cubic, we have in all twenty-six fundamental 
forms, viz. one quartic, six cubic, six quadratic, and six linear, 
covariants ; and seven invariants. 

Several of the covariants and invariants enumerated in the 
preceding Articles will be found expressed in terms of the roots 
of the two equations of the combined system among the examples 
which follow on the next page. 

192. Combinants. — Combined forms of the same degree 
give rise to a series of invariants and covariants whose coeffi- 
cients are expressible by determinants of the form (a r b s ), such 
as occur in the resultant obtained by Bezout's method (Art. 
155). These concomitants are unaltered, save by a factor of 
the form (Xfi' - X'ix) r , when the quantics U, V are changed 
into A U + fi V, \'U+ fi'V. Such invariants have been called 
combinants, and the corresponding covariants may be termed 
in like manner combining covariants. Of the former we have 
examples in P and Q of the preceding Article ; and Jacobians 
in general are examples of the latter class of concomitants. 

It may be noticed that the I and J invariants of the bi- 
quadratic in A : fi of the preceding Article, viz. the discrimi- 
nant of A U + fi V, are combinants of the system of two cubics ; 
for in fact a linear transformation of A and /x is equivalent to a 
transformation of U and V of the kind considered in the 
present Article, and therefore any function of the invariants 
A, 9, <£, &c, unaltered by such transformation must be a com- 
binant. It can be verified that these invariants may be ex- 
pressed in terms of P and Q as follows (see Salmon's Higher 
Algebra, Art. 218) :— 

/=3P(P 3 -24Q), J = -P 6 + B6P 3 Q-216Q\ 



160 Covariants and Invariants of Combined Forms. 



Examples. 

1. If o, 0, 7, and a, are the roots of the equations 

Tf = ax 3 + 3bx i + 3cx + d = 0, V= a'x 1 + Ib'x + d - 0; 

express in terms of the coefficients the function 

08 - 7 ) 2 (a - «') (a - 0') + (t - «) 2 (j8 - a') (0 - 0') 4 (a - 0) 2 (7 - <»') (7 - &)■ 

Denoting this function by <p , we easily find 

- aV tf> = 9 {a' (id - c 1 ) - b'(ad - be) + e (ae -b 1 )}. 

The given function of the roots is an invariant of the system, for it involves all the 
roots of the cubic in the second degree, and all the roots of the quadratic in the first 
degree. If, in fact, we make the substitutions of Art. 166, and multiply hy U 2 V 
to make the function integral, the result will not contain x, and is therefore an 
invariant (Art. 190). 

The geometrical interpretation of the equation tf> = is that the quadratic V 
should form with the Hessian of TJ a harmonic system. 

2. Using the same notation as in the preceding question, find the condition that 
one pair of roots of C= should form a harmonic range with the roots of V = 0. 

Ans. E + 9 (a'e' - J' 2 ) J 21 = 0. 

3. If a, 0, 7, and a, $', 7' be the roots of the cubics 

17= ax 3 + 3bxt + 3cx + d= 0, V = da? + Zb'x % + 3e'x + d'=0, 

express the following function (when multiplied by ad) in terms of the coefficients, 
and prove that it is an invariant of the system : — 

(a - a') (0 - 0) (7 - 7) + (a-0)(P- 7') (7 - «') + (« - V) (18 - »') (7 - 0) i 
or, differently arranged, 

(o - a') (/3 - 7') (7 - 0) + (a - 0) (0 - a') (7 - 7') ■+ (a - 7') ($ - 0) (7 - „'). 

Ans. 3P, where P = (ad' - dd) - 3 (bo' - b'c). (Art. 191.) 

4. Retaining the notation of the preceding example, prove that if k can be 
determined so as to make XT + kV a perfect cube, the following relation exists 
among the roots of the two cubics : — 

(3 - 7) */&&) + (7 - «) VW) + (a - 0) VW) = 0, 

where <p (x) = F, and a, 0, 7 are the roots of U= ; and prove that in this case the 
invariant Q (Art. 191) vanishes. 

The relation among the roots is obtained immediately by substituting a, 0, 7 
for x in the identity U + kV=(Ix + m) 3 , and eliminating k, I, m from the resulting 
equations. 
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Rationalizing, we have 

((g- 7 ) 3 ^)( a ) + (7-a) 3 »(g) + (a-<3)^( v ))3 
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27* («) <f (0) <p (y) = 0. 



X (ft -y){y -*)(„-$) 

Substituting for tp (a), <f> (ft), cj> (y) ; introducing the relations oMained by comparing 
the different powers of A. in the following identity : — 

2(a + A) s (0-yf = 3 (o + \) ($ + \) (y+ \) (0-y) (y- a) («- 0) ; 

and expressing the result in terms of the coefficients, we find 

|3P} 3 - 27iJ = 0, or Q = (Art. 191). 

We now give several different forms under which the invariant Q presents 
itself. Since XT + k V is a perfect cube, we have (Art. 43) — 

a + «a' t + Kb' o + kc' 



b + kV c + kc' d + kA' 
Equating these fractions separately to — k, we find 

« + /£«'+ k'S + KK'b' = 0, 
£ + xb' + k'c + kk'c' = 0, 
c + kc' + k'A + KK'd' = ; 



(1) 



(2) 



and solving for k, k', kk', we may eliminate them, and find the condition in the 
form 

bed 



a 


b 


c 




V c' 


d' 




a' 


V 


c' 




a b 


c 


- 


V 


c 


d' 




b c 


d 





V e 1 
b c 
c d 



a' b' _ e' 
V e' d' 



0. 



Again, eliminating k and k 2 from the equations (1) without introducing k, we 
obtain another form for Q, viz., 

ac — b* ac' + a'c — 2bb' a'c' — b" 1 



6h 



ad- be 
bd-c* 



ad' 4- a'd — be' — b'c 
bd' + b'd - led 



ac 

a'd' — b'e' 

b'd'-e' 2 



0. 



This form of Q can be readily obtained also by expressing the condition that 
the Hessian of \XT + juFfArt. 191) should vanish identically — a condition which is 
fulfilled when A. XT + /» V is a perfect cube. ( 

Finally, writing the equations (2) in the form 

a + K'b _ b + KC _ c + K.'d 
d + k'V ~ b' + k'c' c' + Kd'' 

and eliminating k' and k' 2 , we have a third form for Q, viz., 
(ab') (ac') (be 1 ) 

(ac') (ad') + (be') (bd') 

(be 1 ) (bd 1 ) (ed 1 ) 
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The constituents in this form are the same minor determinants which occur in 
Bezout's form of the resultant, and it may he easily verified that this value of Q 
agrees with the expanded form written in Art. 191. 

5. Find the condition that the roots of two cubics should determine a system 
in involution. 

The condition in terms of the roots is expressed by equating to zero the product 
of six determinants of the type 



1 P + ff 00 
I 7 + 7' 77' 

6. Express the condition of the preceding example in terms of the coefficients 
of the cubics. 

The roots of one cubic being conjugates to the roots of the other, the two are 
reducible to the following forms : — 

TT= ax 3 + 3bx 2 + Zcx + d, 

V=dx 3 + Ziccx* + Z«?bx + kH ; 

and writing the discriminant of pU + Fin general in the form (Art. 191) — 
p 4 A + 4p3 + 6p2$ + i e& ' + A ' ; 

we find in this case 

0' = k 3 0, a' = k s A ; 

whence the required condition 

A0' 2 - A'0 2 = 0. 

7. Express in terms of the coefficients of the cubics of Ex. 3 the following 
covariant of the system : — 

atiS. { 3 (jS - 0) (7 - 7) + 3 (B - V) (7 - tf) + (0 - 7) (0 - V) } (* ~ «) (* " «') • 
Ans. 18 { (ac' + a'c - lib') x" + {ad' + a'd-bc' - b'c) x + (fid' + b'd - led) } . 

8. To reduce the two cubics 

V = {a, b, c, d) (x, y) 3 , V = («', b', c\ d') (x, y) 3 

to the forms 

IdF IdF 

idX' idT' 

by means of a linear transformation 

x = KX + ixY, y = \'X + fi'Y, 

the coefficients in which are to be determined in terms of the coefficients of the 
given cubics. 

Let F = (A, S, C, D, E) (X, T) 1 ; 

then U= [a, b, c, d) (x, y) 3 = {A, B, G, D) {X, Y) 3 , 

V = (a 1 , V, J, d') (x, y) 3 =(B, C, D, E) (X, Y)K 
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Now, substituting the differential symbols D v , - D x or x, and -j^Dy, - -zf. Dx 
for X and Y in the Hessian of both forms of XT, we find the operational equation 



a 
b 



b 

c 



m. 






Dx' 
A 
B 



whence, operating on both forms of V, we have 



+ (», V) - 



Similarly, 



<t> (*> V) = 



a 
a 
b 
a 

ri, 
V 



V 
e' 



Dxy Dy* 
B G 

G D 



</ = 



e' 




V 


<•; 


d' 


e 


x + 


a 


b 





d 




b 





d 


c 




b 


e 


d 


c' 


x + 


a' 


V 


<? 


«? 




b' 


e" 


d' 



JT 



JX 



where <j> and ty are covariants of V and V, and / is the ternary invariant of F. 
Again, since 

4> (/>„- D x ) = m B Y , and -i,{D v , -D x ) = -^- 5 Dx, 



M 5 



M 5 



performing the operation 














<t> {D v , - Dx) if' {x, y), or ^ {D y , - D x ) p {x, y), 




on equivalent forms, we have 






a b c 




V c' d' 




a! V d 




bed 




Q = 


a' b' e' 
b' e d' 




a b 
bed 


- 


a b c 
bed 




",' b' c' 
b' 4 d! 


J* 

~ if 9 



We are now in a, position to determine the coefficients of F and the values 
of A, n, A', /j.' in terms of the coefficients of XT and V. 
For we have from former equations 



Qx = 



Qy = - 



V 


c' 


d' 




b 


c 


d 


a 


b 


c 


<P- 


d 


b' 


e' 


b 


c 


d 




b' 


J 


d' 


d 


V 


d 




a 


b 


e 


u 


b 


c 


4> + 


a 1 


I' 


c' 


5 


e 


d 




V 


c' 


d' 



+ ; 



M 2 
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whence, substituting these values of x and y in fand V, we find 
Q*U=(A ,Bo, C ,D„)(<p, W, 
Qsy=(B , Co, D , E n ) (<p, W< 
1 dF 



and, therefore, 



i d<p 



*V= "-rf. where F = Mo, -Bo, C , Do, E ) {<p, <M 4 ; 
4 oi|/ 



A_ 
A a 



B_ 



C__D_ 

Co ~ Do ' 



E _ M ls 
Eo = 1*' 



9. Determine the invariants of Fo in the preceding example, and hence infer 
the form of the resultant of two cubics. 
We have, from the equations of Ex. 8, 

jio = M it / 0) an d /6j _ jjf 30 j . 

and, substituting differential symbols for x, y and X, Y in both forms of V, and 
operating on U, we find 



Fs ad' — a'd — 3 (be' — b'c) ■■ 
J 2 



M s ' 



■which equation, along with the [equation Q = — , enables us by previous results to 
express Jo and Jo in terms of F and Q in the following way : — 
Jo = FQ>, and Jo = Q 5 . 
From these results we derive the relations 

I£ _ £3 _ pa 
Jo 2 ~T*~ ~Q' 

from which it follows that when i 3 = 27Z 2 , we have J 3 = 27G ; but the first rela- 
tion holds when F has a square factor, which necessitates Z7and V having a common 
factor ; whence we infer that P 3 - 27 Q, being of the proper degree and weight, is 
the resultant of the cubics !7and F(cf. Art. 191), 

10. If u, j3, y, 5 ; a, 0, y, 8 be the roots of the biquadratics 

(a, I, c, d, e) (%, 1)« = 0, (a', b', d, d', e') (x, l) 4 = 0, 
prove 

«a'S (a - a') ($ - 0) (y - y 1 ) (5 - S') = 24 { at/ + a'e-i (bd' + b'd) +M\, 

and show that this function is an invariant of the system. 

1 1 . Prove that the following function of the roots of a biquadratic and quadratic 
gives an invariant of the system, and determine its geometrical interpretation : — 

1/3 + 7 07 1 7 + a 7a 1 a + $ a$ 

1 o+S a8 X 1 (8 + 5 05 X 1 7+5 75 

1 a +0 a'0 1 a' + a'0 1 o' + /3' a'0 



"P- 
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The geometrical interpretation of the equation <p = is, that the two conjugate 
foci of some one of the three involutions determined by the biquadratic form along 
with the quadratic an harmonic system. 

12. Prove that the following functions of the roots of a biquadratic and qua- 
dratic give invariants of the system, and determine their values in terms of the 

coefficients: — 

«o*o 2 2(a' - a) (a' - 0) (0 - y) {0 - S), 

ao 2 S 2 2(a - 0) 2 (y - «') (8 - 0) {y - 0) (5 - a'). 

13. If f(x) and <j>[x) be two quartics with unequal roots, the roots of f(x) being 
a, j8, 7, 5, prove that the condition that a quartic of the system Xf (x) + /if (x) can 
have two square factors may be expressed as follows : — 



1 1 



y y 



1 5 



f /<t>{y) 



= 0. 



14. Determine the condition in terms of the coefficients that the quartie 
\f (x) + /j.(j> (x) may have two square factors. 

In this case the Hessian of xf(x) + /i<t>(x) = k {f\f{x) + /j.ip{x)}, from which 
identity we have five equations to eliminate X 2 , A,u, ,u 2 , kA, k/j. ; thus obtaining an 
invariant In, of the i th degree in the coefficients of each equation. 

15. Prove that the resultant of two quartics becomes a perfect square when the 
invariant In vanishes. 

Rendering rational the determinant in Ex. 13, and dividing by the product of 
the squares of the differences of the roots, we find, when the coefficients are 

introduced, 

In = J 2 22 - 64JJ ; whence, &c. &c. 

16. The discriminant of K U + p. V, where TJ and V are cubics [a, b, e, d) (x, y) 3 , 

(rf, b', c', d') {x, y) 3 , being written as in Art. 191, resolve into its factors the 

covariant 

(A, 0, *, 0', A') (V, - U)K 

The leading coefficient of this covariant is easily obtained by forming the discrimi- 
nant of a V — a' V directly ; it is 

{aVfiHab') {ad')-Z{ao'Y}, 

which may be written in the form 1A*{PA + 6{AO-B 2 )}, where A, B, C are 
the first three coefficients of the Jacobian ; and, consequently, the given covariant 
is expressed as follows : — 

1J\U, V) {PJ(U, V) + 6 Hessian of J{U, V)}. 

17. Express the invariants of the Jacobian of two cubics in terms of P and Q. 

Am. 121' = P 2 , 216/' = 54Q - P 3 . 



CHAPTER XIX. 

TRANSFORMATIONS. 
Section I. — Tschirnhatjsen's Transformation. 

193. Under the general heading of this chapter we purpose 
collecting several propositions which could not have been con- 
veniently given elsewhere, and which are of importance in 
connexion with the subjects discussed in the foregoing pages. 
"We commence with a general theorem relating to rational 
transformations. 

Theorem. — The most general rational algebraic transforma- 
tion of a root of an equation of the n th degree can be reduced to an 
integral transformation of the degree n-1 at most. 

For every rational function of a root a r of the equation 
f(%) = is of the form 

xM 

where x and \p are integral functions ; also, 

X (»'■) = , X ^(oi) ■ ■ ■ ■ ^{a'r-i) ^(«»--n) • ■ • ■ i/*(a») 
+ (a r ) X[Ur> iM«0 M«») M°»-0 *(«»)' 

and the denominator 4>( a i) ^("O • • ■ 1 M a »)> being a symmetric 
function of the roots of f(x) = 0, can be expressed as a rational 

function of the coefficients. Whence 4t — i i g reduced to an 

integral form. 

Moreover, the numerator of the former fraction is a sym- 

metric function of the roots of the equation — = 0, and 

may consequently be expressed as a rational function of the 
coefficients of that equation ; that is, in terms of a r and the 
coefficients of /(»). 
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Now, denoting by F[a r ) this integral form of jf^x, we have 
by division 

F(ar) = Qf(ar) + <j>{a r ) = ${ar), 

where <j> [a r ) does not exceed the degree n - 1 ; which proves the 
proposition. 

In the particular cases of the quadratic and cubic it follows 
that the most general rational function of a root can be reduced 
to a linear function, and a quadratic function of that root, 
respectively. In the ease of the oubic this quadratic function 
may be reduced to another form which is often useful, as fol- 
lows : — Denoting the quadratic function by fa[9), and dividing 
the cubio/(0) by fa[B), we have 

proving that 

whence it appears that the most general transformation of a root 
of a cubic may be reduced to a nomographic transformation. 

In connexion with the proposition here established it is easy 
to justify the remarks made in Arts. 59, 66, relative to the solu- 
tions of the cubic and the biquadratic equations. With this 
object in view, let <j> and \p be two rational functions of n quan- 
tities d, a 2 , . . . a„ (which may be considered as the roots of an 
equation), each having only p values when the roots are inter- 
changed in every way. Denoting these values of both functions 
obtained by the same substitutions by 

01, $2, fa, ■ • • fa, 
fa, fa, fa, • • • fa, 

we have, for every integer/, 

fafa J + fafa J + fafa J + • • • + fafa j = Tj ; 

a symmetric function of the roots, since it is the sum of all the 
possible values which fyfa can take. 
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In this way we may obtain the system of equations 
<j>l + <j>z + $3 + . . . + <p P = T , 

faxpf 1 + tf)^/- 1 + (j,^- 1 + ... + ^p 1 " 1 = Tp-i, 

where T , T it ... Tp.\ are all symmetric functions of ai,a 2 ,ot 3 , . . . a„. 

Solving these equations, we find at once <j>i expressed as a 
symmetric function of \p 2 , ^3, ■ • • 4>p, since any interchange of 
1//2, \p 3 , .. . \p p , being equivalent to an interchange of $ 2 , fa, . . . <j> P , 
does not alter the value of <f>i. This value therefore is by the 
present proposition reducible to a rational and integral function 
of \pi of the degree p - 1, since \p has only j:> values considered as 
a funotion of a u a 2 , . . . a„. Now considering the special oases 
referred to — (1), when p = 2, and n = 3, it is proved that a 
linear relation connects <j> and \p in terms of symmetric functions 
of m, a 2 , a 3 ; and (2), when p = 3, and n = 4, <£ and \p are in a 
similar manner shown to be connected by a rational homo- 
graphic relation (see Examples 5, 6, 7, p. 132, Vol. 1.). 

194. Formation of the Transformed Equation. — The 
transformation explained in the preceding Article was first 
employed by Tschirnhausen for the reduction of the cubio and 
biquadratic. We proceed to explain the method of forming in 
general the equation whose roots are <p {a t ), $ (a 2 ), . • . . # (a n ), 
where <p (x) is an integral function of * of the degree n - 1. 

Let (p (x) = a + a x x + « 2 * 2 + . . . + a n ,ix n ' 1 . 

liaising f (%) to the different powers 2,3, ... n in succession, and 
reducing the exponents of x in each case below n (by dividing 
\>y f{x) and retaining only the remainder), we have 

2 = b + biX + b 2 x 2 + .... + b nJV sb" -1 , 

<j> 3 = c + c y x + c 2 x 2 + .... + C n -i x n '\ 

4> n = l + hx + hx 2 + . . . . + l n _! x"-K 



Tschirnhausew 's Transformation. 
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Substituting for x in these equations each of the roots of the 
equation/ (a?) = 0, and adding, we find, if Si, S 2 , 8 a , &c, denote 
the sums of the powers of the roots of the required equation, 

S x = na + aA + a 2 s 2 + .... + #„_! s„_!, 

8 2 = nb + §!«! + b 2 S t +.... + b n -i Sn-i, 



8 n = nL + l r s\ + l % s % + 



+ t n -l S»-l. 



Now, expressing s 1; s 2 , . . . s„_i in terms of the coefficients of 
f(x), we have Si, 8 2 , . . . S n determined in terms of the coeffi- 
cients of <j> (x) and f{x) ; we are also enabled by Art. 80 to 
express the coefficients of the equation whose roots are <p (ai), 
</> (a 2 ), . . . <p (a n ) in terms of Si, S 2 , ... S n , and therefore finally 
in terms of the coefficients of f (x) and /(a;) ; thus theoretically 
the transformation is completed. 

195. Second Method of forming the Transformed 
Equation. — There is another way of finding the final equation 
in <f> by elimination, which we now give. Since 

a - <p + aiX + « 2 # 2 + . . . + a n .iX n ~ l = 0, 

if this equation be multiplied by x, x % , . . . x' 1 ' 1 , and the expo- 
nents of x reduced below n by means of the equation f{x) = 0, we 
have in all n equations to eliminate dialytically the n - 1 quan- 
tities, x, x*, . . . a;"" 1 . We thus obtain the transformed equation 
in the form of a determinant of the n a order, $ entering into 
the diagonal constituents only. For example, if f[x) = x u - 1, 
we obtain the transformed equation in the following form : — 



tt ~ <j> ttl 



a 2 



a n -i a - <£ ai 



• a n 



Cln-2 



= 0. 



«i a 2 a 3 . . a - <f> 

Although these methods of performing Tschirnhausen's 
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transformation appear simple, yet if they be applied to par- 
ticular eases the result usually appears in a complicated form. 
Professor Cayley, by choosing a form of the transformation 
suggested by M. Hermite, was enabled to take advantage of 
the theory of covariants and thus to complete the transforma- 
tion for the oubic, quartie, and quintic. "We shall content 
ourselves with showing in an elementary way how Oayley's 
results for the cubic and quartie may be obtained. 

196. Tschirnhausen's Transformation applied to the 
Cubic. — Let the cubic equation 

ax :i + Mx 1 + 3cx + d = 
be written under the form 

s 3 + 3 JTs + G = ; 
and let it be transformed by the substitution 
y = A + kz + s 2 . 

If s„ s 2 , s 3 be the roots of the cubic, and y lt y 2 , y d tbe correspond- 
ing values of y, we have 

V* - Vi = (s a - z 3 ) (« - Si), \ 

y 3 -Vi= (z 3 - «i) (k - sh), | (lj 

t/i - y* = («i - s«) (k - 2 3 ), / 
and consequently 

2 «/l - y%~ y%= (2Zi - Z 2 - 2 3 ) k + (2s 2 S 3 - S 3 2i - SiS 2 ), \ 

2y 2 - y 3 - yi= (2s 2 - s 3 - Sj) K + (2z 3 s! - z t z 3 - s 2 s 3 ), I (2) 

2 ?/3 ~lji-y%= (2s 3 - 2i - 3s) k + (2Z!3 2 - 2 2 2 3 - S3S1). ) 

Wherefore, if the equation in y with the second term removed be 

Y> + 3H'Y+ G'=Q, 
we have from equations (1) and (2) 

H' = H K , G'=G K , 
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where H K and G K are the Hessian and cuhic covariant of 

k 3 + 3H K + G ; 
and the transformation is therefore completed, since y x + y% + y 3 
can be easily determined. 

197. Tschirnhausen's Transformation applied to 
the ftuartic. — In this case we do not attempt to form directly 
the transformed quartic, hut prove the following theorem, which 
shows how this transformation may be resolved into two others. 

Theorem. — Tschirnhausen's transformation changes a quartic 
U into one having the same invariants as lU+mH x , and therefore 
in general reducible to the latter form by linear transformation. 

To prove this, let the quartic 

x* + piX 3 + p 2 x 2 + p 3 x + Pi = 

be transformed by the substitution 

y = « + chx + a^x 2 + a 3 x 3 . 

If x u Xz, x 3 , Xi be the roots of the quartic, and yi, «/ 2 , y%, Vi 
the corresponding values of y, we have 



X % -X 3 



= «i + « 2 (* 2 + x 3 ) + a 3 {xi + XiX 3 + x 3 ), 



— = «i + « 2 [xi + Xi) + a 3 fe 2 + x&i, + Xi) . 

X-l-Xi 

From these equations we proceed to show that 

where P and Q involve the roots of the quartio symmetrically. 
In the first place, we find 

(x % 2 + X 2 X 3 + X 3 2 ) (*1 2 + *1*4 + A 2 ) = V* -PlPi +Pi -iJjX, 

where A has its usual value, viz. #2*3 + x&i ; and secondly, since 

x% + x& 3 + x 3 = (x 2 + x 3 f - X 2 X 3) &c, 
we find again 
(x % + x 3 ) [x? + x^ + xt 2 ) + (*! + Xi) (* 8 2 + XiX 3 + x 3 2 ) =p 3 -p\Pz+pX 
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Finally, since the other terms in the product are obviously of 
the same form as P + Qo\, we have proved that 

MM B p i + (i (^ + Wl ); 
(X 2 - X 3 ) [%i - Xi) 

whence 

iy-t ~ V*) {Vi - Vi) = (v - M) (-Po + Qo^) • 

Now, introducing p 1} pa, p 3 in place of X, p., v, this and the 
similar equations preserve their forms ; whence, altering P and 
Q into similar quantities, we obtain the equations 

(y> - y*) (y> - yO = 4 (^ - p») (P - QpO, 
(ys - 2/1) (2/2 -«/*) = 4 {pi - p 3 ) (P - QpJ, 
iyi-y*) iy* - y^) = 4 (^ 2 - pi) (P - Qp 3 ), 

which lead at once to the invariants of the transformed quartic ; 
and comparing their values with the invariants of kU-\H x 
given in Art. 186, the theorem follows at onoe. 

198. Reduction of the Cubic to a Binomial lor in by 
Tschirnhausen's Transformation. — Let the cubio 

ax 3 + 3bx z + 3cx + d 

be reduced to the form y 3 - V by the transformation 

y = q + px + x 2 . 

If Xi, x 2 , x 3 be the roots of the given cubic, and y x a root of 
the transformed cubic, we have the following equations to 
determine p and q : — 

x? + px x + q = y u 



from which we find 



#2 + px 2 + q = w y l} 
aV + p%s + q = wtyi ; 



p = ; — , q = - i (Sj + psi). 

«! + wx 2 + w*x 3 * 3\ ' s I 
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Adding Xi + x 2 + x 3 to this value of p, we have 

X 2 X 3 + WX 3 X, + dfXiXi 



P + Xi + Xi + x 3 = - 



Xi + d)Xi + W 2 X 3 



it follows (Ex. 25, p. 57, Vol. I.) that there are only two ways 
of completing this transformation, as the values of p, q ultimately 
depend on the solution of the Hessian of the cubic. 

199. Reduction of the Q,uartic to a Trinomial Form 
by Tscbirnhausen's Transformation. — Let the quartic 

ax i + 4bx z + 6cx % + 4dx + e 

be reduced to the form y i + Py* + Q, in which the second and 
fourth terms are absent, by the transformation 

V - 1 + P x + * 2 - 

If *!, x iy Xz, Xi be the roots of the quartic ; also y x , «/ 2 two 
distinct roots of the transformed quartic, we have the following 
equations to determine^ and q : — 

xf + px L + q = «/„ x 3 2 + px 3 + q = y 2 , 

x^ + px 2 + q = - y u Xi + pxx + q = - y % ; 

from which we find 

Xx + %»* - X 3 - X^ . . 

p = - , g = -\{st + psi). 

And, adding x x + x 2 + x 3 + Xi to this value of p, we have 

2 (xiXi - x e Xi) 
p + x t + x 2 + x 3 + Xi = ; 

1 Xi + Xi-Xi-Xi 

hence, by Ex. 5, p. 132, Vol. I., it follows that there are three 
ways of reducing the quartic to the proposed form, the determi- 
nation of which ultimately depends on the solution of the 
reducing cubic of the quartic. 
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200. Removal of tbe Second, Third, and Fourth 
Terms from an Equation of the n th Oegree. — We begin 
by proving the following proposition, which we shall subse- 
quently apply : — 

A homogeneous function V of the second degree in n quantities 
x u a*2, x 3 , . . . x n can be expressed in general as the sum of 11 squares. 

To prove this, let V, arranged in powers of x u take the 
following form : — 

V=P 1 x 1 * + 2Q 1 x 1 + R„ 

where Pi does not contain x if x 2> . . . . x n ; also Qi and Mi are 
linear and quadratic functions, respectively, of .r 2 , x s , . . . x n . 
We have then 



also. 



r-(jp^ + JL) , + * 1 -g. , ; 



assuming 



Pi - P, - §* = P^ 2 2 + 2Q,x 2 + P 2 , 



where P 2 is a constant, and Q 2 and P 2 do not contain x r and so t , 
we have similarly 

/ QA 2 QS 

Vi V p ^ + jkj ' 2 ~^ ; 

so that 



© 2 

Proceeding in this way, we arrive ultimately at R n _i - H*J±} ) 

which is equal to P n x n 2 ; and the proposition is proved. 

Now, returning to the original problem, let the equation be 

x n +p l x n ' 1 + ptfp-* + . . . + p n = ; 
and, putting 

y = ax* + fix 3 + yx* + $x + s, 
let the transformed equation be 

if + Q,y"- + Q 2 y™ + . . . + Q H = 0, 
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where, by Art. 194, Q 1} Q 2 , . . . Q r , . . . are homogeneous 
functions of the first, second, . . . r th degrees in a, j3, y, 8, e. 
Now, if a, /3, y, £, a can be determined so that 

Qi = 0, Q 2 = 0, Q 3 = 0, 

the problem will be solved. For this purpose, eliminating e 
from Q 2 and Q 3 , by substituting its value derived from Qi = 0, 
we obtain two homogeneous equations 

Si = 0, jR 3 = 0, 

of the second and third degrees in a, (5, y, S ; and by the 
proposition proved above we may write R % under the form 

M 3 - V" + W 2 - t*, 

which is satisfied by putting u = v and w = t. From these 
simple equations we find y = la + m$, and S = ha + mfc ; and 
substituting these values in Q s = 0, we have a cubic equation to 
determine the ratio (3 : a. Whence, giving any one of the 
quantities a, /3, y, S, e a definite value, the rest are determined, 
and the equation is reduced to the form 

y n + Q^ + Q®"' 6 + . . . + On = 0. 

In a similar way we may remove the coefficients Q I( Q 3 , Q 4 , 
by solving an equation of the fourth degree. 

Applying this method to the quintic, we may reduce it to 
either of the trinomial forms 

x> + Px+Q, x 5 +Px 2 +Q; 
or again, changing x into -, to either of the forms 



x 5 + Px 3 + Q, x 5 + Px i + Q. 

In this investigation we have followed M. Serret (see his 
Cours d'Algebre Supirieure, Vol. I., Art 192). 
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Section II. — Hermite's and Sylvester's Theorems. 

201. Homogeneous Function of Second Degree 
expressed as Sunt of Squares. — We have already shown, 
in a general way (Art. 200), that a homogeneous function of 
the second degree in the variables may be reduced to a sum of 
squares, no hypothesis being made as to the nature of the 
coefficients of the function considered. We now return to the 
consideration of this problem when the coefficients of the function 
are supposed to be all real ; and we proceed to determine, in 
magnitude and sign, the coefficients of the squares in the 
transformed function. 

Let F(x u x 2 , . . . x n ) be a homogeneous function of the second 
degree in n variables with real coefficients ; and let us suppose 
that it is reduced by the method of Art. 200 to the form 

Pi («i + «2*2 + «3*3 + . . . + a n x n f 
+ Pi («u + b 3 x 3 + . . . + b n x n y 

+ Pi (#3 + ■ • • + C n X»Y 



+ Pn%n j 

where all the coefficients of this new form are real. 
Making now the linear transformation 

Xi = a-i + (h%2 + a 3 x 3 + cii^i + . . . + a n x m 

X 2 = x 3 + b 3 x 3 + b^Xi + . . . + b„cc„, 

X 3 = x 3 + axi + . . . + c n x n , 

X n = x„, 

we have 

F(x lt x z ,x 3 , . . . x n ) = piX^ + piXi 2 + p 3 X 3 % + . . . +p n X n \ 

Since the modulus of this transformation is equal to 1, the 
discriminants of both these forms of .Fmust be absolutely equal. 
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Denoting, therefore, the disoriminant of F by A n , we have 
A™ = P1P2P3 •■■p n ; 

and similarly, when the variables xj n , xj +2 , . . . x n are made to 
vanish in both forms of F, we have 

&j=PiP2Pi> ■■■Pj- 

Now, giving/ the values 1, 2, 3, &c, we find 

A 2 A3 A n 

Pi = A„ Ps = —, Pz = T-. • • • Pn = -T— 5 

and the coefficients are determined in terms of the discriminant 
of the original quadratic form in n variables and the discrimi- 
nants of the forms in n - 1, n - 2, &c, variables derived from 
the given form by causing one, two, &c, of the variables to 
vanish in succession in the manner just explained. 

Again, since the constants in the form F (x lt z 2 , • • • x n ) are 
in number \n (11 - 1) less than in a form composed of a sum of 
squares of n linear functions of n variables, we learn that F can 
be reduced to a sum of squares in an infinity of ways. It is 
most important, however, to observe that in tvhatever way the 
transformation is made, provided it is real, the number of coefficients 
{affecting these squares) which have a given sign is always the same. 
This theorem, which is due to Jacobi, is easily proved ; for 
suppose the contrary possible, and let 

F= Pl X? +p,X i i + ... +p n X n * = q, F t 2 + q 2 F 2 2 + . . . + q n Y,?, 

where the number of positive coefficients on both sides of this 
identity is not the same. Making all the terms positive, by 
transferring those affected with negative signs to the opposite 
sides of the identity, we shall have a sum of I squares identically 
equal to a sum of m squares, where m is greater than I. Now, 
substituting such values for x M x 2 , ... x n that each of the 
I squares may vanish (which may be done in an infinity of 
ways), we find a sum of m squares identically equal to zero, 
which is impossible. 

vol. 11. n 
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202. Her mite's Theorem. — The principles explained in 
the preceding Article have been applied by Hermite to the 
determination of the number of real roots of an equation f(x) = 
comprised within given limits. The special form of the function 
F which he makes use of for this purpose is 

V (*i + a r Xi + a r 2 x 3 + . . . + a,-"" 1 *,,) 2 , 

,t? «'■ - P 

in which Xi, x 2 , . . . x n are any variables in number equal to the 
degree of the equation ; and r takes all values from 1 to n in- 
clusive, the roots of the equation being a,, a 2 , ■ ■ . a n ; also p is 
any arbitrary parameter. 

This form is plainly a symmetric function of the roots of 
the equation f(x) = ; and as the coefficients of this equation 
are supposed to be real, F will be also real, when expressed in 
terms of these coefficients and p, provided the parameter p be 
given any real value. If the roots m, a 2 , a 3 , . . . a n are not all 
real, the assumed form of F will not be obtained by a real 
transformation ; but it is easy to deduce from it, as follows, 
another form which will be so obtained. 

If ai and 02 be a pair of conjugate imaginary roots, we may 
write 

cti = r (cos a + i sin a), a % = r (cos a - i sin a) . 

Denoting for shortness x^ + a r x 2 + a,- 2 x 3 + . . . + a r n ' l x n by Y r , 
and substituting these values in Yi and Y 2 , we find 

Y^U+IV, Y^U-iV, 

where U and V are real ; also putting 

1 • ■ 1 

= r (cos ^. + fsin 0), ■ = r (cos <b - i sin d>), 

Qi — p a 2 - p r " 

the part of the function .F depending on 0i and o 2 , viz., 

F t 2 IV 



P a 2 - p 
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becomes 

oosj + *sin |Y (U+ iVy + fcoa^-ism |)V~ iVf\, 
whioh may be also written as the difference of the squares 
2r(u<x»t- Fsin£Y-2r(Vsin£+Fcos|^ 



proving that two imaginary conjugate roots introduce into F 
two real squares, one of which has a positive and the other a 
negative coefficient. 

"We now state Hermite's theorem as follows : — Let the equa- 
tion f{x) = (x - eii) (x - a 2 ) . . . (x - u n ) = have real coefficients 
and unequal roots : if then by a real substitution we reduce 



a\-p a%~p a 3 -p a n - p 

lohere Y r = x 1 + a r Xi + a r 2 x 3 + . . . + a™~ l x n , 

to a sum of squares, the number of squares having positive coefficients 
will be equal to the number of pairs of imaginary roots of the equa- 
tion f[x) = 0, augmented by the number of real roots greater than p. 

This theorem follows at once from what has preceded if we 
consider separately the parts of the function (1) which refer to 
real roots and to imaginary roots, for obviously there is a posi- 
tive square for every root greater than p, and we have proved 
that every pair of conjugate imaginary roots leads to a positive 
and negative real square, without affecting the other squares 
independent of these roots. 

The number of real roots between any two numbers pi and 
Pi may be readily estimated. For, denoting in general by P, 
the number of positive squares in F when p = pj, by Nj the 
number of roots of the equation /(*) = greater than pj, and by 
21 the number of imaginary roots, we have 

P 1 = W 1 + I, P z =JSr 2 +I; 
whence 

y 2 
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proving that the number of real roots between pi and p 2 is equal 
to the difference between the number of positive squares when 
p has the values p x and p 2 , respectively. 

The number here determined may be shown to depend on 
a very important series of functions connected with the given 
equation. In order to derive these functions we consider F 
under the form (Art. 201) 

^1.'+ f 2 X 2 * + ^- 3 JTs 2 + ..-. + -^ X n \ 
Ai A 2 An 

The number P expresses the number of coefficients in this 
form which are positive, or, which is the same thing, the number 
of the following quantities which are negative : — 



A, 
1* 



A_ 2 
A,' 



A3 
A 2 



A„ 
A n .i 



(2) 



We proceed now to calculate Ai, A 2 , . . . Ay, . . . A„ in terms 
of p and the roots of the equation f(x) = ; and as the method 
is the same in every case it will be sufficient to calculate A 3 , 
i.e. the discriminant of the original form of Pwhen all the 
variables except x lt x 2) sc 3 vanish. 

"Writing for shortness v r = . we have in this case 

a,- p 

F 3 = Ev r (*i + <M" 2 + a,?z 3 y. 

The discriminant in this form is 

2v Sav Sa 2 v 

2av ~2a 2 v Sa 3 v 
Sa 2 K Sa 3 n 2a 4 i> 

which may be written as the product of the two arrays 

■ [ ' \ Vl v 2 . . . v n 



«1 



ai 



a 2 

a 2 2 



aiVi 

ai 2 fi 



a 2 v 2 



a 2 v 2 . 



OnVn 
a n 2 v„ 
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and, consequently, 

1 1 1 
A3 = 2viv 2 v 8 cii a 2 a 3 

a* a 2 2 ai 
In an exactly similar manner we find 

^ V (an <t2i as • 



■C ("2 ~ "a)" («3 - aiY («i - a*) 2 

(«1 - P; («2 - P) («3 ~ P) 



"i) 



"^ («1 - P) ("J - P) • • • ( a J~P) 

where the notation v (a u a 2) a 3 , . . . ey) is employed to represent 
the product of the squares of the differences of a x , a 2 , a 3 , . . . ay. 
Hence the quantities Ai, A 2 , . . . A; . . . A» are all determined. 

Now, multiplying the numerator and denominator of each 
of the fractions in the series (2) by /(/>), each value of A is 
rendered integral, and the series becomes 

Vl V, Vs Vn 



(3) 



where 



V = (p - ai)(p - «») • • • • {p ~ a n ), 
Vi = 2 (p - a 2 ) (p - a 3 ) . . . . (p - a„), 
Fi = SV (ai, a 2 ) (p - a 3 ) . . . . (p - a n ), 
V 3 = Sy (aj, a 2 , a 3 ) (p - a 4 ) . . . . (p - a„), 



V n = V («d «2> as, ... . a „) . 

Since negative terms in the series (3) correspond to varia- 
tions of sign in the series V, Vi, V 2 , V 3 , ■ ■ • ■ V n , it is proved 
that the number of variations lost in the series last written, 
when p passes from the value pi to the value p 2 , is exaotly equal 
to the number of real roots of the equation f(p) = comprised 
between pi and p 2 . 

It will be observed that the functions V, Vi, V 1} &c, here 
arrived at have the same property as Sturm's functions ; from 
which in fact they differ by positive multipliers only, as was 
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observed by Sylvester, who first published these forms in the 
Philosophical Magazine, December, 1839. In order to establish 
the identity of the two series of functions we proceed in the 
first place to prove in the following Article an important 
theorem connecting the leading coefficients of Sturm's functions 
and the sums of the powers of the roots of an equation. 

203, Theorem. — The leading coefficients of Sturm's auxiliary 
functions (i. e. fix), and the n - 1 remainders) differ by positive 
factors only from the following series of determinants : — 



s 2 



Si 



s 3 



s 2 s 3 
S3 S4 



&c. 



Using the bracket notation, we may write these determinants 
in the form s , (s s 2 ), (s , s 2 , s t ), &c, the last in the series being 

[S Si Si . . . S2n-2j- 

Representing Sturm's remainders by R 2 , R s , . . . Rj, . . . R n , 
and the successive quotients by Q u Q 2 , Q 3 , &c, we have (see 
Art. 96) 

R* = Qj'(x)-.m 

R 3 = QzR* - f(x) = (Q,Q, - 1) /(*) - Q t f(x), 

Ri = Q3-R3 -Bt= (QiQ 2 Q 3 - Qi - Q.) fix) - (Q.Q, - 1) f(x), &o. 

Proceeding in this manner, we observe that any remainder 
Rj can be expressed in the form 



Rj-A s f{x)-Bjf{x). 



(1) 



The degree of Rj is 11 - j ; and since Q it Q 2 , &c, are all of 
the first degree in x, it appears that the degrees of Aj and By 
are/ - 1 and/ - 2, respectively. 
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Assuming, therefore, for R s and Aj the forms 

Rj s r + r^ + nx 2 + . . . + r n -jX n ->, 
Aj 3 X + Xj* + \ 2 x % + . . . + Ay_! a;^" 1 ; 

and substituting in (1) any root a of the equation / (a?) = 0, we 

have 

r„ + r ia + J" 2 a 2 + . . . + r^ja"- 7 ' 



Xo + Xia + X 2 a 2 + . . . + X,-_i a 3 "' 1 = 



/'(«) 



Multiplying by a, a 2 , . . . a ;_z , a- 7 " 1 , in succession ; making 
similar substitutions of the other roots ; and adding the equa- 
tions thus derived, we obtain by aid of the relations of Ex. 4, 
p. 172, Vol. i., the following system of equations : — 



+ Xi«i + . . . + \j_iSj-z + X/-i«/-i = 0, 

X -Si + XiS 2 + . . . + Xj-jSy-j + Xj-iSj = 0, 



X S/-2 + AiSj-i + . . . + Xy_2« 2 /-4 + Aj-\8ij-3 = 0, 

X s/-i + XiSj + . . . + Xy_ 2 S2/- 3 + Aj^iSij-z = r„-j. 
From these equations we have, without difficulty, 



r «-j = 7 J 



i>[) &l . . . dj_l 

Si S 2 . . . Sj 



"j-l °J 



"y-2 



y = ii 



$1 S2 



1 * 



. S2/-4 S 2 y_ 3 
. ^'- 2 a!' -1 



the value of yj being so far arbitrary. It appears therefore that 
the coefficient of the highest power of * in Rj differs by this 
multiplier only from the determinant (s S2*« • • • . «2./-2)- We 
proceed to show that the sign of jj is positive. For this purpose 
we make use of the following relation connecting the successive 
values of the functions R and A : — 



A k ^R k - RuiA k 3 f{x). 



(2) 
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To prove this ; substituting for Bk^Bk, -R*-i their values in 
terms of A and B in the relation B k+i = QkRk - Rk-u we derive 

Ak+i = QkA k - Ak-u B k n = QkBk - Bk-i ; 

by aid of which we readily obtain the following relations con- 
necting the successive functions: — 

Ak^Bk - A k B k+1 = A k Bk-i - Ak-iBk = . . . = AiB - A Bi = - 1, 
A k+l B k - A k Bk + , = AkRk-y - Ak-iBk = . . . = A^ - A a B t =/(*), 

in which R, = /(«•), B =/(*). 

Now, comparing the coefficients of the highest powers of * 
in (2) ; observing that x n occurs only in A k uRk, and making 
use of the determinant forms above obtained, we have 

Jk+i (s a S 2 Si . . . Sik-2) Jk (So*2«4 • • • $2k-i) = 1 , 

or 747^+1 = (s *2*4 ■ • • Sik-z)' 2 - 

Also, calculating the value of B z in the ordinary manner, 
we easily find 

S o 1 X 

whence it is seen that the value of y 2 is — • 

S ° 
It follows, from the relation just established between any 

two successive values of 7, that y 3 , 74, . . . 7/, &c, are all positive 

squares, and therefore, finally, that »•«_;, the coefficient of the 

highest power of * in Bj, has the same sign as the determinant 

(•V2S4 . . . Sij-i). 

It should be noticed that there is only one way of expressing 
a function of x, of the degree n -j, in the form Af(x) - Bf{x), 
where A and B are of the degrees/ - 1 and/ - 2, respectively, 
and /(as) of the degree n ; for this function being in general of 
the degree n +j - 2, in order that it may reduce to the degree 
n -j, the 2/ - 2 highest terms must vanish, and this is exactly 
the number of undetermined quantities in A and B at our 
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disposal, since it is the ratios only of the coefficients we are 
concerned with. Sturm's remainders may therefore be obtained 
in this way with an undetermined multiplier. 

The functions Rj, Aj, and Bj are semicovariants of f{x), as 
may be easily seen by supposing f(x) transformed by the sub- 
stitution z = a x + «j before these functions are calculated. Their 
aotual expressions in terms of the differences of * and the roots 
can be readily inferred from the discussion in the following 
Article. 

204. Sylvester's Forms of Sturm's Functions. — We 
make use of the notation employed in the preceding Article, 
and propose to show that the Sturmian remainder JSj differs 
only by the positive factor yj from the function Vj- We have 

R j ^Ajf{x)-B i f{x) ) (1) 

where Rj = r + i\x + i\x % + . . . + r n _jX n ' j , 

Aj = X + XiX+ A 2 2 + . . . + Xj-iZJ- 1 , 

Bj = ft + fnx + fiitf + . . . + nj-iX'' 2 ; 

also from the value of r n _j above given we have immediately 

*W = Jj SV (ai, a 2 , a 3 , ... aj), 

showing that the leading coefficients in Rj and Vj differ only 
by the factor jj. We now proceed to prove that the last co- 
efficients in these functions differ only by the same factor. 
For this purpose, dividing the identity (1) by /(is), substituting 
in it from the equation 

f(x) xx* x 3 
and comparing coefficients, we find 

[Ho = AiS + A 2 Si + X 3 S 2 +.... + Aj-i Sj-2, 
fli = A 2 S + Xrfi + ....+ Aj-i Sj-3, 



«/-»= 



A/-1 s 
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Also, putting x = in (1), we have 

»'o = \Pn-\ ~ HoPn, 

and, substituting for ^o in terms of Xj, A 2 , A 3 , &c, 
- — = A s-i + X^o + X 2 S! + . . . + X/-i sj-2 ; 

Pn 

whence, giving to A , Xi, . . . A,-i the same values as in the 
calculation of r,,-j, we find 



>•„ = (- ly'pnjj 



S-i 






<j-i */-i s j • ■ 



Now, referring to the calculation of A,- in Art. 202, and put- 
ting p = 0, or v r = — , in the value of A,- there found, we find 
for the determinant just written the value 

"S* V ("n "» > «3» • • • <V) . 
aia 2 a 3 ... ay 

hence, giving ^>« its value in terms of the roots, we have 

r = (- l^'yySv («i, a2, a 3 , . . . ay) oy+i a/ +2 . . . a„, 

which was required to he proved. 

The first and last coefficients of Rj, when divided by yj, 
having been thus shown to be the same as in the form Vj, 
it follows that all the intermediate terms must be similarly 
related ; for, in the first place, Rj is a function of the diffe- 
rences of the quantities x, a u a% . . . a n , as may be seen by 
transforming f(x) before calculating Rj by the substitution 
s = a x + «!, as in Ex. 3, Art. 99. When this transformation 
is completed, every coefficient in Rj, as well as z, is a function 



Examples. 



187 



of the differences ; consequently Rj is a semicovariant, and 
satisfies the differential equation 

d d d d \ _ . dRj 

-T-+ -r-+ -7- + ...+ — ) Rj = Q, or — -' - DRj = 0, 

dx da x da 2 da„J dx 

and therefore, as is proved in Article 164, all the coefficients 
may he obtained from the last by a definite law. The same 
conclusions plainly holding also for the function Vj, it is 
therefore proved, finally, that 



Examples. 

1. Using the notation of Arts. 203, 204, prove that the quotient of Aj by 7/ can 
be written as a symmetric function involving x and the roots ; e. g., 



A 



- = 2 (0- 7 ) 8 (7- «) 2 («- 0) 2 (*- «) (*- /3)(*-7)- 



2 . With the same notation prove that 



Bj = t,- 



S;-2 8,-1 Sj 

Ti 7s 



2}-i 



where Tj = s 3tf' _1 + siay'- J + «2:&r 3 + . . . + 5,-1. 

3. With the same notation, and denoting by V„ 

2 ( x - «!■) (#1 + "Xi + C?X3 4 . . . + a"- 1 X n ) % , 



prove that the discriminant of Vj may be determined by the equation yjhj = Aj, 
and show directly that if Aj = for a certain value of *', Aj-i and Aj,\ have 
opposite signs for the same value of x. 

Note. — Hermite's theorem holds when a r - p is changed into (or - p) m in the 
enunciation on p. 179, m being any odd integer, positive or negative. 
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Section III. — Miscellaneous Theorems. 

205. Reduction of the Quintic to the Sum of Three 
Fifth Powers. — This reduction can be effected by the solu- 
tion of an equation of the third degree, as we proceed to show. 

Let 

[a , (h, a z , « s , «4, « 5 )(«, yf ^b,(x + fry) 5 +h{% + fry)* + b 3 (x + fry)", 
where /3i, ]3 2 , j3 3 are the roots of the equation 
p 3 x 3 + piX* + pi% + p = 0. 

Now, comparing coefficients in the two forms of the quintic, 

a = b 1 + b 2 + b 3 , «! = &!j3i + b 2 j3 2 + b 3 (3 3 , 

a, = b^ + J 2 j3 2 2 + b 3 (3 3 % a 3 = Ji/3i» + 6 2 j3 2 3 + hfr 3 , 

a< = S./3, 4 + h^ + b 3 j3 3 \ a, = bfif + b 2 fr 6 + J 3 j3 3 6 ; 
whence 

p a + P& + p 2 a 2 + p 3 a 3 = 0, 

^o«i + i?i« 2 + PA + lhOi = 0, 

Ptflt + Pi(t 3 + jo 2 a 4 + p 3 a s = 0. 

When these equations are taken in conjunction with the 
equation 

Pa + PiX + p 2 X % + p 3 3? = 0, 

we have the following equation to determine j3i, ]3 2 , j3 3 : — 



(ii 



a 3 



x' 
a 3 



= 0. 



a% « 3 «i « 5 
Also, bi, b 2 , b 3 are determined by the equations 
bi +h + b 3 = a m 
*i/3i + b 2 fi 2 + b 3 fi 3 = «„ 
bfif+b$.? + Z>,j3 3 2 = « 2 ; 



Quartics Transformable into each other. 189 

whence the question is completely solved when /3i, /3 2 , /3 3 are 
known. 

This important transformation of the quintie is a particular 
case of the following general theorem due to Sylvester : — 

Any homogeneous function of x, y, of the degree 2n - 1, can be 
reduced to the form 

h [x+fry)™- 1 + h (x + Ptf)**- 1 + ...+b n (x + fi n yY n -> 

by the solution of an equation of the n ih degree. 

The proof of the general theorem is exactly similar to that 
above given for the case of the quintie. 

206. Quartics Transformable into each other. — We 

proceed to determine under what conditions two quartics can be 
transformed, the one into the other, by linear transformation. 
Let the quartics be 

U = (a, b, c, d, e) (x, y)' s a (x - ay) (x - (3y) (x - y y) (x - By), 

V =;(«', b', c', d', e') (x\ yj = a' {x'~ a'y) (x' - $'y') (x' -y'y') (x'~ ty) ■ 

and if they become identical by the transformation 

x'=\x + fiy, y' = \'x + fx'y, 

we have, by Art. 38, 

(/y-zxa'-r) w-aw-v) (*'-P)(y'-V) 

(j3-y)(a-S) ' (y-a)(0-S) ' [a -P){y-B) ' 

showing that the six anharmonic ratios determined by the roots 
must be the same for both equations. 

From these equations we have also the following relations 
between the invariants of the two forms : — 

I'=r% J'=r>J; (1) 

whence 

jn p 
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P 

The quantity -= being absolutely unaltered by transforma- 

tion when the quartic is liuearly transformed, is oalled the 
absolute invariant of the quartic. The condition expressed by 
equation (2) is, therefore, that the absolute invariant should be 
the same for both quartics. The condition here arrived at 
agrees with the result of Ex. 16, p. 148, Vol. i., where it is proved 
that the sextic which determines the anharmonic ratios of the 
roots involves the absolute invariant, and no other function of 
the coefficients of the quartic. We may refer to Art. 197 for 
an illustration of what is here proved, the quartio as there 
transformed having the same invariants and consequently the 
same absolute invariant as a quartic of the form W + mH x . 

The conditions expressed by the equations (1), (2) are 
always necessary ; but not always sufficient, as we proceed to 
illustrate by two exceptional cases. 

Suppose, in the first place, 

U=u 2 vw, V=u' z v' 2 , 

where u, v, to, u', »', are of the linear form Ix + my. 

. . I 3 I' 3 . 

Although the condition -~ = -jt 2 is satisfied in this case, the 
J J 

common value of these fractions being 27, it is impossible to 
transform TJ into V, since it is impossible to make vw a perfect 
square by linear transformation. 

Secondly, if U= u% P-m"; 

although the equations I' = t A I, J' = r 6 J are satisfied, since 
I' = 0, i" = 0, J' = 0, J = 0, it is nevertheless impossible to 
transform U into V. 

In both these cases it would be impossible to identify the 
six anharmonic ratios depending on the roots of the quartios. 
In general, it may be stated that it is impossible to transform 
one quantic into another by linear transformation when any 
relation exists between the invariants of one of them which 
does not exist between the invariants of the other (see Clebsch's 
Theorie der Binaren Algebraischen For men, Art. 92J. 
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207. Number of Absolute Invariants of any Knan- 

tic. — "We proceed now to examine how the number of absolute 
invariants of any binary quantie is connected with the number 
of ordinary invariants, and how far a limit can be determined 
to either of these numbers. Transforming the quantie 

(a , «i, «„, . . . a„) (x, y) n 
by the substitution 

x = \X + nY, y = \'X+fi'Y\ 
if the new form be 

(A , Ai, A % . . . A n ) (X, Y) n , 

we have by the comparison of coefficients n + 1 equations 
expressing A , A u . . . A„ as follows : — 

A""'/4 



A 


= (a , a x , a* ... a„) (A, X') n , . . . Aj = -^ 




4 M = («„, «j, « 2 , • • • «n) (ju, /*')"• 


where 


A - X i +X '^ r «- 1 - 2 ' 8 -^ 



(o) = 1- 

Now, eliminating X, ^u, X', ju', we obtain, among the new and 
old coefficients, n - 3 independent relations ; but if (A// - A'/x) be 
admitted when X, ft, X' // are excluded by elimination, we must 
add the equation X// - X'fi = Mto the n + 1 equations already 
obtained, making re + 2 in all ; and when the elimination is now 
completed, we have n - 2 independent relations. It may be 
inferred from our previous investigations that these relations 
are of the form 

<j> r {A 0) A x , A t , . . . A„) = M>fa [a m a x , a 2 . . . a„), (Art. 171) 

and we have therefore n - 2 independent ordinary invariants 
fa, fa, fa ■ • ■ (pn-i- Eliminating M we obtain, as above stated, 
n - 3 relations connecting the two sets of coefficients, and this, 
therefore, is the number of independent absolute invariants. 
It is not true in general that every invariant can be expressed 
as a rational function of the invariants fa, fa, fa . . . fai_ % ; and, 
consequently, we have not obtained a superior limit to the num- 
ber of independent ordinary invariants by this investigation. 
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208. Number of Semln variants of a Quantic. — Every 
seminvariant can be expressed rationally in terms of a and 
n - 1 functions of the coefficients whioh are either invariants or 
seminvariants. For, removing the second term from the equa- 
tion 

U n = (« , «i, « 2 , . . . a n ) [x, l) n = 0, 

the new coefficients are easily obtained by substituting for h 

its value — - (Art. 35). As these coefficients, when divided by 

a , are symmetrio functions of the differences of the roots, they 
must be invariants or seminvariants when multiplied by a power 
of a ; also every other symmetric function of the differences of 
the roots must be a rational function of the same quantities, 
but not necessarily integral when multiplied by a " ; conse- 
quently we have not obtained any superior limit to the number 
of independent seminvariants (or, which is the same thing, 
covariants) by this investigation. It has been proved, how- 
ever, by Gordan that the number of seminvariants of any 
quantic is finite. 

As an illustration of the preceding, we give the values of 
A 2 , A s , Ai, A 5 , A e in a reduced form — 

a A t = H, a<?A 3 = G, a*A s = a u "I - SH\ (Art. 37) 

a£A s = a 2 F-2GH, 

aJAt = 45.ff 3 - lba 2 HI + 10 G 2 + afl*, 

where F = ff 2 « 5 - 5fl «i«4 + 2a a 2 a 3 - %a^ + 8ch 2 a 3 , 

1% = «o«0 - 6«jff 5 + 15«3tf4 - 10«/, 

F being a seminvariant, and I 2 an invariant of the sextic U 6 . 
(Exs. 4, 6, p. 103). We have, therefore, proved that every 
seminvariant of the sextic can be expressed in the form 

a - r V(a ,F, G,E,I,I,), 

where * is a rational and integral function ; and, consequently, 
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every covariant when multiplied by a power of U 6 may be 
expressed as follows: — 

V{U e , F„ G x ,H xt I x ,I % ). 

We conclude with the following important observation : — 
When a rational and integral function of several seminvariants is 
formed so that the result is divisible by a , a new seminvariant is 
obtained ivhich is considered distinct from the others. 

209. Hermite's law of Reciprocity. — Theorem. A 
quantic (« , a u . . . a n )(x, y) n , of degree n, has as many covariants 
of the order ot in the coefficients as a quantic (a , a u . . . aj) (x, y)", 
of degree ot, has covariants of the order n in the coefficients. 

This theorem can be shown to depend on Cayley's theorem 
(Art. 165) as to the number of distinct seminvariants of given 
order and weight of any quantic. When for a quantic of the 
n th degree an integral homogeneous function of the coefficients 
is formed containing all possible terms of order -m and weight k 
which can be made up out of the coefficients a , a 1} a 2) . . . a n , it 
can be proved that there will be exactly the same number of 
terms in the corresponding expression, of order n and same 
weight k, which can be formed for a quantic of degree ot from 
the coefficients a , a y> a 2 , . . . «„. For this purpose Mr. Ferrers has 
employed a mechanical method of transformation term by term, 
which will be readily understood from a particular application : — 
Let us suppose that an expression of order 8 and weight 22 
of a quintic contains the term a-^a^aia^ (which we write 
a^a^a^a^aiaia^ ; and let the weights of the successive factors be 
represented by points arranged horizontally as follows : — 



If now the points be counted in vertical in place of horizontal 
vol. H. ° 
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order we obtain the term as^ay^u of order 5 and weight 22. It 
is clear that two terms thus derived from one another have always 
equal weights, since the total number of points counted in both 
cases is the same. We see therefore that to any term of order 8 
and weight 22 derived from the coefficients of a quintic corre- 
sponds a term of order 5 and weight 22 similarly derived from 
the coefficients of an octavic ; this relation is reciprocal, so that 
for each term of either function there exists a corresponding 
term of the other, and if one list of terms be complete, the 
derived list must also be complete. In applying this transfor- 
mation it must be observed that if the term to be transformed 
does not contain the coefficient with highest suffix of the corre- 
sponding quantic, the order of the derived term will be deficient, 
and the factor a with proper index must be supplied, this of 
course not affecting the weight. It being clear, then, that two 
corresponding expressions thus derivable from one another 
contain the same number of terms, we may represent this result 
by the notation 

N{ia, k, n) = N(n, k, zs). 

The same is true for similar functions whose weight is one less 
in each case. We have therefore 

N{ts, k, n) - N{™, k - 1, n) = N{n, k, -a) - N{n, k - 1, w), 

from which, if Cayley's theorem (p. 104) be assumed, it follows 
that the number of semin variants of order -a and weight k which 
can be made up out of a , a u a 2 , . . . a n is equal to the number 
of order n and weight k which can be made up out of 

ff ot (li) ct Z) . . . &&• 

Hermite's theorem as to covariants follows immediately, 
since the corresponding seminvariants can be taken as leading 
coefficients of covariants ; and, moreover, since nix - 2k = zm - 2k, 
the degrees of two corresponding covariants are equal. As a 
particular case, also, we see that to an invariant of one quantic 
corresponds an invariant of the other. 
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Examples. 

1. Show that the terms written with literal coefficients which occur in the 
resultant of a cubic, by the transformation above described, supply the literal terms 
of the cubic invariant of the quartic. 

2. From the semiuvariant of a quintic in Ex. 4, p. 103, derive the literal 
terms of the corresponding seminvariant of a cubic ; and show that to the quintic 
covariant of the former corresponds the product of H x and 6 X of the cubic. 

3. Show that quantics of the degree 1m alone have invariants of the second 
order in the coefficients. 

For the only invariants of a quadratic are of the type A'", whose order in the 
coefficients is 2m, A being the discriminant. 

210. Reciprocal and Orthogonal Linear Transfor- 
mation — C Jontra variants. — When the coordinates of a point 
are transformed by a linear transformation, the tangential co- 
ordinates of a line and the operating symbols — , — , — are both 

Q/OC' CfU Ct% 

transformed by the same new linear transformation, which is 
said to be reciprocal to the first. 
Let the linear transformation be 

x = ciiX + bi Y + dZ, ' 

y = a 2 X + b 2 Y + c 2 Z, L ; (1) 

z = a s X + b 3 Y + c z Z , 

whence any line \x + fiy + vz becomes by transformation 
LX + MY + NZ, where 

L = «iX + « 2/ u + a 3 v, ' 

M^h\ + hfi + b 3 v> L ; (2) 

N =■■ c^ + c 2j u + c 3 v , 

d d dx d dy d dz 
dX = dxdX~ + dydX + ds dX' 

. ,,, ,. . dx dy dz ., . , 
or, substituting tor —=, -—, —^ their values, 



d 




d 




d 




d 


dX~ 


«i 


dx 


+ a. 


dy 


«3 


dz 



O 2 
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and similarly 

d , d , d , d d d d d 

-rj? = o l —- + b i — +o 3 —, -j~ = c, — + c 3 -5- + c 3 -r- ; 
ofF rf/ rfy tfs rfZ <fo % dz 

whence L, M, IV and the symbols -=., —=,, -jf, follow the same 

dJL dx d£ 

laws of transformation, and consequently A, ju, v and — , — , — 

also ; in fact from equations (2) this transformation is 



AA 


= A l L + B 1 M + CiN, 


A,x 


= A 2 L + B 2 M + C 2 N, 


Av- 


= A 3 L + B 3 M + C 3 N, 


fii), 


Ai = — , Bi = — , &c. &c. 

da^ db x 



where A = 

This linear transformation is said to be reciprocal to the 
transformation (1) whose modulus is A, its coefficients being 

1 dA 1 dA 1 d,A . 

- — — CSLC 

A dcti A dW A dc, ' ' 

The variables x, 11, z, and — , — , — are said to be contra- 

dx dy dz 

(jredient to each other, for a linear transformation of x, y, z leads 

to a linear tranformation of the symbols — , — , — , which, 

dx dy dz 

although not the same, is connected with the first in the manner 
already explained. 

We next define " orthogonal " transformation. If, in the 
equations (1) above written, we have among the coefficients the 
relations 

a? + a 2 +a 3 =\, h* + b 2 + b 3 * = 1 , Ci 2 + c 2 2 + c 3 2 = 1, 

chbi + a 2 b 2 + a 3 b 3 = 0, a x c x + a 2 e 2 + a 3 c 3 = 0, b^+bA+b^ = 0, 

the transformation is said to be orthogonal. These conditions 
are fulfilled, for example, by the direction-cosines which enter 
into the relations between the coordinates of a point referred to 
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two different sets of rectangular axes in solid geometry. Tn 
such a transformation it is clear that we have the relation 

x % + y 2 + z 2 = X 2 + Y 2 + Z\ 

and that the new variables are expressed as follows in terms of 
the old : — 

X = «!» + a % y + a 3 z, Y = b x x + b % y + b s z, Z = c x x + c 2 y + c 3 z. 

Also, if the modulus of transformation written as a deter- 
minant be squared, each of the elements contained in the 
principal diagonal is equal to unity, and all the other elements 
vanish. 

These results can be readily extended to any number n of 
variables, in which case there will be \n (n + 1) relations among 
the coefficients of transformation. 

It is easily seen that, in the case of an orthogonal transfor- 
mation, — , — , — are cogredient with x, y, z. 
ttx u/y ctz 

We conclude with a definition of " contravariants," confining 
our attention, for simplicity, to the case of three variables. 
When a quantic in x, y, z is transformed, any function involving 
the coefficients of the original quantic, together with other 
variables which are transformed by the reciprocal substitution 
above explained, is said to be a contravariant if it differs only by 
a power of the modulus of transformation from the corre- 
sponding function of the transformed coefficients and variables. 
The condition, for example, that a line \x + fxy + vz should 
touch a conic given by an equation in trilinear coordinates is 
a contravariant. The theory of contravariants can be included 
under that of invariants by considering the combined system 
composed of the given quantic and \x + fiy + vz. 

It may be observed that in the ease of binary quanties 
contravariants and covariants are not essentially distinct (see 
Salmon's Higher Algebra, Art. 140). 
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Miscellaneous Examples. 

1. Every quantic of an odd degree has a quadratic covariant of the second 
order in the coefficients. 

For every quantic of an even degree has an invariant of the second order in the 
coefficients (Art. 177), which may he written in the form V D (U) or (1, 2)» UiUi ; 
and this invariant of the quantic whose degree is 1m will be a seminvariant of one 
whose degree is 2m + 1 = n. The covariant therefore which has this seminvariant 
as leader will be a quadratic, since MB — 2/c = 2, k being = » — 1 and zs = 2. 

2. Every quantic of an odd degree 1m + 1 =n has a linear covariant of the 
degree n in the coefficients when n is greater than 3. 

For if I(x, yY be the quadratic covariant of the preceding example, we have 

2™ ( U) = Z x + Ziy, 

a linear covariant, the order of Xo and L\ being n. It is here assumed that Lo and 
ii are not identically zero, as they are for the cubic. 

3. Every quantic of an odd degree has an invariant of the fourth order in the 
coefficients of the form A a a„ z + 1Aia„ + Az. 

The discriminant of I(x, y) 2 is the required invariant. 

4. Every quantic of odd degree n has a seminvariant of the third order in the 
coefficients which is the leader of a covariant of the n' h degree. 

For, differentiating with regard to «,, the discriminant obtained in the preceding 

example, we have, for the resulting seminvariant, OT = 3, k — », and consequently 

dA . 
p = n-us - Ik = n, which is therefore the degree of the covariant of which 3— 13 

the leader. 

The series of seminvariants obtained in this way for the odd quantics is impor- 
tant, the order in the coefficients being low. 

5. Quantics of the degree im have invariants of the third order in the coef- 
ficients. 

Forcubics have invariants of the type A" 1 , of the order 4m in the coefficients, 
A being the discriminant. This and the next four examples are immediate 
deductions from Hermite's Law of Eeciprocity (Art. 209). 

6. Quantics of the degree ra have as many invariants of the fourth order as 
there are solutions in positive integers of the equation 1p + 3q = CT. A quintic, 
for example, has one, a sextic two, a septic one, an octavic two ; and so on. 

For quarries have invariants of the type IpJi, which is of the order 1p + 3q = -^ 
in the coefficients. 

7. Every quantic of the degree 1p + q has a covariant of the second order in 
the coefficients. In particular, when q= 1, every quantic of odd degree has a 
quadratic covariant of the second order in the coefficients (cf. Ex. 1). 

For quadratics have covariants of the type A? U7.1, which is of the order 2p + q 
in the coefficients. 
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8. Every binary quantic of an odd degree greater than 3 has a linear coyariant 
of the fifth order in the coefficients. 

For a quintic has an invariant 7i of the 4th order, the discriminant of I x , also 
covariants of the 5th and 7th orders, viz. L x (Ex. 2) and M x s ZdI x ; from these 
we form the covariants IiP~ l L x , of order 4p + 1, and IiP^M,, of order 4p - 1 ; 
but every odd number is of the form ip + 1. — Heemite. 

9. Every quantic of the degree 4p + 2 has a quadratic covariant of the third 
order in the coefficients. 

For a cubic has a quadratic covariant of the type A^-Hz, of the order 4p + 2 in 
the coefficients. 

10. When the quintic («o, «i, «2, «3, «4, #5) (x, «/) 5 has a triple factor, prove that 
the covariant I x is a perfect square, and the covariant J x a perfect cube, the linear 
factor being the triple factor of the quintic in both cases. 

11. "When the quintic has two double factors, the remaining factor is a single 
factor of J x . 

12. If X7 X = («o, «ii «2, • • ■ «n) (x, «/)", prove that the resultant of JJ X and the 
covariant G x is the discriminant of U cubed ; that is, S ( U x , G x ) = A 3 ( V x ) ; and 
prove also M(U X , H x ) = A 2 ( Pi) . 

Express H x and O x in terms of the semicovariants Co, J7i, . . . V„.i, U. 

13. If ?7 and V be two cubics, express Up V % in terms of their combinants 
P and Q. 

14. When the quintic has a triple root, the following symmetric functions of the 
roots vanish : — 

2 (ai - mY V (03, 04, as), 2 (01 - c«) 4 V (tt3, «4, as). 

15. Transform two given quadratics in x, y to the forms 

au 2 + 5» 2 , «'« 2 + i'v 2 , 
where u and v are linear functions of x and y. 

16. If the coefficients of three quadratics 

«i:t; 2 + "b\xy + ciy*, aix 2 + Ibixy + e%tf, a%%' 1 + ' 
be connected by the relation 



= 0, 



prove that they may be reduced by linear transformation to the forms 

^iZ 2 + cr 2 , MX* + tf 2 r 2 , a 3 x* + e 3 r 2 . 

The determinant here written is the condition that the three quadratics should 
determine a system of points or lines in involution. 



«1 


h 


CI 


02 


h 


02 


«3 


h 


C3 
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17. To reduce two quadrics in three variables to the sums of the same three 
squares with proper coefficients. 

Let U= ax* + ty 2 + cz % + 2fyz + Igzx + 2hxy, 

V=ai.v i + % 2 + C1Z 2 + 2fiyz + 2g x zx + 2h x xy, 

dF 



dF Z _,*F. 
die' Y -*dy' Z_ *& 



F(x,y,z) = KU+V, X 

We have then identically 

\a + fli Ah + hi Ag + gi X 

! Ah + hi Ab + h Af + fi ¥ 

A M Ag+gi A/+/i W + fli £ 

Z r Z 



J=- 






where A (A) is the discriminant of AU + F; and * (A) is a. function of the 2nd 
degree in A, the symbols X, ¥, Z being retained in it for the present, and not 
replaced by the values involving A. 

Eesolving into partial fractions, we have 



*(Ai) 



#(*.») 



*(As) 



A'(Al) A - Al A'(A 2 ) A - A 2 A'(A 3 ) A - A% 



(1) 



in which $ (Ai), *(A 2 ), * (As) are all perfect squares, since they are obtained by 
bordering the vanishing determinants A (Ai), A (A 2 ), A (A3). (Art. 149.) 

Now, replacing X, Y, Z by their values, aTIi + Vi, &c, *(Aj) is easily re- 
ducible to the form 



(A- 



Aj« + «i Ajh + hi Ajg + gi TJ\ 

Ajh + hi Ajb + bi Ajf + fi Vi 

^■jg+gi Ay/+/i AjC+ci Ut 

m <7 2 m 

where j = 1, 2, or 3, and iij is independent of A. 
Substituting these values in (1), we find 



:(A-A,f «,*, 



MT+ F S (A-Ai)— - +(A- 
A(Ai) 

Equating the coefficients of A, we have 

1,2 



A2) -77—: + (A - A3) -77—- • 
' A'(A 2 ) V ' A'(A 3 ) 



_._ Ui' «2" iO' 5 

~A'(Ai) A'(A 2 ) A' (A3)' 



FsA, 



which was required to be done. 



«r wr t<3 

A 77 ^) + ^ A 77 ^") + A3 A^aI)' 
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It is to be observed that this problem has only one solution. The mode of 
reduction here given is due to Darboux ; and is plainly applicable whatever be the 
number of variables. 

18. Prove that two cubics can, in general, be transformed one into the other by 
linear transformation. 

19. Express three cubics, XJ, V, W, by means of three cubes. 
Assuming 

\XJ + pV ' + vW = (x - py)\ (1) 

and comparing coefficients, we have 

\a\ + ju«2 + v<t$ = 1, 
Kbi + ufa + vfa = - p, 



\di + pdi + viz = - p 3 . 
These equations, by eliminating A, /i, v, give three values ol p, and corresponding 
values of A, p, v : in this way we obtain three equations of the form (1) to deter- 
mine XT, V, W in terms of 

{x - piy) s , (x - p 2 yf, {x - p 3 y) 3 . 
It is easy to see that p is given by the equation 

a\p + Si azp + fa asp + fa 

fap + ci fap + c-i fap + c 3 =0. 

Cip + d\ c 2 p + di Czp + dz 
A similar method may be applied to express n quantics of the »"' order in terms 
of n n th powers. 

20. Prove that the three roots of a cubic may be expressed as 

x,, 6{n), B*{xi), 
where 

Ix + m , , , . 

S (x) = -, and 3 (x) = x. 

v Ix + m" v ' 

From Art. 60, putting i J- — = K, where e = 1 or - 1, we derive 
2 ^ 3 

K(0 -y)= my + Ki(B + y) + Si, \ 

K{y - a) = Sya, + Si (y + a) + S % , \ (1) 

JT(a - P) = SaP + Si(a + /}) + S 2 . J 
These homographio relations between the roots may be written in the form 
fi = 8(y), 7 = 8(a), « = «({); 

■where the numerator and denominator in are supposed to be divided by IK ; and 
this being done it will be found that I, m, I', tri are connected by the relations 
lm' — I'm = 1 = I + »«', and the roots a, y, ;8 may be represented as a, 6 (a), 8"- (a) ; 
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8 3 (o) being equal to a. It is important to observe that the equations (1) are con- 
sistent, the sum of the expressions on the right-hand side being zero ; that is to 
say, if must have the same sign in all three, any other combination of signs being- 
inadmissible. 

This example is a particular case of a general theorem of Abel's, viz. — If the 
on roots of an equation of the m' h degree are a, (a), 6 2 (a), . . . B m ~ l (a), where 9(x) 
is a rational function such that when the operation is repeated m times 6<" (z) — x, 
then the solution requires only the determination of a primitive root of *"' -1 = 
and the extraction of the »»"' root of a known quantity. 

21. Given a binary cubic Cand its Hessian H x , the cubic being satisfied by the 
ratios x : y and x" : y'; prove that 

, dB x , dBr 

1 ' '" ~dx +y Hy~ 

is an absolute constant, A being the discriminant of IT. 

This expression is absolutely unchanged by linear transformation, since 

H. v ,r=M*H„ y , A' = i/«A, 
and 

: V 



x r 

x' r 



i 

M 



x 1 



-v, d -,„ d , d , d 

X'—+ r -_ = *' — + y' — ■ 
dX dx dx dy 



Reducing P"to the sum of two cubes by a linear transformation whose modulus 

= 1, the constant may be easily shown to be — ■ This is another form of the 

V-3 
homographic relation of Art. 60. 

22. Prove that a rational homographic relation in terms of the coefficients 
connects any two rational functions of the same root of a cubic equation ; but 
that the relation is not rational when the roots are different. 

23. Transform the quartic 

(a, b, o, d, e) (x, l) 4 

into one whose invariant /shall vanish. 

Assuming y = x 1 + 1t\X + (, 

and making the invariant / of the transformed equation vanish, we have 

2( P 2-P3) 2 0?>-P,) 2 = 0, (1) 

where <p is a known quadratic function of ?j, not involving f. 
Expanding (1), we have 

I<f - 3/0 + *- = 0, 

which determines (p, and consequently -q, by means of a quadratic equation ; and £ 
may have any value. 

By a similar transformation / can be made to vanish. 
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24. Prove that the most general rational transformation of a quartic f{%) may 
be reduced to the transformation 

P { Q 
p - X q — X 

When P=iS/(^) f(q), and Q = - Sf(q) f'(p), show that the second term of 
the transformed quartic is absent. 

25. Prove that the transformation 

ax 1 + 2/33 + y 
V ~ aix 2 + 1$\X + 71 

may be accomplished by the three successive transformations — (1) a nomographic 
transformation ; (2) a transformation of the roots into their squares ; (3) a homo- 
graphic transformation. 

26. If p be any integer, prove that 

( *; p -*y-*f ) = * + (*** + **) *. 

(»1 - *2) (#3 - «l) 

where 2o and 2i are symmetric functions of *i, %, »3, as* ; prove also that 

(tf> (si) - ft (iea)) Mas) - ft (^4)) _ 2o 4- Si (gutfe + xaXi) 
(if (iti) - l(( (%)) (if (* 3 ) - if< (si)) ~ 2' + 2'l {3>lX% + £s«l)' 

where 2o, 2i, S'o, 2'i are symmetric functions of »i, £2, £3, #4. 

27. If ft (*, 2/) and if (a, */) be two covariants of the binary form 

TJ= («o, «i, «2, . . . «») (0, J/)" 
of the degrees p and j, respectively ; and if 

r \ ff <fy q dx I 

be expanded in the form 

<P" , Ti, T 2 r,)(Z, T)p; 

prove that Fo, Fi, Vz, . ■ . ■ V p are covariants of V. (Hermite.) 
Expanding, the coefficient of X*~J Y> is 



(- 1)3 /dxf, d _ *f d_\J 
1 . 2 . 3 . . . j \dy dx~ dx dy) 



The modulus of this transformation of ft is if (x, y). 

28. When in the preceding example n = 4, and <p{x, y) and if (#, y) are replaced 
by U, find the values of V , Vi, V2, Pi, V t . 

Am. 17(1, 0, S x , <?*, IJ7 2 - 3X* X ) {X, T)*. 
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29. Prove for two cubics CTand V 

-On Dn -Dsi 
Q 2 = 16 Dn Dm J) 3 2 

D13 Z>23 2>33 

where D n , -D12, &c, are the invariants of the three Hessians, and Q has the same 
signification as in Art. 191. 

30. Eliminate x 1 from the equations 

z = (atfc + «i) x + (aox"' + Saix' + 2«2) y, {ao, «i, as, as) (x', I) 3 = 0. 

Ana. z 3 + SSxypZ + G x , v = 0. 

31. Transform the quadric («, b, c,f, g, h) (x, y, z) 2 to X, T, Z, where 

X = a\x + 0i2/ + 712, Y = 0.1X + j8 2 j/ + yiz, Z=a 3 x + fay + 73Z. 

Am. nn 1112 1113 X 

1121 1122 1123 y 
nsi 1132 1133 z 

X Y Z 

where n ( ,3 J 4t W y + Bft/3,+ GVw + F($iyj + ft- 7i ) + t?(7;ey + a i7j ) + M{aiPj+ aj &i), 
and A, B, 0, F, 67, M are the coefficients of the tangential form of 
(a, b, c, f, g, h) (x, y, z) 2 . 

32. Prove that the quartic (a, b, e, d, e) (x, y)i may be transformed into 
k n (4£ 3 - Itf + ,7V, 3 ) 

l = lx + niy, r> = x- Sy, 
where u, 0, y, S are the roots, and 

12J = - 3 (« - 5) (0 - B), 12»* = 2c (0 - 5) (7-8), 
and h is a function of o, $, y, 5. 

33. When U* is » quartic, and H x its Hessian, prove that the factors of 
V,H V - UyH x are x-y, and the three quadratic factors of G x (Art. 182) when 
xy replaces x 2 , and x + y replaces 2x. 

_ 34. Prove that all quartic covariants of U x whose roots are rational functions 
of the roots of XI X are included in the formula 

0>« + W - 1J 9 + A-/ 2 ) TJx - (V -Ip + J) S x . (Mr. Russell.) 
How is this example connected with the preceding P 



by the substitution 
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35. Prove that %— - + ^— £ + %— 1 is a factor of I* U x - 16JR X , 



o- a 5-/3 ' 8-7 
where U x s (*- 0) (x- 0)(<e - y) (x - S). 

36. If Pi and J^'j be two quartics which have the same absolute invariant, 
prove that 

H'XzU't-rjE'fV, 

may he resolved into four factors of the form 

AjXl + Bjx + Cg + Dj. (Mr. Russell.) 

37. If the leading coefficient of a covariant involve the coefficients of several 
quantics in the orders Wi, -512, . ..s, and -weights k\, kj, . . . k t , the degree of 
the covariant is 

wioti + M2OT2 + . . . + n/m r — 2 («i + «2 + . . . + K r ). 

38. If for every difference a? — a q , in the formation of a seminvariant <j> of an 
equation Z7= 0, -we substitute 

(a p - a q ) 



U 



(% - ap) (x — a q )' 



prove that the result is the product of 'the covariant whose leader is <^by Z7*-b 
where zs is the order and k the weight of <j> . 

39. When D"is a quintic, what are the invariants of the quartic emanant 



Ans. The quadric and cubic co variants I x and J x . 



40. Give the relation connecting the covariants S x , G x , I x , J x , of any quantic U. 

Ans. - GJ* = iS x 3 - U>M X I X + Z7V*. 

41 . Show how to transform a quantic of an odd order so that all the new coef- 
ficients shall be invariants. 

Ans. Take two linear covariants for the new X and T. 

42. Find the relation which connects the coefficients of two quartics when their 
roots are connected by the relation 



= 0. 



1 


u 


a 


ad 


1 


a 


& 


M 


1 


7 


i 


77 


1 


s 


5' 


55' 



s. I V' 2 - /V» = 0. 



(Cf. Ex. 13, p. 54; and 13, 14, p. 119, Vol. 1.) 



206 Transformations. 

43. Transform a cubic XT into its cubic co variant G x by linear transformation. 
Making the transformation given by the equation 

x' — - + y' — - = 0, the result is AGs. 
dx dy 

44. Transform a quartic XT into itself by linear transformation. 
If 

U = A (s 4 + y*) + 1Bx 2 y 2 , 
the quadratic factors of the covariant G x are xy, x 2 + y i , x 2 - y 2 ; now making the 

dd> d<b , . „ 

transformation determined by the equation x — + y — = 0, where * is any one ot 
J dx dy 

of these three factors, XT is transformed into XT'. 

45. If three quadratics be mutually harmonic, prove that they may be reduced 
to the forms 

AX 2 + CY 2 , AX 2 - OT 2 , JBXY. 

46. If <j> (ao, tii, at, . . . a„) be a seminvariant of XT,,, prove that 
<p (Dao, Dai, Da^, . . . Da H ) 
is an invariant or seminvariant of XT n -i, where 

d d d 

D = «o 3— + 2«i -5— + . . . + na n .i -r— ■ 
aai aa2 da n 

Prof. Petersen. 

47. Form for a quintic seminvariants whose order is 4 and weight 8. 
The terms contained in the complete gradient* (?4,s are as follows : 

ao 2 «4 2 , «i 2 «2«4, ao«i«3«4, flo«r«4, «oW 3 2 , ai 2 az 2 , a\a% 2 az, ai l , ao 2 03«6, flo«i#2«5, «i 3 «s. 
Operating with D, and making DGi,s = 0, we find seminvariants of the type 

IS + ml 2 , 
where I has the usual meaning, and 

S = «0 2 «4 2 - 3«0«1«3«4 - 4«o«2 2 «4 + 4«offl2«3 2 + 5ffl 2 a2«4 + 2«I 2 «3 2 - 8«ia2 2 03 

+ 3« 2 4 - a 5 (« 2 «3 2 - 3«o«ifl2 + 2ai 3 ). 

48. Prove that the quadratic factors u, v, w of G x expressed in terms of the roots 
are unchanged when for x, a, $, 7, S their reciprocals are substituted and fractions 
removed by the multiplier (- 1) # 2 ai8yB. 

It appears, therefore, that aou, aov, a<sw may separately be regarded as covariants 
if the rational domain, which before included only the coefficients, be regarded as 
extended by the adjunction to it of the roots a, /3, y, S. 

* The term "gradient" is used to signify the sum of all possible terms of any 
assigned order and weight. 
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Section IV. — Geometrical Transformations.* 

211. Transformation of Binary to Ternary Forms. 

— We think it desirable, before closing the present chapter, to 
give a brief account of a simple transformation from a binary to 
a ternary system of variables, whereby a geometrical interpre- 
tation may be given to several of the results contained in the 
preceding chapters. The applications which follow in connexion 
with the quadratic and quartic will be sufficient to explain this 
mode of transformation ; and will enable the student acquainted 
with the principles of analytic geometry to trace further the 
analogy which exists between the two systems. 

Denoting the original variables, i.e. the variables of the 
binary system, by x a , y , we propose to transform to a ternary 
system by the substitutions 

x = * 2 , y = 2x y , z = y \ 

For example, taking the simple case of a quadratic whose 
roots are a, /3, viz., 

* 2 - (a + /3) X y + aft/o* = 0, 
and transforming, we obtain 

x - | (a + j3) y + a/3s = 0. (1) 

We have also the equation 

y 2 - 4zx = 0. 

This is the equation of a conic, which we call V, and (1) is 
plainly the equation of a chord of this conic joining the points 
a and /3, the point determined by the equations 

x y x 

T> = q1 = z > where = -, 

being referred to as the point tj> on the conic V. 

* See Quarterly Journal of Mathematics, vol. x., p. 211, 1869. 
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When a = ]3 the quadratic becomes (x - ay ) 2 , i.e- the square 
of a factor of the first degree ; also (1) reduoes to x - ay + a 2 s = 0, 
which is plainly the equation of the tangent at the point a to 
the conic V; whence the line corresponding to a quadratic with 
distinct roots is a chord of the conic V, this line becoming a 
tangent when the roots are equal. 

In further illustration of this method we oonsider the 
binary sextic and quintic, so as to show how the transformation 
is presented differently according as the degree of the quantic 
is even or odd. In the former case we have 

U = {x - a# ) {x - a 2 y ) (x - a 3 y ) (x - aiy ) (x - a 5 y (l ) (x - a 6 y ) , 

which becomes by transformation 

Cl2C 3 iC i6 , Ci 2 C 35 C ie , Cl2C3 6 C4 5 , 

or some other of the fifteen similar products of chords, where 
Cn = x - | (oi + <j 2 ) y + aia z z is the chord 1, 2 ; and o u , c 56 , &c, 
have a like signification. In the second case, viz. when the 
degree of the binary quantic is odd, we must square U„ before 
making the transformation. Thus, if ZT represents the pro- 
duct of the first five factors written above, U* becomes when 
transformed UUUtjis, where t 1 =x - my + a, 8 s is the tangent 
to Fat the point m, and t 2 , t 3 , &c, have a like signification. 

212. The Quadratic and Systems of Quadratics. — 

The only invariant that a quadratic has is its discriminant, 
and this is also an invariant in the ternary system, its vanishing 
being the condition that the line corresponding to the quadratic 
should touch the conic V. We now consider the system of two 
quadratics 

axf + 2bx y + cy 2 , a'x * + 2b'x y + c'y*, 

which for shortness we call L and M. 

When transformed these become two lines 

L = ax + by + cz, 31= a'x + b'y + c'z. 
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Now the condition that the line whose equation is XL + fiM= 
should touch the conio V is 

V (etc - b") + \fi (ac' + a'c - 2bb') + M 2 (a'c' - &' 2 ) = 0. (2) 

All the coefficients of this equation are invariants in both 
systems : we have already seen that this is true of the first and 
last coefficients, and the intermediate coefficient which is the 
harmonic invariant of the binary system is an invariant in the 
ternary system also, its vanishing expressing the condition that 
the lines L, M should be oon jugate with regard to the conic V. 
This equation determines the tangents which can be drawn 
through the point of intersection of L and M to the conic V. 
When this point is on the conic the tangents coincide, and the 
discriminant of the quadratic vanishes. Whence we obtain 
geometrically the following form for the resultant of two qua- 
dratics : — 

R = 4 (ac - J 8 ) {a'c' - b'*) - (ac' + a'c - 2bb'Y ; 

for if L, M, and V have a common point, the original quadra- 
tics must have a common root, and the condition is in each case 
the same. 

Again, the pairs of points or lines given by the equation 
XL + fxM = form a system in involution (cf. Art. 189), the 
double points or lines being determined by the equation (2) ; 
and in the ternary system the corresponding pencil of lines 
passing through a fixed point determines on a conic a system of 
points in involution, the double points being the points of con- 
tact of tangents drawn to the conic from the fixed point. 

If we oonsider next the three quadratics 

a l x^+2b l sc ( ,y + c 1 y^, a^ + 2b i x fl y a + c t tj \ a s x 2 + 2b 3 x i/ + c 3 y \ 

it is seen that the determinant («Ac 3 ) is an invariant in both 
systems, its vanishing being the condition in the binary system 
that the quadratics should form an involution (Ex. 16, p. 199), 
and in the ternary system that the three corresponding lines 
should meet in a point. 

VOL. II. p 
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As a final illustration, we consider a system of three qua- 
dratics connected in pairs by the harmonic relations 

ffi«2 + a 2 Ci - 26^2 = 0, &o. 

Transforming the quadratics, we obtain three lines X, T, Z, 
which form a self- conjugate triangle with regard to the conic V. 
The theorem relating to three mutually harmonic quadratics, 
viz. that their squares are connected by an identical linear 
relation (see Ex. 6, p. 134), is suggested by a well-known 
property of conies ; for V expressed in terms of X, Y, Z is of 

the form 

FhJ ! + Y 2 + Z 2 ; 

whence, restoring the original variables x 0) y , V vanishes 
identically, and X, Y, Z become the original quadratics, eaoh 
divided by a factor which may be seen to be the square root of 
its discriminant (see (1), Ex. 6, p. 135). 

213. The ftuartic and its Covariants treated geo- 
metrically. — It will appear from the remarks to be made in 
the next Articles that in applying the transformation now 
under consideration to the quartic U = (a, b, c, d, e) (x , y ) 1 , the 
term 6cx 2 y 2 will be replaced by 2cxz + cy 2 , so that the quartic 
will be replaced by the two following conies : — 

U = ax 2 + cy 2 + ez 2 + 2dyz + 2cz.v + 2bxy, 
V ^ y 2 - 4z.r ; 

the form of U here selected being connected with V by an 
invariant relation. The invariants of Cand Fare invariants 
of the original binary form, for the discriminant of U- pVis 

V -I P + J, 

and the invariants of the ternary system are 

A' = -4, e'=o, e = /, A = J; 

where I and J are the invariants of the quartic, the discri- 
minant of U - pV being written as usual under the form 
A - pO + o 2 0' - p 3 A'. 
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Let the conies U and V intersect in the points A, B, C, D, 
these points being determined by the equations 

x y 
0* = 2tf, = *' 
when (j> has the four values a, (3, y, S, the roots of the binary 
quartic ; and let the points of intersection of the common chords 
BC, AD ; CA, BD ; AB, CD be E, F, 0, respectively, where 
EFG is the triangle self-conjugate with regard to both conies. 
Now, denoting by (aj3) = the equation of the line AB, and 
using a similar notation for the remaining chords, we have by 
the theory of conies 
Z7- pi F=(0 r )(«8), U-p 2 V=(y a )m, U-p 3 V=( a p)(y%), 

where pi, p 2 , p 3 are the roots of the equation 4p 3 - Ip + J = 0. 

On restoring the original variables x 0> y in these equations, 
Vo vanishes identically, and we have TT resolved into a pair of 
quadratic factors in three different ways, depending on the 
solution of the reducing cubic of the quartic. Whence it 
appears that the resolution of a quartic into its pairs of quad- 
ratic factors, and the determination of the pairs of lines which 
pass through the four intersections of two conies, are identical 
problems, each depending on the solution of the same cubic 
equation. 

We now proceed to show that the sides of the common self- 
conjugate triangle of U, V correspond to the quadratic factors 
of the sextic covariant in the binary system. Since the side 
FG is the polar of E, the coordinates *', y of E are found by 
solving the equations (j3y) = 0, (a§) = ; we have, therefore, 

x' y' z' 

j3y{a + g) - aS Q3 + y) ~ 2 (/3y - aS) ~ j3 + y - a - 8' 
and, substituting for x', y, z the values thus determined in the 
polar of E, viz., 

xz'- y -^- + x'z= 0, 

we express this equation in the form 

{fi+y-a-S)x-{(3y-aS)y + (j3y (a + S) - aS (j3 + y) ) s = 0. 

P 2 
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On restoring the original variables x a , y , this is seen to be 
one of the quadratic factors of the sextic covariant (Art. 182). 
It is therefore proved that the points where FG meets V are 
determined by the quadratio equation 

Q3 + y- a - 8) 0« - 2 (j3y - 08) <j> + j3y (a + 8) - aS (j3 + y) = ; 

and consequently the six points on V which correspond to the 
roots of the sextic covariant are the points where this conic 
meets the sides of the common self -conjugate triangle of V 
and V. 

To determine the points on V which correspond to the roots 
of the Hessian, we calculate for the conies U and V the co- 
variant conio F (Salmon's Conic Sections, Art. 378) ; thus 
finding 

- I jr= {ac -b i )a?+ (bd - c 2 ) y 1 + (ce - d 2 ) s 2 + (be - cd) yz 

+ (ae - 2bd + c 2 ) zx + (ad - be) xy ; 

and on restoring the original variables, we have 

S(x ,y Y=-lW ; 

also, since the conic V intersects U and V in the points of con- 
tact of their common tangents, we see that the points on V 
corresponding to the roots of the Hessian are the points so 
determined. The Hessian has, moreover, a double geometric 
origin, for it may equally well be obtained by transforming the 
conic $ (Salmon's Conies, Art. 377) which is the envelope of a 
line cut harmonically by the conies U and V. 

214. We now give some general transformations from the 
binary system to the ternary, which will be useful in comparing 
the concomitants in both systems. 

(1). Linear transformation of both systems. 

If the binary variables be linearly transformed, the new 
variables expressed in terms of the old being 

X = \x + ny 0> Y = X'x + n'y m 
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the new ternary variables will be expressed in terms of the old 
as follows : — 

X = X 2 x + \fiy + /j. 2 z, 

Y = 2XX'x + (Xfi.' + X'fj) y + 2fi//z, 

Z = X' 2 x + X'f/y + n"z ; 

and, consequently, 

r 2 - izx = (v - AV) 2 (y* - 4«), 

showing that the form of the fixed conic is unaltered by the above 
linear transformation of x, y, z, which conversely leads to the 
general linear transformation of the primitive binary variables. 
The modulus of this ternary transformation is (X// - XV) 3 ( see 
Ex. 4, p. 88). 

(2). Transformation of Partial Differential Coefficients. 

If /((&„, y ) becomes U by the substitution of Art. 211, we 
have 

clx ~ ° dx +4y °dy' 
and therefore 

dx 2 ~ Z dx + 4 \ X dx 7 + V dxdy Z dxdz) \dxdz dif 



, d f dU dV dU\ n dU 
= 4— #-— + «/ — — h " 



„l-F)-2 d -?-4zn(U), 
dx\ dx dy dz J dx 

d* d 2 
where II is used to denote the operation — - — -p^. 

Hence, the degree of /being n, and therefore of U being |«, 
we have 

$C =2(w-l)^"-4«n(Z7), and similarly 
dx dx 

dV =2(n-l) d -^+2yn(U), 



dx dy dy 

d ll = 2 ( n -l) d f-4xU(U). 
dy<? dz 
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If the transformation be such that n ( V) vanishes identi- 
cally, we have, for the transformation of the second differential 
coefficients, the following simple values : — 

dx* K ' dx' dx dy v ; dy dy* dz 

From these values we find easily 

1/ , d , d V . . .,/ ,dU ,dU ,dU\ 
2 \ °dx J ° dijj J v '\ dx J dy dz J 

showing that the second emanant (Art. 174) in the binary system 
is transformed into the first polar in the ternary system ; and in 
like manner all the even emanants are transformed into polar 
curves of one-half the degree. 

Again, if the second differential coefficients of / when ex- 
pressed in the ternary system be represented as follows : — 

d*f d-f d*f 

we will have II (xfa + yfa + z<j> 3 ) = 0, 

provided that II (0,) s 0, II (</> 2 ) = 0, and II (tf> 3 ) = ; 

f _ d 2 (j>i _ d 2 (j> 2 _ d 2 (j> 3 

dy 2 dx„ dy dx* ' 

and therefore by what precedes 



dfa 



d(p r _ d<j>2 _ d<j> 3 
dz dy dx ' 

but n {xfr + yfa + z$ 3 ) = -p + -p - 2 - 

dz dx dy 

which vanishes identically. 

Moreover, it may be noticed that when II (<j>i), II (fy), n {<p 3 
do not vanish, we have in general 

(» - 3) n {x<j> L + yfa + z<p 3 ) = (m - 1) {xU ((j,,) + yli (<£ 2 ) + zTl {<p 3 ) } . 
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(3). Transformation of the Jacobian. 

The Jacobian of any binary system u, v, is transformed into 
the Jacobian of TJ, V, and the fixed conic Azx - y 1 = W; W 
being here used for the conic V of Art. 211, with sign changed, 
and TJ, V being the transformed values of u, v. For 

du du 



J(u, v) = 



dx 



dx a 



dy 

dv 

dy» 



(m -!)(»'- 1) 



ax + by a bx + cy 
a'x +b'y b'x + c'y 



n and n' being the degrees of u and v, respectively, and a, b, c 
being used to denote the second differential coefficients ; whence 
we have 



Ji 



,v = 









a 


b 


C 




1 




d 


V 


e' 


(n- 


-!)(»'- 


-1) 








y« 


~ x d¥o 


SC Q 



dU 


dU 


dU 


dx 


dy 


dz 


dV 
dx 


dV 
dy 


dV 

d% 


dW 
dx 


dW 
dy 


dW 
dz 



the last determinant being obtained from the preceding by the 
transformation in (2). 

In connexion with this transformation it may be noticed that 

j{u+<t>w, r+^w, w) = j(u, r, w) + wj{<s>, $, w) -, 

whence it follows that J {U + <j>W, V + $ W, W ) and J{ TJ, V, W) 
give when transformed the same covariant in the binary system. 

(4). The Hessian and other concomitants. 

For the transformation of the Hessian we have 



n>(n-iyX(u)J^p; 
dx * dy<? 



d 2 u 
dx dy { 



*<•-* Iff" 



dU 
dy 



whioh proves that one curve into which the Hessian may be 
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transformed is the locus of the poles with regard to U of 
tangents to the fixed conic. 

The line corresponding to the binary concomitant 

(x y' o - x' y o y is xz' - \yy' + zx' , 

which is the polar of x', y', z with regard to the fixed conic. 
If the quadratics 

ax* + 2bx y + cy 2 , a'x 2 + 2¥x y + c'y 2 

become when transformed the lines L, M, the Jacobian 
J (L, M, V) determines the polar line of their intersection with 
regard to the fixed conic V. 

The curve corresponding to the covariant 

d 2 u d 2 v cPu d 2 v _. d 2 u d 2 v 

+ -r-„ -rr-,-2 



dx 2 dy 2 dy 2 dx 2 dx„dy a dx dy 

dUdV dUd_V_ 2 dJJdV 
dx dz ds dx dy dy ' 

which equated to zero is the condition that the polar lines of a 
point with regard to U and V should be conjugate with regard 
to the fixed conic. This covariant may be written under the 
form U.{UV), when Ii{U)^Q, n(F)^0. 

215. When the transformation of Art. 211 is applied to a 
quantic f(x , y ) of even degree 2m, it is plain that the roots of 
this quantic will be determined geometrically by the points of 
intersection of a curve of the m th degree with the fixed conic 
V. If the degree of the quantic is odd, it must, as already 
stated, be squared before the transformation is effected ; and 
the roots will then be determined geometrically by the points 
of contact of the corresponding curve with the conic. 

In transforming the quantic/^, y ) we may obtain an 
indefinite number of ternary forms by varying the mode of 
transformation ; for if Z7be any one of these forms, 11+ <j> m -iV, 
in which the coefficients of (p m . t are arbitrary, would equally 
well be a transformation of f(x , y ), since this form would, 
on restoring the original variables, return to the quantic 
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/K> Vo)- Moreover, every possible transformation is included 
in the foregoing. It is, however, important to notice that 
among these innumerable ternary forms there is always one such 
that the invariants and covariants of this form combined with V 
are invariants and covariants of the binary quantie also. To 
determine this form take the operator II of the preceding 
Article, which, as can be easily seen, is obtained by substituting 
the differential symbols D x , D y , D z in the tangential form of V, 
or D z , - 2D y , D x for x, y, z in V itself. Operating then with II 
on U + m - 2 V, we obtain a result ^ m _ 2 of the degree m - 2 ; 
and equating to zero its coefficients, we have equations suffi- 
cient to determine all the coefficients of <j> m -z. The required 
transformation therefore is unique, as these equations are of the 
first degree. It may also be noticed that 

ri0 m - 2 F= rn<j> m _t -2 (2m- 1) ^> M _ 2 . 

This mode of fixing the form of U + $ m _2 V is unaltered by 
any linear transformation of the binary variables and the con- 
sequent linear transformation of the ternary variables ; for, 
referring to (1), Art. 214, it is easily proved that the differential 
operator 

<7 2 ,72 / J2 ,72 

* =(A / u'-XV) 2 ' 



dzdx dy 1 v r ^ \dZdX dY\ 
and if after linear transformation any function f(x, y, z) becomes 
F(X, Y, Z), we have 

£L-*£ =( , ,_y V (H_ fl\ 
dzdx dy 1 { ^ N \dZdX dY % )' 

which proves that the form F(X, Y, Z) is fixed by the same law 
as/(«, y, z), and this law is independent of the linear transfor- 
mation of the binary system. 

The following method may be employed to obtain the 
proper form of U corresponding to a given binary quantie 
of even degree. Let the quartic tii = («„, a u a 2 , « 3 , ff 4 )(* , «/ ) 4 
be written in the form 

< I-* + 2x y -—— + y? — 



4 f° dx* 0ff0 dx dy "" dy;- 
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transforming the second differential coefficients, and multiplying 
the terms by x, y, s, respectively, we obtain the proper form for 
V, such that II (£7) =0, viz. 

a a x % + a 2 y 2 + a^ 2 + 2a 3 yz + 2a 2 zx + 2a 1 xy. 
Again, in the oase of the sextio u„ writing it in the form 



' iTi + 2x o!/. 



5.61° eke* dx dy J0 dy<?) ' 

„ . ,, ,. dhi dhi d 2 u . ,, 

transforming the quartics — , , -j— 2 in the manner 

dx dx ayQ ciyo 

just explained, and multiplying by x, y, z, respectively, we 

obtain a ternary cubic U of the proper form (see (2), Art. 214). 

In a similar manner the transformation of the octavio is made 

to depend on that of the sextic ; and proceeding in this way 

step by step we may transform any binary quantic u of even 

degree to a ternary quantic U of half the degree, such that 

U{U) = 0. 

216. Combined System of a fltaartic and Quadratic. 

— Transforming this binary system we have a ternary system 

composed of two conies and a line ; and for simplicity we shall 

suppose the conies referred to their common self-conjugate 

triangle. Denoting the quartic and quadratic by U and L , 

respectively, and the corresponding ternary forms by U and L, 

we have 

IT = ax* + hf + cz 1 , a + I + c = 0, 

V = x 2 + if + s 2 , be + ca + ab = I 2 , 

L = ax + j3y + yz, abc = J 3 . 

To obtain the linear covariants of this system, since a, j3, 7 are 
the coordinates of the pole of L with regard to V, the polar of 
this point with regard to JJ is aax + bfiy + cyz = M, the first co- 
variant ; and treating M in the same way, aa, 6/3, cy being the 
coordinates of its pole with regard to V, the polar of this point 
with regard to JJ is a 2 ax + b 2 (iy + c 2 yz m JV, which is a second 
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covariant. We cannot derive any more linear covariants in 
this way, for the next one so derived is 

a?a% + b 3 $y + c*yz = a(bc- J 2 ) acc+b (ca - Z 2 ) fiy + c (ab - J 2 ) ys, 

and can therefore be expressed in terms of L and M in the 
form I 3 L - IJ!t. But three more linear covariants L', M', N r 
may be obtained by taking the poles of L, M, N with regard to 
V, and joining them two and two. This system may be ex- 
pressed by the Jacobians 

J(M, N, V), J(N, L, V), J(L, M, V). 
"We have therefore obtained six linear covariants L, M, N, and 
II, M', N'; to which all others may be reduced, for example 

t„ = a"aX + b n filj + c"yZ 

= «"- 2 (be - J a ) ax + b n -' (ca - 1„) /3y + c" -2 (ab - /„) y s 

— J-atn-3 ~ J-V'nr-l > 

also 

b 2 c 2 ax + c 2 a 2 fiy + a?b 2 yz = I 2 2 L + I 3 M + I 2 N, 
since 

be = a 2 + I 2 , ca = b 2 + J 2 , ab = c 2 + J 2 . 

Similarly, b n c n ax + c n a n fiy + a n b n yz may be reduced to the form 
AL + BM+ CN ; and other reductions which present themselves 
impose no difficulty. 

These six linear covariants when transformed give six 
quadratic covariants in the binary system. 

There are six invariants, but only three are special inva- 
riants of this system. To obtain them, let the condition that 
XL + fxM + vN should touch V be 

D X 2 + 2V + -ZV + 2Z> 3/ uv + 2D iV \ + 2Z> 1 X ; u = ; 

whence we obtain five invariants, D„, D u D 2 , D 3} D it where 
D n = a n a 2 + 5"j3 s + c n y 2 , three of which only are independent, for 

D n = a"- 2 [be - h) a 2 + b n ~* (ca - I t ) ]3 2 + c"" 2 (ab - l t ) y 2 

whence 

D 3 = I 3 D - J % D lt A = H>i - M>» ; 
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and thus we obtain no more than the five invariants I„ 1%, A> 
A, A, the two last being special invariants. A vanishes 
when L and M are conjugate with regard to V, and A when 
L and 2V" are conjugate with regard to V. 

The remaining special invariant may be obtained as the 
eliminant of L, iff, N, viz. 

a /3 y 

aa J/3 Cy = i? 123 *. 

a 2 a b 2 (3 C 2 y 

The square of the last invariant can be expressed in terms 
of D , A, A, for 



If~ 



also 



D 



a j3 


7 


2 


A A A 


aa bf$ 


Cy 


= 


D, A A 


a 2 a o 2 /3 


c 2 y 




A A A 


3 = -Z3A — 


IxD lt 


A 


= i" 3 A - i=A. 



A23 plainly vanishes when i passes through one of the 
vertices of the common self-conjugate triangle of JJ and V. 

We proceed now to express the resultant of the quadratic 
and quartic in terms of A, A, A- This is the same problem 
as to find the condition that L should pass through one of the 
four points U, V, and is most easily solved by finding the con- 
dition that only one conic of the system U - pV can be drawn 
to touch L. Now if L touch U - pV 

p 2 {a 2 + (3 2 + y 2 )-p (aa 2 + b(5 2 + Cy 2 ) + bca 2 + caft 2 + aby 2 = 0, 

or A/o' - Ap + A + IzD = 0, 

and the discriminant of this quadratic is R, whence 

R - A a - 4AA - 4J 2 A 2 - 



* It is not permissible to infer in general that .8123 is resolvable into factors, 
for it a/87 De taken out as factor the remaining factor is not an invariant expressed 
in a rational form, and all irrational quantities are outside our domain of investi- 
gation . 
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The geometrical meaning of the relation Z), = is that the 
line L is cut harmonically by the conies U and V. 

To determine the quartic eovariants of the binary system 
from the quadric eovariants of the ternary system, we have in 
the ternary system three quadric eovariants, viz. the Jacobians 

J(L, U, V), J(M, U, V), J{N, U, V); 

there are also the three conies 

J(L, V, W), J(M, V, W), J{N, V, W), 

where W = «V + b 2 y 2 + cV, the harmonic conic of ax 2 + by 2 + cz 2 
and x 3 + y 2 + s 2 , with sign changed. 

These three conies are easily reduced, for 

J[M, U, V) = J(L, V, W), J(N, U, V) = J(M, V, W) ; 
J(N, V, W) = I,J{M, U, V) - hJ{L, U, V) ; 

whence there are only three special quadric eovariants, and 
consequently only three special quartic eovariants of the 
binary system. 

Before concluding this Article we give some of the forms 
which would have been obtained if we had employed the 
ordinary equations of the conies U and V, viz. 
V ' = ax % + cy % + ez 2 + 2dyz + 2czx + 2bxy, 
V = y 2 - 4zx. 
The condition that L = ax + fiy + yz should touch U - p V 

is now 

S - (0$ + (0 2 2', where 

S = {ce - d 2 ) a 2 + (ae - c 3 ) j3 2 + (ac - b 2 ) y 2 

+ 2 (bo- ad) ]3y + 2(bd - o 2 ) ya + 2 (cd - be) a(3, 

4> = ea 2 + 4:0 fi 2 + ay 2 - 4b(iy + 2cya - idafi, 

S'=4(ya-/3 2 ). 

Also B n3 is the Jacobian of S, <P, 2', considered as conies ; 

and 

7 2 =-4J, I 3 =-4J, 

where / and J are as usual the invariants of the quartic. 
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Examples. 

1. If a quartic have a double factor, prove geometrically that this factor is a 
double factor of S,. 

2. If a quartic have a square factor, prove geometrically that this factor is 
a quintuple factor of the covariant O x ; and construct the point on the conic V 
which corresponds to the remaining root of the equation G x = 0. 

3. Resolve the quartic as in Art. 185 hy finding the tangents to the conic V 
where U meets it, 17 and V having been expressed as sums of squares. 

4. Determine the condition that \u + pv should have two square factors, 
where u and v are quartics. 

Transforming, we have in this case 

\U+ ixV+ v (y 2 - izx) s (as + $y + yzf; 
consequently, every term in the tangential form of A. U + fa V + v («/ 2 — izx) must 
vanish, giving six equations to eliminate A 2 , ,u 2 , v 2 , \x.v, v\, \/x ; hence the required 
condition is determined. 

5. Apply the transformation of Art. 211 to prove the theorem of Art. 197. 

Let Tschirnhausen's transformation be put under the form 

axt+lfrx + y 

z = —. ; — ' — ;• (1) 

a'x 2 + 20X + y w 

Make the numerator and denominator of the last fraction homogeneous in x, y ; 

replace s by — \, and transform : (1) becomes then 

I + \L' = 0, 
where L = ax + fty + yz, L' = a'x + ffy + y'z. 

If x, y, z be eliminated from the equations Z + \L' = 0, XT = 0, V = 0, we 
shall have the transformed quartic in A ; which, considered geometrically, deter- 
mines the lines drawn from the point of intersection P of Z and U to the points of 
intersection A, S, C, B of £7 and V. Again, if k be so determined that the conic 
TT+ k V pass through the point P, the anharmonic ratio of the lines PA, PS, PC, 
PD is equal to the anharmonic ratio of the lines TA, AB, AC, AB, where TA is 
the tangent to TJ + k V at A ; that is, of the lines 

t + kH, t + pit', t + pit/, t + p%t', 
where t and t' are the tangents to D"and Vat A. Now, forming the invariants of 
the quartic whose roots are k, pi, pi, ps, the theorem follows by Arts. 186 and 206, 
since the absolute invariant is the same for both quartics. 

6. Transform a quartic into one having three roots in common with its reducing 
cubic. 

This is the converse of the preceding example, for as t and t' are the polars of one 
of the points of intersection of XT and V, the transformation there given reduces 
the quartic to one having for roots pi, p 2 , p3, the roots of the reducing cubic. 
Now returning to the binary system, and remembering that first emanants in the 
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ternary system become, by transformation, second emanants in the binary system, 

this transformation (where - is a multiple of A) becomes in the binary system 
V 



I , d , tf\ 2 

i Vn + 'ij) u ' 



{ _ 

r, 12 {xy'-x'yf 

where U x = (a, b, c, d, e){x, y) 4 , and U x > = 0. 

x 1 
Expanding and replacing — , by p, we have 

y 

I _ (af + 2bp + e) x* + 2 {bp 2 + 2cp + d)xy + (cp> + 2dp + e) y 2 

v~ ( x ~ pyf 

Again, since the numerator of this fraction vanishes when x = py as J7 P = 0, 
we have, on dividing the numerator and denominator by x - py, one of the linear 
transformations which reduces the quartic to the form 

kti (| 3 - 7|t) 2 - 2/„3), 

the last factor of which is immediately transformable to the reducing cubic. 

7. Let three points a, b, c be taken on the conic V given by the equations 

px = ai<p 2 + bi(p + 01, py = ayp 2 + fap + C2, pn = a 3 <£> 2 + S 3 + « 3 , 

the values of <p at these points being a, /3, 7, the roots of a cubic V; prove the 
following constructions for determining the points on the conic corresponding to 
the roots of the cubic covariant G„ and the Hessian H x : — 

1°. Let tangents be drawn to the conic V at the points a, b, 0, forming a tri- 
angle ABC; the lines Aa, Bb, Co meet the conic at points a', b', d, corresponding to 
the roots of & x . 

2°. The four triangles abc, a'b'c', ABC, A'B'C are homologous, and their axis 
of homology meets the conic V at the points corresponding to the roots of S x . 

8. From the constructions in the last example, prove that Pi and G x have the 
same Hessian S x , and that the roots of S x are imaginary when the roots of U x are 
real. — Dublin Exam. Papers, Bishop Law's Prize, 1879. 

9. Determine the condition that two quadratic factors (x -a)(x — ft), (x ~y)(x - S) 
of a quartic Pb should form with a given quadratic \z % + 2[i% + v a system in 
involution. 

Transforming, the three corresponding lines must meet in a point, which point 
is one of the vertices of the common self-conjugate triangle of the conies Z7and V. 
The tangential equation of these points is 7(2, 2', $) = 0, which is therefore the 
required condition, the tangential form of kU + V being k 2 2 + k* + 2'. 

This condition may also be put under the form 



Id? „ d* d 2 \* 

{ K df-^dx4-y + V d^) ff * = ' 



as we proceed to show. 
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if 



dyo* 



d 2 £_ 

dxodyo dxo 2 ' 



and Ox = kvw when resolved into its quadratic factors, we will have 

^G x = 6Y« . tv . T», 
for transforming to the ternary variables 

«T = A 



d d 

■ 2/i — + v - 
dy 



dz ~ n dy dx' 

when applied to a function $ (x, y, z) such that nc/> = 0. Now u, o, w become three 
lines X, T, Z which form a self-conjugate triangle with reference to V, and 
TlXTZ = in the case of any three lines which are mutually conjugate ; whence 

t 3 XTZ reduces to rX . r¥. rZ, 
since r 2 X = 0, T 2 F= 0, t 2 Z = 0, 

and XX = is the condition that two quadratic factors of XJ should form with 
Xx 2 + 2/xx + v a system in involution. 
10. Prove that the quartics 

{aix 2 + 2/3,3-2/ + 7i2/ 2 ) {<*&* + 203*2/ + 70 2 ) ~ M 2 + 202^2/ + ivy*)*, (1) 

(mx 2 + 2aixy + o 3 y 2 ) (71Z 2 + 2y&y + y 3 y 2 ) - {fax 2 + 2faxy + 3 y 2 ) 2 , (2) 

have the same invariants. 

Transforming (2) to the ternary system, we have the conic 

(aix + my + o 3 z) (71* + y 2 y + 732) - (81% + fay faz) 2 , 
which, for shortness, we write as LN — M 2 , where 

L = a\x + my + 03?, M 3, fax + fay + faz, N s yix + y 2 y + y s z. (3) 
Now, when the discriminant of 

LN- M 2 +\{ij 2 -izx) 
is formed, the invariants of (2) are the functions — SS and 6 of this cubic in A (or 
the last two coefficients when the second term is removed) . This discriminant may 
be obtained as the resultant of the three equations 

Nai - 2Mfa + Lyi - 4A2 = 0, 

JVm - 2Mfa + Lyi + 2 Ay = 0, 

Na.3 - 2Mfa + Lys - 4Az = 0, , 
when x, y, z are eliminated ; or by eliminating the six quantities x, y, z, L, M, N 
by means of the three additional equations (3) the resultant is obtained in the 
form 

01 fa 71 -4A 



3 A (A). 



(*) 



0.2 


fa 


72 





2A 





«3 


fa. 


73 
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If we had operated similarly on the quartic (1) we should have obtained the same 
resultant A (a), the form the determinant tabes in this case being obtained by 
dividing the first three rows of A (A) by - 4a, and multiplying the first three 
columns by - 4A. Whence it follows that the invariants are the same in both 
cases. 

To expand A (A) we replace I, M, N by their values in equations (4), and then 
eliminate x, y, i, thus obtaining 

In lis In - 2A 

/l2 I%2 + A 723 

Jl3 — 2A J23 -^33 

This determinant becomes when expanded 



where 2I pa = a,,7, + a q y p — 



In 


In 


In 


In 


la 


I23 


In 


I23 


-Z33 



4A 3 + 4 (In - In) A 2 - { Z11I33 - Zi3 z + 4 (Inln - Inhs) } A - 



every coefficient of which is the same for both quartics, as maybe verified directly. 

11. Determine the condition that three quadratics should by linear transfor- 
mation be simultaneously reducible to the forms 

d*<p d*(p <**$> 
dx % ' dxdy dy % 

Ans. J11/33 - 4/12/23 -f J22 2 + 2/22/31 = 0. 

12. Prove that the condition in Ex. 11 is the same for the following two sets of 
quadratics : — 

aix* + Wixy + yxy 1 , o-iX 1 + Ifaxy + ytff, aax* + Ifoxy + 73J/ 2 , 
and 

aia; 2 + 2a.2xy + any 2 , 0ix* + 2fc%y + fty 2 , 71* 2 + 2y&y + yzy*. 

The condition in Ex. 11 can be put under the form 

(In - /13) 2 + /11/33 - /13 2 + 4 (/13/22 - /12/23), 

which is at once expressible by the coefficients of A (a) in Ex. 10. 

217. Principal Concomitants of the Sextic. — The 

binary sextio u being the next even form, we shall, as a final 
illustration, briefly indicate how its invariants and the two 
principal covariants may be derived from the ternary system of 
a cubic and conic combined. The two covariants alluded to are 
the quartic I Xo , whose leader is a « 4 - 4«i« 3 + 3«2 2 = I, and the 
quadratic L Xa = I D (m) ; for by treating these as a combined 
system, in the manner of Art. 216, we may obtain all the 
forms of the binary sextic as far as the fourth degree. 
vol. 11. Q 



226 Transformations. 

Transforming the sextic u = (<?„, r/ 1; ff 2) a 3 , « 4 , «s> ffe) (#01 VoY 
we have the ternary cubio 

IT = doX 3 + a 3 y 3 + « 6 2 3 + 6a 3 xyz 

+ 3 \atfy + a-jifg + a 2 y 2 x + atfz + a^x + a b z % y) . 

Now forming the discriminant of 

A X Tx +y Ty + Z lz) U - XV > 
or (Z7,„ TJn, U 33 , U 23 , U tl , U n )(ct, y', zJ-W, 

we have 4A 3 - I ( Z7") X + J ( 27), where 

/(CO = 27„27 33 - 4C7 12 Z7 23 + 3 C7 22 % 
27„ 27 I2 Z7» 
J (17)= Z7i, 27 22 27 23 

^31 2/ 32 t/33 

Expanding 7(27) in the form («„, « M , a 33 , a 23 , a 31 , a l2 )(x, y, z) 
we find 

a u = a tti - 4«i« 3 + 3a 2 2 , 2a 23 = a^ - 3a 2 a s + 2a 3 a it 

a 22 = aia 6 - 4« 2 « 4 + 3a 3 2 , 2« 31 = a a 6 - ia^t + 7a 2 a t - 4a 3 ', 

« 33 = « 2 « G - 4a 3 fl! 5 + 3a 4 2 , 2« 12 = a « 6 - 3#ia 4 + 2« 2 « 3 ; 



also 

J{U) 



a x + a<y + a 2 z, a& + a 2 y + a 3 z, a 2 x + a 3 y + a t z 
a& + a 2 y + a 3 z, a 2 x + a 3 y + ff 4 s, a 3 x + a t y + a b z 
a 2 x + a 3 y + a 4 s, a 3 x + a t y + a b z, a^x + a 5 y + a 6 z 
Operating with n on I(V) we get 

7 2 = a a 6 - 6«!« 5 + 15fl 2 « 4 - Wa^, 
viz. the invariant (1, 2) 6 27 1 27 2 of the sextic; whence 

n(Jcr+i/ 2 F) = o. 

Also U.J(U) = L x becomes L„ o on transformation. 
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Again, if we form the discriminant of 

I{U)+\I,V-kV, 

we have W - IJc + I e , 

where I t and I 6 , the invariants of I Xo , are invariants of the fourth 
and sixth orders of the sextic, the general form of all suoh 
invariants heing 

Hi + mlt, ll%li + mli + nl e . 

The invariants which Salmon {Higher Algebra, p. 262) 
selects as fundamental are the invariants - S and T of the cubic 
curve U {Higher Plane Curves, Arts. 220, 221; 3rd Ed.). 

The condition that the cubio and conio should touch is 
expressed by the vanishing of an invariant I 10 , and this in- 
variant is the discriminant of the sextic. 

The condition that three connectors of the six points of 
intersection of U and V should meet in a point is expressed 
by the vanishing of an invariant 7i 6 ; this is the skew invariant 
of the sextic, and may be obtained as the invariant -Ri 23 of 
Art. 216 for the combined system 

I{U)+\LV, V, UJ{U). 

The covariant I Xa may also be obtained from the curve 
Ui JJ 3 - Ui, whioh transforms into H Xo ; for, reducing by the 
relation U 31 = TJ m , we find 

|n (JTJJ*- US) = U n U 33 - 4 U i2 U 23 + 3 UJ = J ( U). 

The covariant L x may also be obtained by substituting 
B z , - 2D y , D x for w, y, z in I{V), and operating on U. 
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CHAPTER XX. 

THEORY OF SUBSTITUTIONS AND GEOUPS. 
Section I.— Substitutions in General. 

218. Definitions — Notation. — If re symbols x u x 2 ,x s , . . . ,r„ 

be given, and if each symbol be replaced by some one or other 
from the same set, so that the result is a new arrangement of 
the same n symbols, the operation of passing from the first to 
the second arrangement is called a substitution. The symbols 
x u x 2 , . . . x n are to be regarded as entirely independent quan- 
tities, and are referred to as the variables, or the elements affeoted 
by the substitution. 

If the operation be denoted by 8, a substitution 8 can be 
represented as follows : — 

M x 2 x 3 . . . x„\ 

\X a X{} Xy . . . X\J 

where the two horizontal lines contain the same set of n letters, 
and the operation consists in replacing any letter in the upper 
line by that which stands under it in the lower line. The opera- 
tion may be supposed to be applied to a function <p fa, x 2 , . . . x n ) 
of the variables, in which case the resulting function S<p will be 
obtained by replacing ^ by x a wherever it occurs in 0, x 2 by x p , 
and so on. In the case of any letter which is not displaced by 
the substitution under consideration the two symbols in the 
same vertical line will be identical. Since the suffixes of x 
admit of only 1 . 2 . 3 . . . n s jy permutations, this is the total 
possible number of distinct substitutions. In this number is 
included that arrangement in which the order of the suffixes is 
the same in both horizontal lines, viz., that in which no letter 
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is displaced by the operation. Such a substitution, which 
affects no element, is called the identical substitution, or the 
substitution unity, and may be denoted by 8 = 1. 

It will usually be found convenient in practice to denote 
the symbols operated on by single letters a, b, c, . . . or by the 
numbers 1, 2, 3, ... simply, the symbol x being omitted. 

219. Circular Substitutions. — The notation above ex- 
plained admits of simplification. Consider, for example, the 
substitution 

o = fa b c d e f\ 
\b c d e f a J 
in which each symbol is replaced by that which follows it in the 
first line, the last letter / being replaced by the first. Such is 
called a circular substitution, and is denoted simply by the 
letters of the first line enclosed in a bracket, thus — 
8 = (a b c d e /). 

It is clear that 8 can be written in several different ways, 
and that any of the letters involved may stand first, provided 
the cyclical order be preserved : thus 

8 = (bcdefa) = (cdefab) = (defabc) = (efabcd) = [f abode). 

Now it is easy to see that every substitution can be resolved 
into one or more circular substitutions. For in effecting any 
substitution 8, if a letter a in the upper line be found replaced 
by b, and b in its turn by c, and so on ; in continuing this 
process, we come necessarily to a letter (h, say) which is found 
replaced by a. The result of the operation so far is the circular 
substitution (abc . . . h). If the letters be not all exhausted by 
this process, we select a letter from those which remain, and 
form in a similar manner a new circular substitution ; and so 
on, as long as any new symbols remain. 

If we denote by &, C z , . . . Cj the different substitutions 
obtained in this way, we may write 

8 ^ CiC 2 C 3 ... Cj, 
and 8 may be said to be resolved into its circular factors. These 
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factors are called the cycles of 8. Cycles which contain two 
letters only are called transpositions. As an example, we take 
the substitution 

a 2 3 4 5 6 7 8N 



8 = \8 612754 3 
Starting with the symbol 1 in the upper line we obtain 
immediately the cycle (183), and proceeding in a similar 
manner with 2 we obtain the oycle (26574) ; hence 

8 m (183) (26574). 

It is clear that the order in which the operations are conducted 
is indifferent, since no cycle affects any of the elements con- 
tained in any other, and therefore the order in which the 
factors of S are written is indifferent. 

If all the elements are involved in the first operation alone, 
the substitution is itself circular, e. g., 

r fl 2 3 4 5 6 7\ „„„„---, 

Sm [z 6 7 5 2 1 4 H 1374526 >- 

If the position of any element is unaltered by a substitution, 

this element may be enclosed in brackets by itself when the 

substitution is expressed as a product of cycles, or it may be 

omitted altogether, e. g., 

(\ 2 3 4 5 6\ 
8 '\3 6 4 1 5 2 J- (134) (26) (5) = (134) (26). 

Here (5) being the identical substitution = 1 may be replaced 
by unity. Although an element constituting a cycle by itself 
can be replaced by unity, it is often necessary to retain it in 
order to show that this element was amongst those which were 
subject to the operation. 

A circular substitution 8 can be repeated any number of 
times on the same elements, and the successive operations 
denoted by 8 i , 8 3 , &c. We have, for example, 

fa b c d e f\ fa b c d e A la b c d e f 

\b c d ef a)' " \c d e f a bf \d e f a b c 
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Proceeding, we find S e = 1. If, in general, p is the lowest 
integer suoh that 8" = 1, the substitution 8 is said to be of the 
order p ; it is clear therefore that the order of a ciroular sub- 
stitution is equal to the number of elements it displaces. 

For two elements a, |3 we have (aj3) = (j3a), and (a/3) 2 = 1. 
For three elements a, j3, y, we have (aj3y) 2 = (ayfi) ; (a]3y) 3 = 1. 

220. Products and Powers of Substitutions. — If two 

or more substitutions 8 lt $ 2 , . . . 8j be operated in succession on 
a given set of elements, the result is a new arrangement which 
might have been arrived at by one single substitution S. This 
substitution may be called the product of the former set, and 
we may write 8 = 8 t 8 2 ... Sj, the component factors being 
applied in the order Si, 8 2 , . ■ ., viz., from left to right. When a 
substitution is resolved into its component cycles, as in the 
preceding Article, we saw that the order of the factors is indif- 
ferent, no element being common to any two of the cycles. 
But, in general, in a product of substitutions where the same 
element may occur in two or more of the factors 8 lf S 2 , . . ., it is 
most important to observe that the commutative law of algebraic 
multiplication does not hold good, and that the order of the 
factors must be preserved. With three elements, for example, 
the student will easily verify that the product (12) (13) is a 
different substitution from the product (13) (12). While the 
commutative law of algebra fails, the associative law holds good, 
viz., 8A . 8 3 = 8j . 8 2 S 3 ; for if Si changes any element a into 
b, and 8 2 changes b into c, which again is changed into d by 
means of 8 3 , the substitution of d for a is the final result whether 
this be supposed effected by first changing a into c (by means 
of #i*Sy, and then c into d, or first changing a into b, and then 
b into d (by means of $ 2 $ 3 ) . 

The result of operating the same substitution 8 any number 
of times, p, in succession may be represented by S p , and we have 
clearly the equation 8 p S q = S p + q = /S*/S*\ The inverse of a given 
substitution S is one which reverses the order of procedure in 8, 
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and is denoted by the symbol S' 1 . Thus, if 

= /«! a 2 a 3 . . a H \ a-i s ( b i h b 3 . . b u 
~ \bi b 2 b 3 . . b n [ ~~ \«i d2 ff 3 ■ • a n 

we have clearly SS' 1 = S^S = 1. 

Since the total number of possible substitutions is limited, 
some repetition of S must reproduce the original arrangement 
of the elements. If p is the lowest integer such that /S p = 1, 
S is said to be of the order p, and the series of substitutions is 
limited as follows : — 

1, s, s\ s\ . . . &-\ 

The extension of this mode of expression to negative ex- 
ponents may be obtained by writing $~ p in the form $ 4P-P 
where p is the order of S, and consequently S kfl - 1. We have 
then 8P8-" = SpS''™ = S k <> = 1, and the substitutions S» and £"*> 
cancel one another. 

Any circular substitution can be represented as a product of 
transpositions, for it is clear that the operation (abode/) can be 
conducted by first interchanging a and b, then interchanging 
a and c, then a and cl, and so on. We may write therefore 

(abode/) = (ab) (ac) (ad) (ae) (a/), 
from which it appears that any cycle can be resolved into a 
product of transpositions, in number one less than the number 
of elements contained in the cycle. The order of the factors 
in any such product is important, these factors not being 
commutable amongst one another. It follows immediately that 
every substitution can be expressed as a product of transpositions, 
for each of its cycles can be so expressed. 

If a substitution S affecting n elements contains k cycles it 
can be easily inferred that 8 can be expressed as a product of 
n - k transpositions. It should be observed, however, that the 
same substitution can be expressed in a great variety of ways 
as a product of transpositions. It will appear in the sequel 
that however variously expressed the number of transpositions 
in any given substitution preserves the same parity ; that is to 
say, if once even, it is always even ; if once odd, always odd. 
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Examples. 

1 . Resolve into ita cycles 

^ _ /«i az a$ «4 05 ff 6 a7 c 8 ff 9 aio an «i2 ffig aij au\ 

\Bll «7 «5 «12 ai «2 83 «1 « 6 «g Bio «8 «11 «13 «15/ ' 
-<4«S. # = (fli ffii Bio ff9 »6 a% «7 (?3 «s) («4 a\% as) (fll3 «n) («is). 

The appearance of tie factor (bis) = I in the result shows that this element was 
amongst those subject to the operation. 

2. Express as a product of transpositions 

/l 2 3 4 5 6 7 8 9 0\ 
~ \3 86924051 7/ " 

Ans. S = (13) (16) (14) (19) (28) (25) (70). 

3. If a circular suhstitution C be multiplied by a transposition T, one of whose 
elements is contained in C and the other not, the resulting substitution GT is 
circular. 

Taking «i as the common element, we may write 

C= («i«2«3 . . . ai), T = (fl\Oj). 

The effect of Cis to replace the arrangement «i, «2, ... ai, aj by az, «3, . . . en, «i, «,-, 
and of rto interchange «i and aj in the latter. We have then 

GT= [ ) = (ai a% . . . ai aj). 

\«2 «3 • • «• aj a\l 

4. If a circular suhstitution Cbe multiplied by a transposition T, both of whose 
elements are contained in G, the resulting substitution GT is the product of two 
cycles having no common element. 

We may take 

C = («i «2 ■ • • «> fa fa ■ . . h) i 2 1 = («i *i) ■ 

Proceeding as in the previous example, we readily find 

GT={a-ict2 ... ai)(bifa . . . b s ). 

5. If a substitution Sbe multiplied by a transposition T, whose elements are 
contained one in each of two different cycles C, C, of S, the product CO'T is one 
unbroken cycle of all the elements in C and C". 

This follows at once from the last example by multiplying both sides of the 
resulting equation into T, since T 2 = 1. 

6. If any substitution S is the product of r transpositions, and if it be multi- 
plied by a transposition T, the product ST will consist either of r + 1 or r — 1 
transpositions. 



234 Theory of Substitutions and Groups. 

If S affects « elements, and contains k cycles, we have as stated above r-n-k. 
If T introduces two new elements we have one additional transposition, hence r +■ 1 
in all. There are three cases remaining; according as (1) T introduces one new 
element only, or (2) two elements already contained in the same cycle of S, or 
(3) two already contained in different cycles of & These cases are discussed in the 
three preceding examples ; and it is readily inferred that the number of transposi- 
tions in ST is always )■ + 1, except when both elements of T occur in the same 
cycle of <S', in which case n is unaltered, and k becomes k + 1 ; »• therefore becomes 
» - (k + 1) = n - k - 1 = r — 1. 

It appears from this example that however S be expressed as a product of 
transpositions, the effect of multiplication by a single additional transposition is to 
change its parity, viz., from odd to even, or even to odd. 

7. The order of a substitution 8 is equal to the least common multiple of the 
orders of its cycles. 

Let S = CiC%C 3 . . . ft, 

and jx be any common multiple of the orders of ft, ft, .... Since 
S» = CfCf . . . Cf, and ft* = C/ = . . G* = 1, 
we have S* = 1 ; and if p be the leaBt value of /j., S p = 1 ; whence p is the order 
of S. 

Hence we infer that if the cycles ft, Cs, ft, . . . are of the same order, this 
order is also the order of S. Such substitutions are called regular, the same number 
of letters occurring in each cycle. 

8. If a circular substitution S contains p letters, and if fa is prime to p, then S^ 
is itself circular. 

9. If a circular substitution S contains pq letters, then Sp is a regular substitu- 
tion consisting of p cycles of q letters each. If, for example, 

S= (123456), S' = (135)(246), S 3 s (14)(25)(36). 

10. Every regular substitution is a power of a circular substitution. 
Take S as in example 7, with the factors 

ft = {aihci . . . h), ft s (azhcs . . . h), . . . Cj= (ajijcj . . lj), 
i.e., such that the same number of letters are involved in each cycle. If now we 
write down the circular substitution 

C = (ai«2« 3 . . ajb\hbs . . bj hhh ■ • lj), 

whose first j letters are the initial letters of the j cycles, the next set the second 
letters of the successive cycles, and so on, it is easily verified that the j th power of 
G breaks up into the product of the/ successive cycles ft, ft, ... ft ; hence 

8 = Ci. 

1 1 . Express the regular substitution 

8 = (1 3 5 12)(2 7 6 11) (4 8 10 9) 
as a power of a circular substitution. 

Am. Ss (1 2 4 3 7 8 5 6 10 12 11 9) 3 . 
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12. Every transposition of the elements xi, x%, xz, . . ■ x„ can be expressed by- 
transpositions from the following series of » — 1, viz. : — 

{X1X2), (xiXz), (ZiXi), . . . (ziX„-l), {%lX„). 

For it can be easily verified that if x a , x„ are any two elements 
GV/s) = (»i*J(*i^) (*!«„). 

13. Every substitution which can be resolved into an even number of trans- 
positions can be expressed by circular substitutions of the third order. 

The given substitution is expressible by products either of the type (a0) (ay) or 
(«£) (7*) ! we have (a0) (07) = (aPy), and (ojB) (78) = (0/87) (087), since 
(*0y) (o5 7 ) = (0/B7) (70S) 

= («0) («7) (7«) (78) 

= (a0) (a?)* (78), and (o 7 ) 2 = 1. 

14. Show that any circular substitution of three of the elements xi, x%, . . . x„ 
can be expressed by means of the » - 2 circular substitutions 

{X1X2X3), (x\X%Xi), . . . {XlX%X n .\), (X1X2X,,). 

Retaining for brevity the suffixes only, we proceed to express (a07) in terms of 
(12a), (120), and (12y). 

(o0 7 ) = (a0) (ay) 

= (o/3) (ol) (ol) (07), since (al) 2 = 1, 
= (a01) («ly) 
= (la0) (I70). 
Now making use of this equation to bring a new element 2 in a similar manner 
into each of the cycles on the right-hand side, we have 
(a/37) = (21a) (201) (21 7 ) (2al) 

= (12a) 2 (120) (127) 2 (12a), the required expression. 

The following mode of expression can also he easily verified : — 
(a07) S (12a) (12 7 ) (120) (12a) (12 7 ). 

221. Similar Substitutions. — Two substitutions which 
contain the same number of cycles, and the same number of 
elements in corresponding cycles are said to be similar. 

Two substitutions 8, T are said to be commutative when 
8T = T8. 

The operation represented by the substitution T^ST is called 
the transformation of 8 by T, and the resulting substitution the 
conjugate of 8 with respect to T. 

Any substitution is similar to its conjugate icith respect to any 
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other substitution. To prove this, let S be transformed by the 
substitution 

(abc . . I . . ■ 



\a'b'c' . . V 

and let {abc . . . I ) be one of the cycles of 8. The effect of the 
operation T' 1 is to replace a' by a, which by the operation of S 
is replaced by b, which again by the operation T is replaced by 
V. The substitution T^ST, therefore, replaces a' by b', b' by c', 
. . . V by a ; and to the cycle (abc . . . I) in S corresponds the 
cycle (a'b'c' . . . I') in its conjugate. 

The transformation of 8 by T is completed by replacing in 
each cycle of 8 every letter by that which stands under it in the 
substitution T. The resulting substitution is therefore similar 
to 8. Reciprocally it is clear that if two substitutions Si and 
$ 2 are similar, a substitution T can be found whioh transforms 
one into the other. 

The products ST and 1'S, whioh are in general different, 
are always similar, since ST = T' 1 (TS)T. 

The conjugate of the product ST with respect to a third 
substitution U is equal to the product of the conjugates of its 
factors, for we have U''(8T) U= U^SUU^TU. 

If two substitutions 8, T are commutative, their conjugates 
with respect to IT are commutative, for if ST = T8, we have 

U-'SUU- 1 TU= U-'TUU-'SU. 

Section II. — Multiple-valued Functions and Groups. 

222. Definition of Group. Symmetric Group. — 

According to the number of values a function of as 1} x 2 , . . . x n 
assumes under the operation of the N possible substitutions, it 
is said to be one-valued, two-valued, . . . p-valued. A sym- 
metric function of these elements, being unaltered by any 
transposition (Art. 27), and therefore by any product of trans- 
positions, is a one-valued function. If a function be not 
symmetric, it has two or more values which may be derived 
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from one supposed given by the process of substitution. 
Consider, for example, the two rational functions of three 
elements 

<3>l = Xi*X 2 + XzXs + x*x u J A s (#! - x 2 ) (xi - x 3 ) (ur, - x s ) . 

Each of these is two-valued. Of the six possible substitu- 
tions, viz., 

1, (123), (132), (12), (13), (23), 

the first three leave <E>i unaltered, while by each of the last 
three it is changed into its second value x^Xj. + x 3 2 x z + x?x % = <£ 2 . 
In the same way JA also is unaltered by the first three, and is 
changed by the last three into its second value - JA. As 
an example in the case of four elements consider the function 

<j>i = XiX % + X 3 Xi. 

There are, in addition to $ x , two other values, viz., 

<t>i = *ia"3 + *2*4 and <j> 3 = %\«>i, + x % x 3 ; 

the function is therefore three-valued. 

It can be easily verified that <pi is unaltered by the follow- 
ing eight substitutions : — 

1, (12)^(84), (12)(84j, (13)(24), (14)(23), (1324), (1423), \ 

and that any of the remaining sixteen will change <j>i into one 
or other of the two remaining values. The substitutions which 
leave a function unchanged constitute a group. It is clear that 
any combination by multiplication of two or more members of 
the group will itself be a substitution contained in the group. 
We give therefore the formal definition of a group as follows : — 

A system of distinct substitutions is said to form a group when 
all powers and products of these substitutions form part of the same 
system. 

The number of substitutions contained in a group is called 
the order of the group. 
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The number of elements operated on is the degree of the 
group. 

The group which leaves a function $ (x lt x 2 , . . . x„) unaltered 
is called the group belonging to <j>, or, briefly, the group off. 

The total number of 2V substitutions, of course, constitutes a 
group. This is called the symmetric group, since all its members 
leave any symmetric function unaltered. 

One group may contain all the substitutions of another in 
addition to others peculiar to itself. In such a case the included 
group is called a sub-group of the former. 

The symmetric group contains every other group as a sub- 
group. Any substitution whatever, with all its distinct powers, 
make up a group contained as a sub-group in the symmetric 
group. Next in importance to the symmetric is the alternate 
group, which we will now define. 

223. Alternate Group. — Let us consider in the case of 
n elements the rational function 

II (<Ci - Xj) = (x-l - Xt) (x 1 - X 3 ) (*! - X4) .... (Xi - X n ) 

(x 2 - x 3 ) (*„ - x t ) .... (x 2 - x n ) 
(x 3 - x^ .... (x 3 - x n ) 



\Xn-l X n J) 

consisting of the product of all the differences of the elements. 
The square of II is the well-known symmetric function, the 
discriminant A ; and therefore II has two values equal numeri- 
cally with opposite signs, viz. Ja and - Ja. Such two-valued 
functions are called alternating functions. It is clear that any 
transposition alters the sign of II, for consider the transposition 
{xi x 2 ) in which #1 and x % may be taken for any two of the elements. 
This alters the sign of the first factor in the upper row, and inter- 
changes the remaining factors of the upper row with the factors 
of the second row. It does not affect any of the factors in the 
remaining rows ; hence the sign of the product is altered. Any 
second transposition restores the original sign ; hence the effect 
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of the product of two, or any even number of, transpositions is to 
leave J A unaltered, and the effect of the product of any odd 
number is to change J A into its second value - Ja, or - J A 
into its second value Ja. 

A substitution can be expressed in many different ways as 
a product of transpositions, but, however variously expressed, the 
number of such factors must be always even or always odd; for it is 
clear that the same substitution cannot at the same time change 
the sign of J A and leave it unchanged. Since the product of 
two even substitutions is itself an even substitution, it follows 
that unity, along with all substitutions which are made up of 
an even number of, transpositions, constitute a group, and that 
JA and - Ja are both functions belonging to this group. It is 
called the alternate group : we proceed to investigate its order. 
Let the alternate group of n elements consist of the following 
substitutions : — 

Si = 1, S 2 , S 3 , .... S r , (1) 

and let the remaining substitutions of the symmetric group, all 
consisting of an odd number of transpositions, and therefore 
distinct from the former, be 

Si, S 2 ', S 3 ', .... S t f . (2) 

We select now any transposition T, and form by multipli- 
cation the two following series : — 

SiT, S 2 T, S 3 T, .... S r T, (3) 

Si'T S S 'T, S 3 'T, .... S t 'T. (4) 

Every substitution in (3) is composed of an odd number of 
transpositions, and is therefore contained in (2), and every sub- 
stitution in (4) of an even number, and therefore contained in 
(1). It follows that r ^ t, and also r ^ t ; hence r = t; and 
since r + t = N, we have finally for the order of the alternate 
group 

r = IN. 
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224. Conjugate values of Multiple-valued Functions 
and Conjugate Group*. Theorem. — The order of any group 
is an exact divisor of N, the quotient being the number of distinct 
values of the corresponding multiple-valued function. 

To prove this important theorem we take the group 

Gy - [5, - 1, &, S 3 , ... S,l (1) 

whose order is r and degree n, and which contains all those 
substitutions (and no others) which leave a function 0i(#i,#2, . ,.x n ) 
unchanged. Let S 2 he a substitution not contained in this 
group, and one therefore which changes <j>i to another of its 
values, say 2 . Multiplying the members of Gi by S 2 we have 
the following series of substitutions, all belonging, of course, to 
the symmetric group : — 

£>iS 2 , o 2 S 2 , 03S2, . . . o r '2iz. (2) 

The members of this series have the following properties : — 
(1) they are all distinot from one another, for the equality 
$ a 2 2 = Sp%z would imply S a = Sp ; (2) they all transform $ t 
into 02, for the effect of the first factor S a is to leave ip x 
unaltered ; and (3) there are no other substitutions in the 
symmetric group possessing this property, for if T is any 
substitution changing <j>i to 2 , the product T~2i l leaves <j>i 
unaltered, and therefore belongs to the group Gi ; hence 
TS2" 1 = Sjc, and therefore T = S k % z ; that is, T is contained in 
the series (2) above written. We can form a similar row by 
means of a substitution ^3 whioh changes 0! to a third value <j> 3 . 
Proceeding in this way till all the values of <j>, viz. <j> L , <p 2 , 3 , . . . f R , 
are exhausted, we have the following table (in which, for sym- 
metry, Si is written = 1) : — 

<S'i2i, SaSi, ^Si, . . . #,.2i, 
01S2, 8^,2, o 3 2 2 , . . . o r S 2 ) 
"i23, o 2 23, osS 3 , . . . o,-5 3 , 

sa P , .s,2 p , sa p , . . . s r \ 
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Since there is no remaining value of fa all the substitutions of 
the symmetric group must be contained in this table ; and the 
substitutions therein contained are all different ; for those con- 
tained in any row are distinct from one another, as we have 
seen, and no two substitutions contained in different rows can 
be equal, since if, for example, 

SA-Sfa, then a, = 0^s. = « y a»; 

that is, ^3 would be one of the substitutions contained in the 
second row, which is contrary to hypothesis. We have then 
in this table all the JY substitutions of the symmetric group 
written in p lines of r each, from which it follows that rp = N~, 
and the theorem is proved. 

On account of the similarity of the different values 

fa, fat • ■ • fay ■ • • <t>f> 

of the ^-valued function fa it is evident, a priori, that each of 
these functions will have a group similar to the group of fa. 
It can be readily shown that the group of any function fa is 
obtained by transforming (Art. 221) all the substitutions of G 
by the substitution 2* which alters fa to fa. In fact, any 
substitution ^S^k leaves $ k unaltered, for t' k x changes it to 
^i, which is unaltered by S„ and consequently changed by 2* 
to fa. The group of fa is therefore 

% h l 8\% k , % k Sz4k 7 2 t S 3 2/t> • • • 2 A S r z,i,, 

where each substitution of <?! is transformed by 2*. This 
result may be represented briefly by the notation 

Gk = 2* G x Si*. 

Gi, Gv, Gi, . . . G p are called conjugate groups, and the cor- 
responding functions fa, fa, fa, ■ • • fa conjugate functions. 

It is clear. (Art. 221) that any two conjugate groups consist of 
similar substitutions. 

VOL. II. K 
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"What is above proved as to the relation between the orders 
of Gi and the symmetric group is true, more generally, of the 
relation between the orders of <?i and any wider group G', in 
which Cri is contained as a sub-group ; that is to say, the order of 
(?i is an exact divisor of the order r' of any wider group G '. The 
proof, which is precisely similar to that given above, consists in 
arranging the / substitutions of G' in a number of rows (say, m) 
of which the first is made up of the r substitutions of Gl "We 
readily obtain the following relations : rp = r'p = N, r' = mr, 
p = mp', where p' is the number of distinct values of any 
function belonging to G ' . 

Examples. 

1. Construct, for four elements, the conjugate groups corresponding to the 
different values of the function c/>i s xixt + x%%i. 

It is easily seen that there are only three distinct values of this function, viz., 

<pl = XlX% + Z3X1, <p2 EE X\Xl + XiX\, <pn S3 ZlXt + X2X3, 

and each has therefore a group of order 8. 

The group of (pi consists of the following eight substitutions : — 

G, <1, (12), (34), (12)(34), (13)(24), (H)(23), (1324), (1423)]. 

If we take any substitution, e.g. (23), which changes $1 to <pt, and any other 
say (24), which changes <pi to (£3, and form the table of the foregoing Article we 
obtain all the 24 substitutions of the symmetric group as follows: — 

1 (12) (34) (12)(34)_ 

(23) (132) (234) (1342) 

(24) (142) (243) (1432) 

The first row is the group Gi ; the other rows not constituting groups, but 
being such that the members of the second (and no others) all convert <f>i into $2, and 
the members of the third (and no others) all convert <j>i into $3. The group G2 cor- 
responding to <pz is obtained by transforming the substitutions of Gi by (23), and 
this is done by simply interchanging 2 and 3 in the substitutions of G\. In this 
way we find easily the groups of $2 and fa, as follows : — 

<? 2 s [1, (13), (24), (13)(24), (12)(34), (14)(23), (1234), (1432)], 

G 3 = [1, (14), (23), (14)(23), (13)(24), (12)(34), (1342), (1243)]. 



13)(24) 


(14)(23) 


(1324) 


(1423) 


(1243) 


(14) 


(124) 


(143) 


(13) 


(1234) 


(134) 


(123) 



Examples. 
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It will be observed that none of the circular substitutions of the 3rd order are 
present in any of these groups, and the three groups have certain substitutions 
common. In fact the substitution unity must be common to all conjugate groups ; 
and here <?i, 6r 2 , <? 3 have the three substitutions (12)(34), (13)(24), (H)(23) 
common, in addition to unity, these four substitutions forming a common sub- 
group of the three conjugate groups. 

2. Verify that the substitutions of 6?i in the preceding example form a closed 
group ; that is to say, any multiplication of two of its members always reproduces 
some member of the group. 

Representing the substitutions of G\ in the order of the preceding example by 
the symbols 1, A, B, 0, B, E, F, G, we have the following multiplication table, 
which the student will easily verify : — 





1 


A 


B 


G 


B 


E 


F 


G 


1 s 1 


1 • 


*y/ 


B' 


C 


B 


E 


F 


G 


(12) = A 


A J 


1 


C 


B 


G 


F 


E 


D 


(34) = B 


B 


G 


1 


A 


F 


G 


B 


E 


(12) (34) m G 





B 


A 


1 


E 


D 


G 


F 


(13) (24) s B 


B 


F 


G 


E 


1 


G 


A 


B 


(14) (23) = E 


E 


G 


F 


J> 





1 


B 


A 


(1324) = F 


F 


D 


E 


G 


B 


A 


C 


1 


(1423) = G 


G 


B 


B 


F 


A 


B 


1 


C 



In effecting the multiplication, the factor from the first column is to be placed at 
the left-hand side of each symbol of the upper row in turn. 
It will be observed that G\ contains the sub-groups 

[1, A, B, Cf], [1, 0, B, E], [1, G, F, (?], 

all of order 4, and several also of order 2, e.g. [1, A], [1, C]: 

3. Construct the alternate group 67' for four elements. The substitutions which 
consist of an even number of transpositions can easily be selected from the twenty- 
four given in Ex. 1. They are, in fact, the four substitutions 1, (12)(34), (13)(24), 

R 2 
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(14)(23), along with the eight circular substitutions of the third order. These we 
arrange in three rows, as follows : — 

/ 1 (12)(34) (13)(24) (14)(23), 

G'= 5(132) (234) (124) (143), 

'(142) (243) (134) (123). 

To this group belongs the function Va. If each substitution be multiplied by 
any transposition, say (23), which changes \/a to - Va, the remaining twelve sub- 
stitutions of the symmetric group are obtained. If each member of 67' be transformed 
by (23), we obtain the group of - VA. It is easily verified that this coincides with 
O' the group of Va. For example (12)(34) becomes (13)(24) by this transformation ; 
(14)(23) is unaltered; (123) and (132) are interchanged; and so on. The two 
conjugate groups therefore coincide in this case, \^A and — VA both belonging to 
the same group. The same is true for any number of elements (Art. 223). 

The arrangement in three rows of the substitutions of Q' illustrates what is 
proved at the conclusion of the foregoing Article. The four substitutions in the 
first row form a sub-group of 0' ; the four in the second row are obtained from 
these by multiplication (on the right-hand side) by (132), and the last four by 
multiplication by (142) ; the order 4 of the sub-group being a divisor of the order 
of G'. To this group, which we call S, viz., 

X=[l, (12)(34), (13)(24), (14)(23)], 
belongs the function 

A (xix% + x&i) + B (X1X3 + xysCj) V_,0(xiXi + a&tg), 

in which A, B, G are any arbitrary constants. 

This function has six distinct values for the substitutions of the symmetric 
group, viz., 

A$i + B<p 2 + C<j> 3 , A(j>2 + B(f> 3 + C<f>i, A(j> 3 + B<l>i + C(j>2, 

A<pi + Bfa + C<$>2, A<p 2 + B<f>i + C<p 3 , A<t> 3 -r Btpi + C<f>i. 

These have all the same group S, the six conjugate groups coinciding in this 
case ; in fact, any transformation of the symmetric group operated upon the sub- 
stitutions of if will reproduce the same four in some order. Such a group is called 
an invariant sub-group of the symmetric group. The alternate group is also an 
invariant sub-group. 

i. Prove that the group derived fromtherc- 1 transpositions (12), (13), . . . (In), 
is identical with the symmetric group. 

Every substitution, being expressible by transpositions, can be represented as a 
product of members of this series (Ex. 12, Art. 220). 

5. Prove, for any number of elements, that there is only one group of order JiV, 
viz., the alternate group. 

Let the group of order JiV be 

Si s 1, Si, S 3 , ... S (1) 
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Multiplying this, first at the left side and afterwards at the right, by any 
substitution Tof the symmetric group not already contained in it, we have the two 
series 

T, TSi, TS 3 , . . . TS iN . (2) 

T, StT, S 3 T, . . . S iN T. (3) 

Each of these must consist of the JiV substitutions not contained in (1) ; hence 
the two series are identical, and whatever i may be, we have for some value of j 
the relation 

TSi = SjT, or Si=T- 1 S J T; 

from which it is easily inferred that the group (1) contains all substitutions similar 
to any one contained in it. Hence (1) cannot comprise any single transposition, for 
if it did it would contain all such, and be consequently identical with the symmetric 
group (Ex. 4). 

If now it can be shown that (1) contains as a substitution any product of a pair 
of transpositions, it will follow, since it must then contain all such products of pairs, 
that it is the alternate group. For this purpose, suppose T in the series (2) to be 
any transposition. The effect of multiplying both (I)and (2) by a second trans- 
position P"is to interchange the two series (1) and (2). It is proved therefore that 
PTmust be one of the substitutions of (1). 

From this it appears that every two-valued function belongs to the alternate 
group, since this is the only group whose order satisfies the equation 1r = N. 

6. The alternate group includes all circular substitutions of odd order, and none 
of even order. 

7. Prove that a group which contains all the circular substitutions of the third 
order is either the alternate or the symmetric group. 

Use Ex. 13, Art. 220. 

8. Prove that a group which contains all the circular substitutions of the fifth 
order contains also all of the third order. For 

(acdeb) (acied) = {ale). 

9. The order of a group is a multiple of the order of any one of the substitutions 
of the group. 

10. If n is a prime number, every group of order n is composed of n powers of a 
circular substitution of order ». 

11. If two groups have common substitutions, these themselves form a group, 
and their number is a common divisor of the orders of both groups. 

12. If the members of a group are all transformed by the same substitution, the 
■conjugates thus derived themselves form a group. 

Use the relations given at the end of Art. 221. 
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225. Formation of Functions of a given Group 
The Galois Function. — We now take up the problem of the 
formation of rational integral non-symmetric functions whioh 
remain invariable for all the substitutions of a given group. 
For this purpose it is necessary first to obtain an integral 
function of the n variables which assumes N distinct values for 
the N substitutions of the symmetric group. Such a function 
is the following : — 

tpi = a&i + a 2 « 2 + 0.3X3 + . . . + a n %„, 

in which o u a 2 , . ■ • a n are distinct arbitrary constants ; for it is 
clear that of the N values of xpi derived by substitution, viz., 
ip\, &, ^3) • • • i/'iv; no two can be equal if the variables be 
assumed unequal. 

This function, xpi, is oalled the Galois Function. Suppose, 
now, the given group to be 

G - [1, &, S 3 , ... S r l 

and let \pi, ip 2 , ip 3 , . . . ip r be the r distinct values of the Galois 
function obtained by applying the substitutions of G. A 
jsymmetric function of i// 1} 1/-2, . . . tp r will be unaltered by these 
substitutions, for the effect of any substitution of G on ip h \p 2l i// 3 , 
. . . \p r is to reproduce these functions in some order or other ; in 
fact the series 

\pl, 8 2 tpi, $3^1, . . . S r \pi 

will become, after the operation S a , 

S a ipi) SzS a 1p u S 3 8 a \pi, . . . SrSatp!, 

and S a , S^Sa, 8 3 S a , . . . are in some order the r distinct 
substitutions of the group. Any such symmetric function 
therefore may be used to search for functions of the group G. 
A function symmetric in \fj lt \p 2 , . . . \p r may be also symmetric 
in % u %i, . . . x n , or may belong to any wider group containing G 
as a sub-group. If there is no wider group except the symme- 
tric which contains G as a sub-group, we conclude that any 
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unsymmetric function of x u x % , ... %„ obtained in this way- 
belongs to the group G. We add a few simple examples to 
illustrate this mode of finding funotions of a given group. 

Examples. 

1. Form a function of three variables which shall he unchanged by all the 
substitutions of the alternate group, viz., 

[1, (123), (132)]. 

Operating with these substitutions on the Galois function, we have 

+1 = 012:1 + 02#2 + «3«S, 

xfiz = 012:2 + 022:3 + 032:1, 

if<3 = 0.1X3 + 022:1 + 032:2. 

Si^i and 2i)/i 2 are both symmetric in xi, x%, xz. But by means either of i|/n|'2<J<3 
or 2^i 3 we can obtain the unsymmetric functions 

x-pxi + x#X3 + x^Xi and xi^xz + z£x\ + xtpxi, 

both of which must belong to the given group. Calling these functions ** and *'.<> 
as in Art. 222, it is in fact easily verified that 

S^i* = 2ai 3 2zi 3 + 6010203 2;i2;22;3 + 3 (<M>t. + *'z*'a), 

where #a = ai 2 o2 + 02 2 ct3 + a3 2 ai, *'a = ai 2 a3 + a2 2 ai + a3 2 02. 

2. Investigate functions of four variables which shall belong to the group 

H = [1 (12)(34) (13)(24) (14) (23)]. 
Writing down the values of the four Galois functions as follows : — 
1//1 s aiiSi + 022:3 + 032:3 + 042:4, 
d/2 s= 0.1X2 + 022:1 + 032:4 + 042:3, 
i^ 3 = 012:3 + 022:4 + 032:1 + 042:2, 
\pi s 012:4 + 022:3 + 032:2 + 042:1, 

we find that Sif/i is symmetric in xi, x 2 , x s , Xi, but that 2i|a 2 is not so. From the 
latter we readily obtain the function A<pi + B<pi + C<pi of Ex. 3, Art. 224, 
<pi, tj>i, t/>3 representing the same functions of x\, x%, x s , 2:4 as in Ex. 1 of the 
Article referred to. Ve have in fact 

2<|a 2 = 2oi 2 22!i 2 + 4 (0102 4 0304) #1 + 4 (0103 + 0204) <f>2 + 4 (0104 + 0203) </>3- 

The unsymmetric functions occurring here, viz. <p\, <f> 2 , £3 belong respectively 
to the wider groups G\, 62, G 3 , of order eight. The sum of these with arbitrary 
coefficients belongs to the given group S, and is a six- valued function. 
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3. Investigate functions of four variables for the group 

<? 1S [1, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)]. 
Taking, along with the four values of <fi in the preceding example, the 

additional four 

>f/ s = 013:2 + aixi + 03*3 + 043:4, 

\j/ 6 = ai%\ + wiXi + 033:4 + 043:3, 

1^7 = aiXz + 023:4 + 03*2 + 043:1, 

\j/ e s 01*4 + 023:3 + 033:1 + 043:2, 

we easily verify the following relation : — 

2if/i 2 s 22oi 2 23;i 2 + 8 (0102 + 0304) (3:13:2 + 3:33:4) + 2 (01 + 02) (03 + 04)(3:i + 3:2) (3:3 + *i) i 
whence the functions 3:13:2 + 3:33-4 and (3:1 + 3:2) (3:3 + 3:4) are obtained, both belong- 
ing to the given group, since there is no wider group except the symmetric in which 
G\ is contained as a sub-group. 

It is clear that this method may be used to discover by means of the symmetric 
functions of higher orders an infinite variety of functions corresponding to a given 
group. 

226. Theorem. — Every integral symmetric function of the 
distinct values of any integral multiple -valued function of n 
elements is a symmetric function of the elements themselves. 

Although this proposition appears sufficiently evident from 
the similarity of structure of the conjugate values <p u <p z , <p 3 , . . . <j> t 
of a p-valued function (Art. 224), we may give a formal proof 
as follows. Let F(^ u </> 2 , . . . $ p ) he any rational integral 
symmetric function of the p values. Any substitution what- 
ever S (affecting the elements) applied to these p values either 
leaves any function unchanged or replaces it by one of the 
others. No two of the resulting values can be equal, for if 
8(j>i were equal to Sfy, it would follow, by applying the substi- 
tution S~ l , that <j>i = $/, which is contrary to hypothesis. Con- 
sequently the same p values of f are reproduced by S in some 
order or other. The symmetric function F therefore remains 
unchanged by any substitution, and is consequently a symmetric 
function of the elements themselves. 

From this is derived immediately the following corollary : — 

Cor. — The p distinct values of any integral multiple-valued 
function are roots of an equation whose coefficients are integral 
symmetric functions of the elements themselves. 



p 
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For an example of this we refer to Ex. 4, Art. 39, vol. i. 
What is here proved with regard to rational integral functions 
can he readily extended to all rational funotions whether inte- 
gral or not, for any fraction may be converted by the method 
of Art. 193 into an equivalent form whose denominator is sym- 
metric in the elements. 

227. Theorem, — Two functions belonging to the same group 
can be rationally expressed each in terms of the other. 

This important proposition, to which we now apply the 
principles of the method of substitution, has been discussed 
before (Art. 193) from a somewhat different point of view. Let 
$i and i//i be two functions belonging to the same group 

G>, =■ [1, S„ S s ,... S r l 

of order r and degree n ; each of these functions having p 
distinot values, where rp = If. Any substitution not contained 
in 6?i will convert 0j into another of its values, say fa, and at 
the same time ipi into i//*. By operating all possible substitutions, 
p pairs of values $i, 4*i > <t>n ^ > • • • 0p> ^p are obtained. Now, 
in the first place, the rational funotion 

S^' = fV + <P*% J + • • ■ + <pk% j + • • ■ + (j> P %> (1) 

is clearly a symmetric function of the elements, for it appears, 
by the same reasoning as that of the preceding Article, that any 
substitution whatever affecting the elements will reproduce in 
some order the terms of this sum, viz. 50*^', which is therefore 
a symmetric function of the elements. If, now, we take/ = 1, 
and assign to i all the values 0, 1, 2, .... p - 1 in succession, 
we obtain the following p equations linear in \p u \p 2 , . . . \p p : — 

^i + i// 2 + . . . + ^ p = T \ 



01^1 + fc4>2 + . . . + <p p ipi> = Ti 

<P*i>i + <t>ih + . . . + $?$„ = T t 



b ( 2 ) 



where T , T lf T 2 , . . . are all symmetric in #„ # 2 , . . . x„. For 
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the solution of these equations we refer to Ex. 1, p. 38, and 
Ex. 3, p. 105, from which it will be readily inferred that i/^ oan 
be expressed as a rational funotion of 0i in the following form : — 

v(#i, fc, • • • <t> P )^i = A^r 1 + A^r* + . . . + A p . i} 

where v has the same meaning as in Art. 202, and A 0) A h 
. . . A p . i are all symmetric in x u x 2 , . . . #»• 

It follows, conversely, that two rational functions such that 
each can be expressed rationally in terms of the other belong to the 
same group ; for since each remains unchanged by all the 
substitutions which constitute the group of the other, it follows 
immediately that the two groups must coinoide. 

228. Extension of Theorem with Corollaries. — Even 
when the groups of <j>i and \pi are not identical, but one of them 
included as a sub-group in the other, it is still true that the 
function which belongs to the wider group (and which has con- 
sequently the smaller number of distinct values) is expressible 
rationally in terms of the function of the narrower group. 

Let 0i belong to the group Gi of the preceding Article, and 
let ^i belong to the wider group 

Ol = [1, $ 2 , . . . 8,; S r+ l, . . . $,-']. 

We have (Art. 224) the relations 

rp = r'p' - N; r' = kr ; p = kp' ; 

there are, as before, p distinct values of <j> ; but the values of ip, 
viz. fa, \p 2> i// 3 , . . . Tppj become equal in sets of k, so that only 
p' distinot values remain. It is still true, however, that the 
expression (1) of the preceding Article is a symmetric function 
of Xi, ad, . . . x„, for any substitution applied to it will reproduce 
in some order the distinct terms of the series. The equations 
(2) therefore can be solved as before, and an expression obtained 
for 1//1 in terms of ^i. If it be attempted, however, to express 
0! in a similar form in terms of Tpi, the solution fails, on account 
of the equality of two or more of the values of \p ; for it is 
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implied in the solution of these equations that no two values 
of <p are equal (see Ex. 1, p. 38). The theorem as thus extended 
may be stated as follows : — 

Theorem. — If two rational functions of any set of variables 
are such that one remains unchanged by all the substitutions of the 
group to which the other belongs, the first is expressible by means 
of the second in the form of an integral polynomial whose coefficients 
are rational symmetric functions of the variables. 

From this proposition may be deduced important conse- 
quences which are contained in the following corollaries. 

Cor. 1. — A function can always be found in terms of ivhich any 
number of given functions can be rationally expressed. 

Let <j>, \p, x, . . be the given functions, and let w be assumed 
such that 

to = a(j> + j3i/i + y\ + . . . 

where a, j3, y . . . are arbitrary constants. The substitutions 
whioh are common to the groups of <j>, \p, x • • ■ w iU leave w un- 
changed. Hence the group of w is contained as a sub-group 
in that of each of the given functions ; any one of which may 
therefore be expressed in terms of to. 

Cor. 2. — Any rational function whatever can be rationally 
expressed in terms of a function having N distinct values; in 
particular in terms of the Galois function. 

For the group of an iV-valued function, reducing to the 
identical substitution, is included as a sub-group in every other. 

Cor. 3. — The variables themselves can be expressed rationally in 
terms of the Galois function. 

The group to which x x , for example, belongs contains 
1.2.3... (n - 1) substitutions, including, of course, the sub- 
group unity. The n values of this function are the n variables 
Xi, Xi, . . . x„, and each can be expressed rationally in terms of 
the Galois function. 

The proposition contained in this corollary was stated 
originally by Abel without proof. Galois has given a proof 
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of the proposition founded on elementary principles, whioh 
we think it desirable to add, since it shows how the calculation 
may be conducted and the required rational expression for any 
one of the variables obtained. 

Let /(a) = be the equation whose roots are % lt x 3 , . . . x„, 
all supposed unequal ; and let \pi be a known value of a rational 
function \p of the roots which has N distinot values. 

If all the roots except x L be permuted in every possible way, 
we obtain 1 . 2 . 3 . . . (» - 1) = fi distinct values of \p given by 
the equation 

*■(*) = (* -*.)(*-*») ••• (*-W = o. 

The coefficients of this equation when expanded are sym- 
metric functions of x 2 , x„ . . . x„, and can therefore be expressed 
in the terms of the coefficients of 

X - Xi 

and will involve x v in a rational form along with the coef- 
ficients of f{x). If the expanded equation be represented by 
F(\p, Xi) = 0, we have F(ipi, xi) = 0, since it is satisfied by 
xp - \p v ; we have also / (xi) = 0, from which it follows that the 
equations f(x) = and F(^ u x) = have a common root. It 
is easily seen that this is the only root common. If therefore 
we seek the common measure of f(x) and F(\p u x), and continue 
the process till we obtain a remainder of the first degree in x, 
by equating it to zero we shall find for x x a rational expression 
in terms of \pi and the coefficients of f(x) . 

Re. For a cubic equation 

f(x) = x 3 + pix* + pzx + p 3 = 0, 

if \fi be taken equal to the Galois function aiXi + a%xi + 113*3, it is readily proved 
that -F(i|ii, xi) involves X\ in the second power, and the problem is reduced to find- 
ing the greatest common measure of a quadratic and cubic. The question is 
simplified by taking the special Galois function x\ + wXz + w%3 = 1J/1 ; we find in 
this case that the coefficient of «i 8 vanishes, and x\ is obtained immediately in 
terms of >Ja as follows : — 

"h 2 -iVh +pi z - 3pi 

xi = - ■ — . 

3if<i 
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Cor. 4. — All the values of the Galois function can be expressed 
rationally in terms of any one among them. 
For all belong to the same group unity. 

229. Two-valued Functions. Theorem. — Every two- 
valued integral function of n variables is of the form Si ± S 2 JK, 
where Si and S 2 are integral symmetric functions, and A the dis- 
criminant. 

A two-valued function must belong to a group of order £N~. 
The only group of this order is the alternate group (Ex. 5, 
Art. 224), to which the function JA belongs. The theorem 
therefore follows as an immediate consequence of the funda- 
mental theorem of Art. 227. On account of its importance, 
however, we give the following independent proof. 

Let the two values of the function be denoted by L and <p 2 , 
and let Gi and G% be the corresponding groups, each of order 
i|JV. In the first place, these two groups must be identioal ; for 
if any substitution S of G x were to change 2 to its second 
value 0i, then S' 1 would change <j>i into 2 ; but this is impos- 
sible, since S- 1 as well as S belongs to the group G L . Every 
substitution, therefore, of G x must belong to G%, and vice versa. 

To show now that these groups coincide with the alternate 
group, consider the function <j>i - 2 = i/<. Any substitution 
which belongs to the common group leaves this unaltered ; any 
other will change <p s to 2 and 2 to X , and will therefore 
change the sign of \p ; the transposition (%*ot!p), for example, will 
have this effect, for the group common to the two values of any 
alternating function could not include all transpositions without 
coinciding with the symmetric group. It is easily inferred 
that 0) - 02 is divisible by x a - cc p , and hence by the product of 
all the differences since ip 2 is symmetric. 

The quotient of i// by J A is symmetric To prove this, let 
(jA) m be the highest power of Ja which ocours in ip. The 
quotient of \p by (jA) m is symmetric, since, if not, it would be 
an alternating function, and would again contain J A as a factor, 
whioh is contrary to hypothesis. It follows immediately that 
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m is an odd number, and that the quotient of ip by J A is sym- 
metric "Writing therefore fa^ - fa = A J A, and fa + fa = B, 
where A and B are both symmetric, we at once derive 

fa = & + £ 2 J A, fa = <S, - <S 2 Ja, 

where ^ and $ 2 are both symmetric functions of the variables 
#!, a? 2 , . . . #„. It is, of course, also evident that the groups Gi 
and G% coincide with the group of JA, vk. the alternate group. 

230. Theorem. — The alternating functions are the only un- 
symmetric functions of n variables of which a power can be 
symmetric. 

The theorems contained in this and the next following 
Articles are of great importance in connexion with the problem 
of the general solution of algebraical equations. It will be 
sufficient to prove the theorem for prime powers, for if there 
exists a funotion F(st l} x 2 , . . . x n ) such that F p,q is symmetric, 
p being prime, then there is also a funotion (j> = F? such that <h p 
is symmetric. Let therefore 

fa" = S, a symmetric function. 

Since the group of fa which is unsymmetric, cannot contain 
all the transpositions, let a = {x a x£) be a transposition which 
converts into fa ; we have 

fap = fa? = S, 
and therefore fa - wfa where w is a p th root of unity. Hence 

a( t> = <pj = <»fa 

and, operating again with u, 

<r 2 = (o<T(j> = w 2 <p ; 

but <t 2 = 1 ; hence w l = 1, and consequently p = 2. 

Since therefore fa is symmetric, <j> is an alternating function, 
and the proposition is proved. 
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231. Theorem.— For any number, n, of independent elements 
there is no multiple-valued function of which a power is two-valued 
when n > 4 ; and when n = 3, or n = 4, if there is any such power 
it is a third power. 

Confining our attention as before to prime numbers, and 
supposing that f is a multiple-valued function whose p th power 
is two-valued, we have (Art. 229) 

0" = 8 1 + SjX. (1) 

The group of <j> cannot contain all the circular substitutions 
of the third order, for if it did this group would coincide with 
the alternate group and (j> would be two-valued (Ex. 7, Art. 224). 
Let t s (x a xpx y ) be such a substitution not contained in the 
group of <p, and suppose of = <j>j. From the equation (1), since 
Si + 8zJa is unaltered by a, we have 

hence fc = w<f>, where w is a p th root of unity. Operating again 
twice in succession with <t, we obtain readily 

(t 3 ^ = ui'crij) = u> 3 <j> ; 

whence, since <r s = 1, we have to 3 = 1, and therefore p = 3. 

Again, when the number of elements is greater than 4, 
there are circular substitutions of the fifth order, and these 
cannot be all contained in the group of <j> (Ex. 8, Art. 224), 
Let r be one of these not in the group of <p, and r0 = fa. "We 
have, as before, from the equation (1), by applying this substi- 
tution (which does not affect the right-hand side), 

<pp = 4,/ = 8i + SjA. 

Hence, proceeding as before, we have t$ = uxp, and operating 
again on this and the succeeding equations with r, we readily 
find T s (j> = w 5 cj> ; whence o> s = 1, since r 5 = 1, and it is proved 
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that p = 5. Now, this result being inconsistent with the value 
of p previously obtained, viz. 3, we infer that when the num- 
ber of elements is greater than 4 it is impossible to find any 
multipled-valued function <j>, a prime power of whioh will be 
two-valued. 

That there are actually, when n is not greater than 4, 
multiple- valued functions, a third power of which is two- valued, 
will appear from the following applications to the cases where 
n = 3 and n = 4: — 

1. To find a multiple-valued function of three elements whose third power is 
two-valued. We examine whether the problem admits of solution by means of the 
simplest linear function, viz. 

4> = ax\ + te + 7^3 ; 

that is, whether the constants a, $, y can be determined so as to make <p fulfil the 
required conditions. 

Taking a = (xixzxz), and identifying tr</> with axp, where to 3 = 1, we have 

ash + /8#3 + yxi = a(axi 4 &xi + yxs) ; 
whence 

7 = o>a, # = toy, a = a>$, 
and immediately 

(j> = a(xi + u 2 xz + wzs). 

Taking a = 1, we infer that a function of the type x\ + a> 2 #2 + ux 3 satisfies the 
conditions of the problem. This function is six-valued, and its cube two-valued 
(compare Art. 59, vol. i.). 

The student will easily prove, in a similar manner, that any function of the type 

X\ m + UXz m + 0)%3 m , 

where m is any integer, will equally well supply a solution of the problem. 

2. To investigate a similar function when n — 4. In this case it is clear that 
no linear function of the type axi + @xi + yxs + Sxt can, without making S = 0, 
fulfil the condition of being multiplied by a factor when operated on by the sub- 
stitution cr = (xixixs). We take therefore the function next in simplicity, viz. one 
of the type 

<p = ax\X% + &x%Xz + yXiXi + 2i(a'zi + 0X2 + y'x 3 ). 

The function obtained from this by the operation of <r is 

<t>j = 0X2X3 + &X3Z1 + yX\X% + x^aXz + &x s + 7^1). 

Identifying <pj with w<j>, and replacing 0, 7, ff, y' by their values in terms of 
o, a, we have 

</> = a{x\xi + 0^X2X3 + 10X3X1) + a.'(xiXi + a 2 X2Xi + u>X3x£\. 
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Operating again with a different substitution of the third order, say t s (zmzxt), 
and denoting r<j> by <pu, we have 

Qk = a{X2Xi + upxixz + UX3X2) + a'{x 2 x\ + oD^d^i + ax 3 x x ). 

Identifying, as before, 4* with e$, where 8 is some cube root of unity, we find 
at once 8 = a 2 , and a' = a'a, the remaining relations being all consistent with 
these. We have therefore, tailing o = 1 , 

</> = XiXz + x&i + wftfia* + x%xij + o) 2 (*ia,-4 + X2X3). 

This is a function of the required kind having itself six values but only two values 
when cubed (compare Art. 66, vol. i., and Ex. 3, Art. 224). 



Section III. — The Galois Besolvent. 

232. Galois Resolvent — Group of an Equation. 

Let 

F(x) =x n + p x x n ~ l + p,.x n - 2 + . . . + p„ = (1) 

be an equation whose roots, supposed all unequal, are x lf 
Xi, . . . %„, and whose coefficients are regarded as known rational 
quantities. The Galois function 

i/<i = a x Xi + a 2 X 2 + . . . + a„X„ 

has JV distinct values \p lt \f> it . . . \p N , corresponding to the N 
substitutions of the symmetric group (Art. 225). The equation 
of the N th degree whose roots are these N values, viz., 

¥(*) - («-*,) («- ^) . . . («-M = 0, (2) 

is called the Galois resolvent. When this equation is expanded, 
the roots x x , x 2 , . . . x„ will enter it in a symmetric form ; hence 
the coefficients of z in the expanded equation can all be 
expressed rationally in terms of p x , p 2 , . . . p n . In general, this 
equation is irreducible ; that is to say, it cannot be broken up 
into factors of inferior degree with rational coefficients. We 
proceed to examine under what circumstances it may become 
vol. 11. s 
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reducible. For this purpose, suppose ¥1 (s) to be an irreducible 
factor of the r th degree, with rational coefficients, contained in 

¥(s), and let 

V i (z)=(z-fa)(z-fa)...(z-fa.), (3) 

where fa, fa, . ■ . fa- are derived from fa by means of the sub- 
stitutions S t , S 3 , . . . S r . The following consequences can be 
established : — 

(1). Every function <f> of the roots which is unchanged by the 
substitutions 1, $ 2 , S 3 , . . . S r can be expressed rationally in terms of 

Pi, Pi, ■■■Ph- 

For, since each of the roots x t , x 2 , ... is a rational function 
of fa and the coefficients (Art. 228), the function $ itself will 
be also a rational function of these quantities, say f(fa) . Now, 
under the operation of the substitutions S 2 , S 3 , . . ., <p remains 
unchanged, but ^i becomes in succession fa, fa, ... ; hence 

md = /ow = /om = • • • = \ i mi) +/(*>) + • • • +/«*)) ■, 

but the latter expression being symmetric in the roots of ^ = 
can be rationally expressed by the coefficients of this equation, 
which are themselves rational. 

(2). Every function which is rationally expressible will be 
unchanged by the substitutions 1, S 2 , S 3 , . . . S r . 

Let <j> be a function of the roots which has a rational 
expression, say R ; and let f(fa) be the function of fa by which 
$ can be also expressed (Art. 228). We have, then, f(fa) - R; 
whence the equation f(s) - R = has a root fa in common with 
the equation ¥1 (z) = ; but the latter equation is irreducible, 
and therefore all its roots must be common to the two equa- 
tions, and consequently f(fa) is unaltered when fa is replaced 
by fa, fa, . . . ; that is to say, <f> is unaltered by the substitutions 
■which change fa into fa, fa, . . . fa-, in succession. 

(3). The substitutions 1, S 2 , S 3 , . . . S r form a group. 

The effect of the operation of any one of these substitutions, 
say S a , on ^(s) is to leave the function unchanged since its 
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coefficients are rational ; the new values, therefore, of \p lf ip%,... xp r 
derived by this substitution must be identical with the first 
values, the order only differing; the effect of a second of the 
given substitutions, say Sp, is to reproduce in some order the 
same values of \p. It follows that S a 8p is contained among the 
substitutions of which S a and Sp are any two : and the proposi- 
tion is therefore proved. 

The group indicated in the preceding proposition, all the 
substitutions of which leave unchanged certain functions of the 
roots (not necessarily symmetrical) is called the group of the 
equation. In the case of a perfectly general equation, with no 
known relation among its roots, the group is the symmetric 
group. When an unsymmetric function of the roots can be 
expressed rationally in terms of the coefficients, the group 
which leaves this function unchanged is the group of the 
equation, and the equation is in this case special. The group 
of an equation may be any sub-group of the symmetric, ac- 
cording to the special character of the given equation. The 
number of such sub-groups, however, among which the group 
of the equation is to be sought, is limited by the following 
proposition : — 

(4). The group of an irreducible equation is transitive. 

A group is said to be transitive when it contains one or more 
substitutions whose effect is to replace any element whatever by 
another arbitrarily chosen. A transitive group, therefore, has 
in it substitutions which affect all the elements. Now let the 
group G of the equation be, if possible, not transitive, and let 
it affect only the elements x lt x 2 , . . . x m (m<n). The substitu- 
tions of G, altering only among themselves the positions of 
these in roots, will leave their symmetric functions unaltered. 
These symmetric functions, therefore, are rationally expressible, 
and the function F[x) will admit a rational divisor 

(X - Xi) (X - Xi) . . . (x - x m ), 

and will become reducible contrary to hypothesis. 

s 2 
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Examples. 

1. To form the sextic equation whose roots are the six values of the Galois 
function 

aixi + 02.V2 + 03*3, 

and to express its coefficients in terms of the coefficients of the cuhics whose roots 
are Xi, xz, X3, and oi, 02, 03, respectively. 

The six values may he arranged in two sets, of three each, as follows : — 

i/a = a\X\ + 0.2X2 + 03^3, jf/2 = 0.1X2 + 0223 + 03*1, </<3 = 013:3 + 02^1 + 03^2, 
<|/i = aixi + 0.2X3 + 03*2, ■i/'i = a\X2 + 012X1 + 032:3, ip'3 s aift + 023:2 + 03^1 ; 

the first row corresponding to the substitutions of the alternate group, viz., 1, (123), 
(132), and the second row to the remaining three substitutions, (23), (12), (13) of 
the symmetric group. If now 

Vi = (z - v//,) (z - ^2) (z - ^3), ¥2 = (z - f 1) (s - +'2) (z - f 3), 

these functions are both two-valued, and have the same group (Art 225) ; more- 
over, they are unchanged by the substitutions (a\Xi), {0.1X2), (032:3), and therefore 
involve ai, 02, 0.3, and x\, x%, x%, similarly. It is easily verified (cf. Ex. 1, Art. 
225) that 

2i|/i = 2i|<'i = 2oi2£i, 

Sif'i'f'2 = t^t'vi/\ = 1,o.\ l 'Zx\X2 + S^rSaioa + 2aias2a:ia.'2 ; 

also >|/nj<2!j<3, being a two-valued function, and involving the o's and x's in a similar 
manner, must be of the form 

Si ± $2 V AaAar, 

where £1 and & are symmetric in both sets of elements, and 

V A* = (01 - a 2 ) (01 - 03) (as - 03), \/ A* = (xi - Xi) (xi - x 3 ) (x% - X3). 
We have, in fact, 

"h^l/o = 010203 2A 3 + X\XiXz 2oi 3 + SXlXiXz 010203 + ***« + *'* *'a> 

where *« = ir^ + «2 2 *'3 + *3 s *i , *'* = x \x-? + xixs* + avi 2 ; 

also ** + *'* = 2.ci 2 vix* - ZxiXzXz = 8 X , 

** - *'* = /ij ; 

therefore ** = s {s x + »/&*), $V= \ (s x - a/a*), 

and finally, 

<|/iij/2<|<3 = 01a2032.i1 3 + ^1^2X3 2oi 3 + 3oia203 2i:52a;3 + \ (&& + a/AiA,,)- 
The value of yvi/zty 3 is obtained by changing the sign of the~square root. 



Examples. 261 

The cubic functions Vi and TFa, therefore, can he readily expressed in terms of 
the coefficients of the given cuhics, each of them containing one irrational quantity. 
When they are multiplied together, their product, which is the Galois resolvent, 
will he rational in both sets of coefficients. For the complete solution we refer 
to Ex. 11, p. 118, vol. i. 

It may he observed that, if the function of the coefficients which is equal to 
Ai is a perfect square, the value of /a, in the coefficients becomes rational, and 
the Galois resolvent can be broken up into two rational factors of the third degree. 
In this case the cubic equation is special, and its group the alternate group. This 
is the only class of special irreducible equations of the third degree, for the alternate 
group is the only transitive sub-group of the symmetric in the case of three 
elements. 

2. To form the equation of the 24th degree, whose roots are the several values 
of the Galois function ai%i + a%xi 4 03*3 + 042:4 ; and, secondly, to determine 
the conditions that it can be resolved into rational factors, expressed in terms of 
the coefficients of the quartics whose roots are xi, x%, xi, xi and tti, 02, cm, ai 
respectively. 

Let these quartics be (1) (a, i, c, d, e) (x, l) 4 and (2) («i, Si, «i, d\, *i) [x, 1)'. 
We have (p. 140, vol. 1.), 

x\ — y/\ 4 V it. + V v, %2= — + \/\ - \/p 4 V v, 



X3- 



h l/\+ Vp - V V, Xi — VA - %/ y. - \/v, 



with similar values for 01, 02, 03, ct4 obtained by putting the suffix 1 to each 
letter in the values of xi, #2, xs, Xi ; whence 



4iii 



aia:i 4 «2£2 4 asxz 4 04*4 = 4 y\ v*i 4 y p vp + V'V 



vu 



Putting now 


ibbi 

Z — ai«i 4 0.2X2 4 a3«3 4 aiXi , 

aai 


we have 


Z = y'x y 1 'm 4 y* /J. s/ ' p-\ 4 «/ v vn, 


and 


2 2 - A\i - ppi ~ m = 2 2 V * vV V *i V !"■• 


Writing also 


(p = XM+ Pfil 4 wi, <fi = A 2 Xi 3 4 fiVi 2 + "'^i 2 


squaring again. 


, and reducing, we find 




z* 2*2= 2G ° lZ <f> s + 2<J,-0, 



(« s « 8 i) 
a/\ \Z/» V"v = 2^" 3 , "/m -/mi \Ai = 2^s ' 



(A) 
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The next step is to express $ as a function of (p. For this purpose we form 
the equations 

lf>! + <p2 + 1^3 = To, \ 

<pllf 1 + <^>2lf'3 + <pl^3 = T\, > (B) 

<t> l^l + 02^2 + <!>3 2 fs = ft, ) 

</>i, $2, 4>3, being the values of <j> determined by a cubic equation, whose 
coefficients involve only one irrational quantity, viz-v^AaAaj. 

(See p. 118, vol. i.) 
Similarly \pi, i|>2, 1^3, the corresponding values of ^, are given by a cubic 
which involves the single irrational quantity v Aa^Aa^ ; also 

■/ Aa~ 2 = (A 2 - f) (A 2 - * 2 ) (m 2 - v 2 ) = (M + ") (" + *) (* + M) A*. 

We proceed now to express 7b, Ti, T2 in terms of the symmetric functions of 
A, fi, v, and Ai, ,ui, *i, with \/ Atiip and consequently in terms of symmetric 
functions of Xi, xi, X3, #4 and 01, k>, as, 04, with the irrational quantity 
V^Aii.i for since « 2 A + .ff = a 2 S, (p. 140, vol. 1.) 

V 7 Aa. s (A - m) (*■ - ") C" - ") = (»i - 82) (Si - S3) (92 - S3) = — V&z, 

Si, S2, S3 being the roots of the reducing cubic 

4(«S) 3 -i"(«0) + /=O, 

substituting in equations (B) for (pi, (pi, (pi and 1//1, i|»2, t//3, their values, we 
find 

To = (A 2 + M 2 + >- 2 ) (A1 2 + Ml 2 + «1 2 ), 

Ti = 2A 3 2Ai 3 + **i 4- Wi, 
where 

* = li}v + v 2 A + A 2 ^i, NP = ixv 1 + i>A 2 + A^i 2 , 

both two-valued functions, since they are unchanged by any even number of 
transpositions. In fact 

* + ¥ = (A + ix + v) {fin + p\ + \/j.) - 3\/u/ = ,s; 

$ - y = (a - ^ (A - ,) (p. - v) ; 
whence 

where 5 is a symmetric function, and therefore 

71 = 2A 3 2Ai 3 4 i {SSi - v'aaAaJ. 
Again, in order to calculate T2, we have 

21 = 2A*2Ai 4 + 22 / uVW"i 2 + 2A^Ai^ij/i2a2Ai + 2-H>i + 2Wi, 
where 

* = n 3 v + r 3 K + \ 3 p, V = iiv 3 + vA 3 + \/j. 3 , 
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both two-valued functions. In fact, 

$ + Y = {p.v + vA + A/i) (A. 2 + ft 2 + k s ) - Kpv (A + 11 + v) s «S, 
* - V = (A. + /* + v) (A. - Hi) (A - v) (ji - e), 

.-. * = J<S+^S'-\/aa, Y = J5 - |iS' \/aa ; where S' s A + p. + v, 
and therefore, finally, 

T 2 = 2A 4 2Ai* + 22/iV2,ui 2 xi 2 + 2A/ivAi/iivi2A2Ai + \{SSi - S'S'i y/ AaAaJ. 
It is then proved that 2o, 2"i, 2s involve only symmetric functions rationally, and 
the irrational quantity ^/aaAa^ 

Now, solving the equations (B), we have 

$ = Ptf> 2 > Q<p + S, 

where P, Q, It are expressible by symmetric functions of A, /i, </, and Ai, /»i, v\ 
with x/aaAAj (Art. 227). 

When this value of i// is substituted in equation (A), it becomes of the form 

Z i _ 2ps* - ?^ 3 + (2P- l)tf> 2 + 2Q<(> + 2iJ = 0, 
(««i) J 

<f being determined by the equation 

<*>3 - 3J7i$. - 4 { 27//i + v / U 3 -27/ 2 )(/i 3 -277i 2 ) ) = 0, (C) 

obtained by substituting - — for E, and - for G in the cubic equation of p. 1 18, 
Vol. I. ; also 

a 3 \ZaZ = 16 y/l 3 -2U*, and <n 3 </Aa = 16 a/-^ 3 - 27Ji 2 . 

Now, eliminating <\> between these equations, we obtain one equation of the 
\2 th degree in z, involving the single irrational quantity y A X A&, and a second of 
the same degree by changing the sign of \/ AzAa- If the three values of <p deter- 
mined by equation (C) be substituted in equation (A), we can resolve this equation 
of the 12" 1 degree into four quarties ; but this would involve the cube root of 
y/ AsAa, and, in addition, the cube roots of unity. 

The value of <j> expressed in terms of X\, fe, #3, £4, and 01, 012, a.%, ai is 

— <(> = 2 (#2 + Xs — %i - Z2) 2 {m + m — ai — 04) 2 = AAi + ju/ii + vvi ; 
16 

and since <pi, <f>2, ^3 are connected in pairs by a homographic relation involving 
v/AsAa and the cube root of unity (see Art. 60, vol. 1.), only one value of <j> is 
required to complete the resolution of the equation of the 12"> degree into four 
quarties. 

As in the preceding example, it appears that the two factors of the Galois 
resolvent, each of the 12"* degree, become rational in the coefficients when the 
discriminant is a perfect square ; and in this case the group of the equation so 
characterized reduces to the alternate group. 
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3. To determine under what conditions the Galois resolvent breaks up into 
factors in the case of the quintic when a,- is replaced by o r in the Galois function 

if = a\X\ + a%xt + 03*3 + aiXi + 05X5, 

a being an imaginary fifth root of unity. 

The function tfi has 120 values; and when a 1 ' is put in place of a r , with the 
condition o 5 = 1, the Galois resolvent takes the form 

(* 5 - *i 5 ) ("P - <M • • • W- 5 - hi 6 ) = 0, 

for if \j, r is a root, so also are aty r , a?\pr, aptyr, a 4 i// r . 

We now put xp 5 = 0, and from the values of select the following four : — 

01 = (a %i+ a%'2 + a 3 x 3 + a 4 £4 + a's) 5 , 

02 = {a 2 %i + a^Xi + 1I1 + a 3 Z4 + a^) 5 , 

03 = (a 3 «l + H8+ a'x3 + a?xi + X b ) $ , 
0i = (a 4 Xi + a 3 £2 + a?X3 + a Zi + Xz) s , 

of which the last three are obtained by substituting in succession a 2 , a 3 , a* for a 
in 0i, and reducing by the equation a 5 = 1. It should be noticed that, since 5 is a 
prime number, if in the series a, ar, a 3 , a 4 we replace a by of, the same roots are 
reproduced in a different order. 

Prom 0i, 02, 03, 0j the 24 values of can be obtained, in six sets of four, by 
the six permutations of Xi, x%, x% ; for x\, having all the multipliers possible, 
viz. a, a 2 , a 3 , a 4 , need not be permuted. Every symmetric function of 0i, 02, 0s, 04 
has six values obtained by the same permutations. The resolvent is therefore the 
product of six quartics of the type 

4 + <|>0 3 + p6 2 + <T0 + t = 0. 

6 

Again, since 2 0'^ T '-'* ^ a ' ne sum °^ a 'l * Qe ™l ues <t> T * can assume, it is 
i 
unchanged by any substitution, the order only being affected ; it is therefore ex- 
pressible by the coefficients of the quintic; whence, making fi = 1, we find by 

Art. 227 that t is u rational function of <p. The same is true for all the coeffi- 

« 
cients ; therefore if one is known, all are known. Now let fi = 0, then 5; <fv A is 

. 1 
known, and we can therefore form a sextic for determining $ ; and by adjoining the 

roots of this sextic, this particular form of the resolvent becomes the product of six 

quartics in m \jfi. 

Thus the solution of the quintic depends on the solution of a sextic, as Lagrange 

has pointed out. The analogous method was successful in solving the cubic, by 

reducing it to a quadratic in i// 3 . In the case of the septic, a similar treatment of 

the Galois resolvent would reduce it to 120 sextics in \f. 
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Section IV. — The Algebraic Solution of Equations. 

233. Application of tbe Theory of Substitutions to 
the Algebraic Solution of Equations. — The problem of 
the solution of an algebraic equation may be stated as follows : — 
From the given values of the single- valued functions p u p 2 , . . ., 
viz. the coefficients of the equation, to find the value of an 
iV-valued function, viz. a root of the Galois resolvent ; for we 
have seen (Art. 228, Cor. 3) that each of the roots x u x 2 , . . . 
can be expressed rationally in terms of any Galois function. 
Although the actual determination of the roots in terms of the 
given coefficients is not facilitated by this mode of procedure, 
yet the statement of the problem in this form is important in 
reference to the question of the possibility of the solution of 
algebraic equations generally. 

The known solutions of the cubic and biquadratic may from 
this point of view be presented briefly as follows : — 

(1). In the case of the cubic equation 

x 3 + pi?/? + pz<e + Pi = 0, 

we have to find from the given single-valued functions Puih,lh 
a six-valued function of the form a&i + a 2 x % + a 3 * 3 by the 
extraction of roots. In the first place all two-valued functions 
can be expressed rationally (Art. 227) in terms of the two- 
valued function 

Ja 3 = ± (#i - Xi) (*> - s») (#2 - *j)j 

and therefore in terms of p u p^, p 3 , along with the square root 
of a known function of the coefficients (Art. 42, Vol. i.). Now 
we have found (Art. 231, Ex. 2) a six-valued function 
Qc x + tvXr, +.o) 2 a? 3 = ip u whose cube is two-valued. ^ itself there- 
fore can be expressed by means of a cube root of a function of 
the coefficients in addition to the square root previously intro- 
duced (cf. Art. 59, Vol. i.). A six-valued function having 



266 Theory of Substitutions and Groups. 

been thus obtained, the solution of the equation is theoretically 
complete. 

(2). In the case of the biquadratic equation 

x i + p&? + p 2 x* + p 3 x + p t = 0, 

we have to find a 24-valued function of the form 

ai*i + CI2X2 + a 3 X 3 + a^ 

from the single-valued functions p l} lh, lh, Pi by the extraction 
of roots. 

As in the preceding ease, any two-valued function can be 
expressed rationally in terms of p u p 2 , p s , Pi, along with the 
two- valued function JA4, and hence in terms of these coefficients 
along with the square root of a known function of the coef- 
ficients (Ex. 15, p. 126, Vol. 1.). Now, referring to Art. 231, 
Ex. 2, we find the six-valued function 

<j> = X X X 2 + X 3 X 4 + ti) (X1X3 + X 2 Xi) + <D 2 (x x Xi + x 2 x 3 ), 

whose third power is two-valued ; <p will be expressible therefore 
by the aid of a cube root of a known function of the coefficients. 
We have now to find a means of passing from this six-valued 
function to a 24-valued function. The group of <j> is (Ex. 3, 
Art. 224), 

H=[l, (12)(34), (13)(24), (14)(23)], ( P = 6,r-4), 

and a second function belonging to the same group is 

2 = (#1 + X 2 - X 3 - XiY (XiX 3 + X 2 Xi) 2 . 

This function is rationally expressible in terms of $, and the 
value of 6 therefore is obtained in terms of the coefficients by 
the aid of an additional square root. The group of 6 is 

[1, (12)(34)], (,0=12, r = 2), 

to which the following function also belongs : — 

ip = [ai (tfi - x 2 ) + a 3 (x 3 - X t ) } " ; 

\p 2 is expressible in terms of 0; and finally ip, which is a 
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24-valued function, is obtained by the aid of another square 
root. 

The process illustrated in these two cases may be described 
as the successive reduction of the group of an equation by the 
adjunction of radicals to the domain of known quantities. The 
symmetric group is in each case first reduced to the alternate by 
the addition to the known coefficients of the square root of the 
discriminant. The further reduction depends on the included 
sub-groups of the alternate till finally the group unity to which 
the Galois function belongs is reached. If the solution of the 
quintic were attempted by this method, we could proceed no 
further with the reduction than the first step, since, as has been 
seen (Art. 231), there exists in this case no multiple-valued 
function of the roots of which a power is two-valued. It 
cannot, however, be inferred immediately from this that the 
algebraic solution of the quintic is impossible. Before making 
this inference it will be necessary to examine closely the alge- 
braic character of the formula which is the possible expression 
of a root of an algebraic equation ; and hence to show the 
propriety of the application of the theory of substitutions to the 
problem. 

For this purpose we proceed in the first place to explain the 
distinction between quantities which are to be regarded as 
rational and those which are to be regarded as irrational ; or, in 
Kronecker's language, to define the rational domain. 

234. Definition of Rational Domain. — All rational 
functions, with integral coefficients, of certain parameters 
R', R", R'" . . . constitute the rational domain (Rf, R", R'", . . .). 
If amongst any functions of this domain the operations of addi- 
tion, subtraction, multiplication, division, and involution to an 
integral power are performed, the resulting quantities still 
belong to the rational domain. 

The extraction of roots will, in general, lead to quantities 
outside the domain. We may, however, limit ourselves to 
the extraction of roots of prime order, since an [mn) th root can 



268 Theory of Substitutions and Groups. 

be replaced by an m th root of an n ih root, and all numbers can 
be resolved into prime factors. 

The theory of substitutions applies exclusively to rational 
functions of the roots of equations ; whence, if this theory is to 
be applied, we must avoid bringing irrational functions of the 
roots into our investigations. 

If the student refers to the expressions given for the roots 
of the quadratic, cubic, and biquadratic equations in terms of 
their coefficients, it will be found, when the roots are substi- 
tuted in place of the coefficients, these expressions become 
rational functions of the roots involving the cube roots of 
unity, the rational domain consisting of the coefficients of 
the equations and the cube roots of unity. 

It will appear subsequently if any algebraic formula which 
is an expression for a root of an equation of an higher degree 
exists, it must become a rational function of the roots (when 
they replace the coefficients) involving several primitive roots 
of unity ; and finally, the theory of substitutions proves that 
functions of the roots do not exist satisfying such conditions, 
and that the algebraic solution of the higher equations is im- 
possible. 

235. Form of (he Roots of Equations algebraically 

solvable. — If f(x) = be an equation, the coefficients of 
which are included in the rational domain (R' s R", R'" . . .), 
and which moreover we suppose irreducible in this domain, 
we say that this equation is solvable algebraically when it 
is possible to satisfy the equation by substituting for x an 
expression formed of elements within the domain (R ', R", . . .) 
by means of the following operations of algebra, viz. addition, 
subtraction, multiplication, division, raising to integer powers 
and the extraction of integer roots, the number of such opera- 
tions being finite. 

The value of x thus determined is designated as an algebraic 
function of the domain (R', R", R'" . . .). 
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The building up of this algebraic function may always be 

completed in the following manner : — 

1°. Calculate a rational function of the elements of the 

domain, viz., 

F V (R',R",R'"...), 

2°. Calculate a quantity V v satisfying the equation 

V*; = F(R',R",R"'...), 

where p v is a prime number. "We also suppose that F v i s not 
an exact pl th power, for if it was, V v would be included in the 
primitive domain. 

3°. Adjoining V v to the primitive domain, form a rational 
function F V . L (V v , R', R", R'" . . .) in this extended domain, 
and calculate V^.i from the binomial equation 

V P ^~F v _Ay v ,R',R",R'"...), 

where p v _ x is a prime number. We also suppose that this root 
cannot' be immediately extracted, for if so, V v - L would be 
included in the domain (V v> R', R", . . ■). 

4°. Adjoining V v . x to the last domain, form a new rational 
function in this new domain F v . 2 (F„-i, V v , R', R", . . .), and 
so on. 

We can therefore represent the formation of the algebraic 
function xi where f(xC) = 0, by the following chain of 
equations : — 

r K = f v (if, r", . .:.), 

V 

V K \ X =F V _ X {V„R\R", ...), 

v-1 

F V2 = FMV**, V„R',R",...), (A) 

v 

F*i = F(V„V S> ... V V ,R',R",...), 
x x = F (V lt V„ ... V V ,R',R",...), 
where the functions .Fare rational and the numbers .p prime. 
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Before proceeding further it is desirable to express the 
functions F in an integral form, if they are not so expressed 
already ; and to fix our ideas we shall take v = 3, the method 
being the same in every case. Supposing Fi not an integer 
function of F 2 and V s , we can always put 

F 4>(F, F) 

and ip being rational and integer functions. 

From the chain of equations we have in this case 

Vf*~F t {R), r % *=F t {V t ,R), R={R',R",...). 

Also, if at be a primitive root of the equation % v *-l = 0, 

4>{ f, r t ) $ (a. f, Ft) * (w 2 f, f») . . . ^ (w'n r„ f 3 ) = *, ( r/» f 3 ). 

Again, the product of these factors, omitting the first, is 
rational, being independent of w. Now eliminating F/ 2 by 
means of the equation 

Vf* = F 2 {F 3 ,R), *, ( FA F 3 ) becomes *, ( F„ JJ) . 

Treating ^ in a similar manner, it is converted into a 
function of the form ^ (F 3 P3 , -R), the multiplier being 
rational; now eliminating F s p *, ty 3 becomes ¥i(R). 

Finally, multiplying the numerator <j> by these rational 
factors, which were applied to \p, &c, &c, the value of F l is un- 
altered and the denominator is a function of R = (R', R", R" r . . .). 
Thus F t is expressed as a rational function of F 2 , F 3 , in an 
integral form. 

And therefore, in general, we are enabled to write any 
rational function of the F's, viz., F a „ as follows : — 

K-i ( F a , F a+1 ...r v ,R) = j a + «/, r a + j* f;- ... + j Parl f/.-», 

where the functions J" are integer functions of F„+i, F a+2 , . . . F„, 
and fractional only in R', R", . . , 

It will be necessary now to prove a fundamental theorem of 
Abel's which will be frequently applied subsequently. 
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236. Tlieoreni. — If the equations 

/,af > +/ 2 ^" 2 + ...+/, = 0, (1) 

ocP-F-0, (2) 

w/«ere j? is a prime number, are simultaneously satisfied, either 
fi,fi,ft, ■ ■ -fp all vanish, or else one of the roots of the equation (2) 
can be expressed rationally in terms off, / 2 , . . .f p and F. 

For suppose the coefficients of equation (1) not to vanish, 
then the equations (1) and (2) have a greatest common divisor 

X" + g^"' 1 + g % x"-" + . . . + g„ = 0, (3) 

the coefficients of which are rational functions of F, f, f, . . . f p . 
Now if #1 be any one of the roots common to the equations (1) 
and (2) , the other roots will he of the form 

w a x t , ui^Xi, . . . where up - 1 = ; 
whence 

g p = xSu?* 1 * ■ ' ' = wW- (4) 

Again, since p is a prime number, we can find two numbers m 
and n such that mp ± np = 1. Also 

g p " = &/V = w nw xfi- m ^, 
and by (2) 

«"»*, = g;'F'», 

therefore, w"^ which is a root of equation (2) is expressed 
rationally in terms of F, f, f,--. f P . 

237. We proceed now to make a further reduction in the 
form of 

-fu = Jo + Ji r a + j* v: . . . + j Pcrl r*<r\ 

so that t/j may be equal to unity. 

Let J K be one of the coefficients J u J^, . . . which does not 
vanish, and putting 

J.r^=w M 

there are integer numbers m and n, such that 

«k + npa = 1 ; 
whence 

Jmym* = Jmyjl-nPJ =W™ ; 
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therefore, we have 

V a = W a '"F a n J K - m , v F a = F/«. 

Hence F„ and JF" a can be expressed the one in terms of the 
other and the elements F a+ i, F a+3 , . . . V v , so that the rational 
domains 

( V„ F.„, . . • F„ #, iJ", . . .) and ( W a , F. +1> . . . F„ #, -E" . . •) 

are equivalent. 

Again, there is no power of V a lower than^> a which is rational 
in this domain. For if 

»V = *(?"„„ F a „,... V v ), 
where q < p a , 

J K <Vs* = 9(r„ lt V^, ... V v ); 

but kq is not divisible by p a , for p a being a prime number should 
divide k ov q; but both are less than p a , and consequently we 
should conclude that a power of V a less than p a should be 
rationally expressible, which is impossible, p a being the lowest 
power of V a which is a rational function of V a +i, F" a+a . . • V v . 
Moreover, by raising W a to the power p a we have 

WJ>* = JrF/ = ¥ ( r o+1 , F.„, . . . V„ E', R" . . .), 

whence we learn that W a , like V a , is given by a binomial equa- 
tion of the degree p a , and we can replace the one by the other 
in the chain of equations connecting the V a . 

It follows that we can introduce W a in place of V P where 
it occurs in the functions F a . u F a _ z> . . . F u 

Therefore in 

Fri = J, + JiV a + J 2 V a 2 +... + J m -, V^'\ 

when we replace J h VJ l by its value J h {F a J~ m ) h W a mh , this funo- 
tion is of the form L v W a h ', where mh = lp a + U and Ly is a 
rational function of V atl , V an , ■ ■ . V v , which can be rendered 
integral by Art. 235. 
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Cor.— It should be noticed that when h is given the values 
1, 2, 3, . . . p a - 1 in the equation mh = lp a + h', h' has for its 
values 1, 2, 3, ... p a - 1 in some order, since all its values are 
distinct and less thanj? a ; also since thk + np a = 1, k is the only- 
value of h for which the remainder ti = 1 . 

We see then that 

-F«-i = Jo+W a + L i W a >+...+ L p ^WVa-\ 

where the L's have been rendered integral and Li = 1, and we 
return to the old notation by putting V a for W a , and J x = 1. 
We have then, finally, the important result 

-PU ( PL, F a+1 . . . F„, iJ) = Jo + V a + J t V* + . . . + J Parl vr 1 ; 
whence, expanding the function 

F {V» V t> ... V v , E\ R" . . .) = x h 
a root of the equation f{x) = in powers of V% (the V with 
lowest suffix), and making the foregoing reductions, we have 

*i = Go +Fi + GtV? + . . . + e^r/i- 1 . 

238. We proceed now to apply this theory to the solution 
of equations which are solvable algebraically. 

For this purpose, forming the different powers of %i, and 
taking care to reduce the exponents of Fi, Pi ... so as to be 
respectively less than p x , p it . . . by means of the chain of 
equations which define Vi, Pa, . . . , we shall arrive at the 
result 

/(»,) = H + H x Vi + H*VS + . . . + Hp^Vfr 1 - 

by hypothesis, where H , H^ H 2 . . . are integer functions of 
the Vs. 

By Abel's theorem H , S u . . . H p -\ must all vanish ; for if 
not, the equations 
-Hi+ffxFH- ... +B" i , 1 - 1 F/i- I =0, V,n=F,{V„ V Z ...V V ,R',B", . . .) 

would be simultaneously satisfied, and Fi would be an exact 
Pi th power in the domain (V%, V s> . . ■ V v ), which is contrary to 
hypothesis. 

VOL. II. T 
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In a similar manner, expanding Hj in powers of P 2 , viz., 

Hj = -ZTo + JT, P + K 2 P 2 + . . . + K Pf .x Vjr\ 

the coefficients K , K x , ■ . • should all vanish for exaotly 
analogous reasons. But if F 2 be absent, expand in powers of 
V 3 , &c, &c. 

If in any ease the coefficients of these successive functions 
do not vanish when arranged in powers of V„ their indices 
having been reduced as much as possible, it is a proof that we 
have neglected to secure that each function F in the chain of 
equations is not an exact power, or that the number of the 
elements V has not been reduced to a minimum. 

We have an example of this deficient reduction in the case 
of the cubic equation whieh we insert now, as an illustration. 

Let f{x) = * 3 + 3Px - 2Q, 



*. = llQ +JQ? + P 3 + HQ - JQ 2 + P 3 . (Yol i., p. 45.) 
The chain of equations is as follows : — 

VI = Q 2 + P\ P 2 3 = <2 + V s , P 3 = Q - P, (a) 

*» = P + r t , 

whence if fa) = P V, + ( P 2 + P) Vi + P P a , 

the coefficients of this equation, P, V 2 2 + P, V 2 cannot vanish 
identically, which is a proof that the functions V have not been 
reduced to a minimum number, and we proceed to show that 
Vi is a part of the rational domain ( V 2 , P, P, Q). 
From the chain of equations (a) 

( P P) 3 = Q 2 - Vi = - P 3 , whence P P = - P. 

a ■ jz p PP 2 (Q-P)P 2 

Again, P = - -= = 



P Q+V* P 2 

whence P is a part of the domain (P, V%, P, Q). 
The chain of equations (a) is therefore reduced to 

V^Q 2 +P\ P 3 =Q+P, ^=r 2 -^=r 2 + (<2 ~^ 3) V \ 

V i P ' 
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The other two roots are obtained by putting w F 2 and «/ V 2 
for Vi, the last element of the chain (a), 

2 T7- , *» ~ ' 3 T7" 2 

* 3 = co 2 K 2 + — -=— w J 7 ?. 

Besuming the general investigation, we have 

*i = <?, + F, + G 2 F 2 2 + G 3 3 F" 2 3 + ... (1) 

/(*0 = h + b: 1 v 1 + K % vi + s l r t *+ . . . - o, 

the coefficients ZZ" all vanishing. 

Now substituting in (1) for Fi, wiFi, wi 2 Fi, . . . w^r 1 F l5 
we obtain the values of # 2 , # 3 , • • • &p, where w/ 1 -1=0, from 
the system of equations 

# K+1 = Q + w 1 *V 1 +Q*n**r 1 % +... (k= 0,1, 2,... ^-1); 

and finally, from this system of equations we have 

ri=-^wi""« rtl> (2) 

whence we conclude that the irrational function of the coeffi- 
cients Vi is a rational function of the roots when the primitive 
root of unity wi is adjoined to the rational domain. 

To prove the same for Vi, interchange the roots in (2) in 
every way, and so form an equation 

{y - V^)(y - Fx'ft) Cv - V" Pl ) • . • - * (y) = 0, 

which has for roots all the values of J 7 /', which consequently is a 
symmetric function of x x , x % , . . . % Pl ; that it will take this form 
is easily seen, for if V\ is a root, o) 1 lt+1 Vi is another value of Vi. 
We have then 



yi = 



.Pi ^ 



Pl = Vfi =L + L 1 Vz+ UV? + 

T 2 
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where L x is equal to 1 . Proceeding now similarly as in the 
case of x x , ${y) replacing f{x), 

V t =-^wi*y^, (* = 0, 1, 2,...p,-l), a** -1 = 0; 

so V 2 is a rational function of the roots of f(x) when wi and w» 
are adjoined to the rational domain, and similarly for all the 
V'b when certain primitive roots of unity are adjoined. 

Summing up the results arrived at we have the following : — 
Theorem. — If an equation f(x) = 0, the coefficients of which 
are rational functions of the quantities R', R", . . . , can be satisfied 
by an explicit algebraic function 

x = F{V lt r„ ... V„ R', R", . . .), 

the quantities V are rational and integral functions of the roots, 
and of the primitive roots of unity ; they are moreover determined 
by a chain of equations of the form 

V** = F a ( F_x, V a _* ...F v) R', R" . . .), 

tcherein the indices p are all prime numbers and the functions F 
all rational. 

This theorem makes it possible to apply the theory of substi- 
tutions to the proof of the proposition that general equations of 
degree higher than the fourth are not algebraically solvable. 
The proof is as follows : — 

It has been shown that the first irrational function V v is the 
p v th root of a function rational in the domain (R r , R" . . .), and 
as V v is a rational function of the roots such that V/ is symme- 
trical, it is, by Art. 230, the square root of the discriminant A, 
or of the form 8 y/A where 8 is a symmetric function of the 
roots. Consequently p v = 2. 

If we adjoin S*/ A to the rational domain we include all the 
one-valued and two-valued functions of the'roots. Proceeding 
another step, there must be a rational function of the roots V .i 
whioh is 2p„-i valued, and of which the p v J h power is two-valued, 
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but no such function exists when n> 4 (Art. 231). Conse- 
quently the process, which should have led to the roots, oannot 
be continued. 

We conclude, therefore, that the general equation of degree 
higher than the fourth cannot be solved algebraically. 

In the foregoing investigation we have followed the sys- 
tematic treatment of this question given by Netto in his 
Substitutionentheorie. The principles on which the investiga- 
tion rests are due to Abel, who was the first to establish in a 
rigorous manner the impossibility of the algebraic solution of 
equations of a degree higher than the fourth. The funda- 
mental theorem of the present Article was stated by him in the 
following form : — If an algebraic equation is solvable algebraically, 
we can always give to the root such a form that all the algebraic 
functions of which it is composed can be expressed rationally in terms 
of the roots of the proposed equation (Abel, (Euvres Completes, 
1881, Vol. i., p. 75). The manner in which this theorem is 
applied in the proof given above is a modification of Abel's 
proof introduced by Wantzel, to whom the propositions, in the 
theory of substitutions, of Arts. 230 and 231, appear to be due 
(see Serret's Cours d'Algebre Bupirieure, Yol. n., p. 484). 



NOTES. 



NOTE A. 



DETERMINANTS. 



The expressions which form the subject-matter of Chapter XIII. 
were first called "determinants " by Cauchy, this name being adopted 
by him from the writings of Gauss, who had applied it to certain 
special classes of these functions, viz. the discriminants of binary and 
ternary quadratic forms. Although Leibnitz had observed in 1693 
the peculiarity of the expressions which arise from the solution of 
linear equations, no further advance in the subject took place until 
Cramer, in 1750, was led to the study of such functions in connexion 
with the analysis of curves. To Cramer is due the rule of signs of 
Art. 128. During the latter part of the eighteenth century the 
subject was further enlarged by the labours of Bezout, Laplace, 
Vandernionde, and Lagrange. In the nineteenth century the earliest 
cultivators of this branch of mathematics were Gauss and Cauchy ; 
the former of whom, in addition to his investigations relative to the 
discriminants of quadratic forms, proved, for the particular cases of 
the second and third order, that the product of two determinants 
is itself a determinant. To Cauchy we are indebted for the first 
formal treatise on the subject. In his memoir on Alternate Functions, 
published in the Journal de VEcole Poly technique, vol. x., he dis- 
cusses determinants as a particular class of such functions, and 
proves several important general theorems relating to them. A 
great impulse was given to the study of these expressions by the 
writings of Jacobi in Crelle's Journal, and by his memoirs published 
in 1841. Among mathematicians who have advanced this subject in 
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more recent years may be mentioned Hermite, Hesse, Joachimsthal, 
Cayley, Sylvester, and Salmon. There is now no department of 
mathematics, pure or applied, in which the employment of this 
calculus is not of great assistance, not only furnishing brevity and 
elegance in the demonstration of known properties, but even leading 
to new discoveries in mathematical science. Among recent works 
which have rendered the subject accessible to students may be men- 
tioned Spottiswoode's Elementary Theorems relating to Determinants, 
London, 1851; Brioschi's La teorica dei Beterminanti, Pavia, 1854; 
Baltzer's Theorie und Andwendung der Beterminanten, Leipzig, 1864 ; 
Dostor's Elements de la thiorie des Beterminants, Paris, 1877 ; Scott's 
Theory of Beterminants, Cambridge, 1880 ; and the chapters in 
Salmon's Lessons Introductory to the Modem Higher Algebra, Dublin, 
1876. Por further information on the History of this subject, the 
reader is referred to Muir's Theory of Beterminants in the historical 
order of its development, London, 1890. In Salmon's Higher Algebra 
also there are short historical notes on Eliminants, Invariants, Co- 
variants, and Linear Transformations, as well as on Determinants. 



NOTE B. 

COMBINED FORMS. 

"We give here, as an appendix to Chap. XVIII., an enumeration of 
the concomitants of two quarties Z7 and V. Por this purpose it is 
convenient to use the notation (<j>, </r) p for (1, 2) p <£ 1 i/' 2 , when the dis- 
tinction between the variables is removed. In this notation we have 
sixteen covariants (U„ V x ) v , (V„ H' x y, {V x , H x ) p , (H x , H' x )", when 
p has the four values 1, 2, 3, 4; but of these Sylvester has reduced 
[H x , H' x ) and (H x , H' x y, so that only fourteen independent cova- 
riants are obtained in this way ; we have, however, to add the four 
covariants {G x , F,) 4 , (G' x , U x )\ (H X ,G' X )\ (H' x , G X )K These are the 
eighteen special covariants of this system ((Jordan, Math. Ann. n. 
275). To this list are to be added the five forms belonging to each 
quartic separately, viz. TJ X , H x , G x , I, J, and V x , H' x , G' x , I', J' - 
Hence there are in all twenty-eight forms made up as follows : — 
eight invariants, eight quadric, seven quartio, and five sextic co- 
variants. 
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Notes. 



The Table which follows gives the number of forms of the com- 
bined systems from I., I. to IV., IV. : — 





I. 


II. 


III. 


IV. 


I. 


3 


5 


13 


20 


II. 




6 


15 


18 


III. 






26 ' 61 


IV. 






28 



NOTE 0. 



THE QUINTIC AND ITS CONCOMITANTS. 

Gordan fixes the number of independent concomitants as twenty- 
three, which may be derived as follows : — the first fourteen, viz. four 
invariants, four linear covariants, three quadratic covariants, and three 
cubic covariants come from the covariants I x of the second degree and 
J x of the third degree considered as a distinct combined system in the 
manner of Art. 190 ; one reduction, however, in the number there 
obtained occurs in this case, for the resultant of I x and J x , or It(l x , J x ), 
is the same as the discriminant of J x , or A {J x ), both leading to the 
same invariant of the twelfth order. In addition to the fourteen thus 
obtained the remaining concomitants are defined as follows, K x being 
used to denote the Hessian of J x : — 

Quartic Covariants : I D {IT X ) = Q x , J(I X , Q x ) ; 
Quintic Covariants : V x , J{ V x , I x ), J( JJ X , K x ) ; 
Sextic Covariants : H„ J(I X , H x ), 
Septic Covariant : J(H X , J x ) ; 
Nonic Covariant : J{ U x , S x ). 
The foregoing results are collected in the following Table, where 
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p signifies the degree in the variables, w the order in the coefficients 
of the quintic, and iVthe number of concomitants of each degree : — 



p 


TJS 


N 





4 


8 


12 


18 


4 


1 


5 


7 


11 


13 


4 


2 


2 


6 


8 




3 


3 


3 


5 


9 




3 


4 


4 


6 






2 


5 


1 


3 


7 




3 


6 





7 






2 


7 


5 








1 


9 


3 








1 



Adopting the definitions of the invariants given by Clebsch and 
Gordan, and implied in the following equation (see Art. 189), the 
connexion between the four invariants of the quintic is established as 
follows by Gordan : — 

- J* ( J„ JQ = 1JV - 2TJ.K. + InU ; 

also \I B {J x ) = L X = Z x + L$. 

Now, substituting X 1 and - Z for x and y in Z„ K„ and in •/'(i],, iQ, 

we find - / 18 2 = F{h, I B , J 12 ), 

since -^(-4> AO = 12/ 12 - 16/ 4 / e , 

R{K x ,L x ) = I a *-IJ n . 

Thus Jib is defined, and its square expressed in terms of the other 
invariants which are not skew. 
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NOTE D. 



THE SEXTIC AND ITS CONCOMITANTS. 

The first sixteen forms come from I x and L x treated as a combined 
system (Art. 216). In this way we obtain all the invariants, quad- 
ratic covariants, and quartic covariants. There are in general 
eighteen forms in the combination of a quartic and quadratic, but in 
this special case, owing to the nature of the coefficients, the invariant 
Di, which is an invariant i~ 8 of the sextic, is expressible in terms of the 
invariants I it I it _Z 6 , in the form T e =p Ii + ql%l 6 ■ also the covariant 
sextic of l x is reducible to those which occur in the enumeration 
which follows. It should be noticed that since «* - 2k is even for 
the sextic, all the forms are even in the variables. 

The following is a complete enumeration of the covariants : — 

Quadrics : L X ^I D {U), H x = L D (I,), N x = H D (/,), 

J{L X , M x ), J{L X , N x ), J{M X , N x ). 
Quartics : I„ S{I X ), J(I„ £,), J(I X , M x ), J(I„ N x ). 
Sextics: U, J x , J{U, L M ), J{U, M x ), J{J X , L x ). 
Octavics : H x , J( U, I x ), J(H X , L x ). 
Decimic : J(I X , S x ). 
Duodecimic : O x . 

These results are collected in the following Table, in which p is 
the degree of the concomitant, w the order in the coefficients, and N 
the number of each kind : — 



p 


3J 


N 





2 


4 


6 


10 


15 




5 


2 


3 


5 


7 


8 


10 


12 


6 


4 


2 


4 


5 


7 


9 




5 


6 


1 


3 


4 


6 


6 




5 


8 


2 


3 


5 








3 


10 


4 












1 


12 


3 












1 
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It will be noticed that there are two covariants of the sixth degree 
in the variables, and of the sixth order in the coefficients ; this is the 
first instance in which there are two irreducible seminvariants of the 
same order and weight in the binary system. 

It may be observed that if the ternary forms of any three of the 
quadratic covariants be taken as lines of reference, the sextic will be 
represented by a cubic and conic combined, such that every coefficient 
in the equation of either curve is an invariant of the sextic. 



NOTE E. 

DETERMINATION OF THE UNIQUE TERNARY FORM. 

The following is the simplest method of finding, for a given binary 
quantic of degree 2m, the ternary form C, of degree m, such that 

Let V"be written with trinomial coefficients complete in form ; for 
the variables x, y, % substitute x„ 2 , 2x y , y<?, respectively, and arrange 
the result as a binary form of the 2m th degree ; this form will then 
become 2 {pa p + qa q + ra r + &c.) x 2m - J y<j, where a p , a q , a,., &c. &c. 
are the literal coefficients of the ternary form, and p, q, r, &c. &c. 
their numerical multipliers. The reduction of U from having 

— ' + 1 coefficients to a form with only 2m + 1 distinct coefficients 

will be accomplished byputting a p = a q = a„ &c. in such compound terms. 
"When this change is made it will be found that the differential equa- 

d 2 TJ cPZf 
tion — — = is satisfied identically : also that p + q + r + &c. 

Umax ay % 
is the proper binomial multiplier in the binary form. "When, for 

example, m = 4 we have the following quartic for U: — 

«o»* + «4^ 4 + «b» 4 + 6 (# 6 2/ 2 s 2 + a^x 2 + «2«y) 

+ 4 {a x v?y + atf?% + a 3 y 3 x + a^jH + a 6 z s x + «,ss 3 y) 
+ 12zy% (a 3 x + a 4 y + « 5 »), 
which becomes on transformation 

(0 O , «i, «s 3 , a s , a ir « 5 , a 6 , a 1t a s ) (%<>, Vaf- 
All the concomitants of this ternary quartic Z7and the conic y 2 - 4a» 
combined are also concomitants of the binary octavic. 
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NOTE F. 

Professor Elliott's Determination of a Solution of the 
Differential Equation B® = F(a , a^ « 2 , . . . , «„). 

In order to find a special solution of the differential equation 

Z>* = F(u , «i, a 2 , . . . , a,,), 

where F is a rational and integral function of the coefficients of order 
-ar end weight k, of the most general type, such that m-et - 2k is 
positive, it will be necessary to establish some preliminary theorems. 
The following notation is adopted : — 



D = ]£ ™ r -> -j-, A = «„ -3 — + 2<V! - — + . . 
i aa r aa„-i u rt 


d 

■ + na x — , 
aa 


©, = BB{ - B{B, v = nw- 2k. 




I. To prove the theorem ® t F = vF, 





u J JP n -i 

X f 'r -7- = vF. Now, in order to reduce > r« r - T - 1 

since W(« > «» «2» • • • «») = -^K, X( h, X 2 <z 2 , . . . XX), 

differentiating both sides of this equation with respect to X, and then 
putting X = 1, we have 

now substituting in (1), 

(BB, - B,B)F = (ww - 2k)F, or ® 1 F=vF 

"We proceed to make several deductions from this result which we shall 
subsequently make use of. 
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II. To prove the theorem 

BB{ - BfB = r(y-r+ 1)A H , 
we have in the first place 
© a zsDD?- B?B = {BB, - AAA + B 1 (BB l - JD X B) 

= (v - 2)A 4% = 2(v- 1)A, 
observing that the operator A increases k by 1, and decreases v by 2, 
and that B decreases k by 1, and increases v by 2. 
Again, 

BBS - A 8 -D = ®iA 2 + A©iA + A 2 ©i 

= (v - 4)A 3 + A(v - 2) A + AV = 30 - 2)A J ; 
similarly 

bbc - B{B = © 1 A r_I + -»i®i-z?r 2 + A 2 ©i-0r 3 + . . . 4 Dr 1 ©!. 

Eemembering that ® x BfF = (v - 2p)B 1 p F, 
and reducing, ¥e have 

©, = .DA' - B{B = r(v-r+ lJA"' 1 - 

Now, operating with both forms of © r on B r ' 1 F, and giving r the 
values 1, 2, 3, . . . , in succession, we obtain the following series 
of equations where, for shortness only, we write 

n = BB X , n x = A A U 2 = B?B*, . . . U r = B{B r :— 
TIF - TL X F = vF, 

nn/ - n^ = 2 (v + i) n^, 
titi^f - tl 3 f = 3 (v + 2) n,F, 



nn^F - u p f = P + P - i) n^, 

this series being continued until p has such a value that TT r F a 
which will occur when p exceeds k if not previously. 

Now, eliminating Tl^, U 2 F, U 3 F, . . . , we obtain the finite 
result 
DJ) 1 ' AD A 2 J 2 \ F _ W 

1 |1 . v \.2.v(v + l) 1.2.3.v(v+l)(v + 2) ' ' ' j ' 

that is, we have obtained, as was required, a particular value for 4> 
which satisfies the equation 

B$ = F(a 6 , «!, % . . . «„), 
viz., 

_ |l B X B A 2 -P 8 ) „ 

$ = A |-- li2 . v (v+l) + 1.2.3. v{v+l){v + 2)~ ' "' 
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As regards this value of <i> it should be noticed — 

1° That it has a limited number of terms since Z)* H F = 0. 

2°. That none of the coefficients become infinite when v is positive. 

It follows at once that if v > for D$, i. e. if v > - 2 for 3>, the 
linear functions i„ Z 2 , ... L p of X 1( X 2 , . . . A,., which occur in Art. 
165 are linearly independent ; for the X's may be chosen so as to give 
them any values whatever. This amounts to Prof. Elliott's proof 
alluded to in Art. 165. 

"We proceed now, with the same object in view, viz., that of 
showing the independence of Z 1; Z 2 , . . . , to apply the method of 
Art. 165 to exhibit the solution of the following differential equation, 
which includes the equation of that Article, and in which i^has the 
value defined on p. 284 : — 

£$ = F= c^ + c 3 fi + . . . + e p \fr p . 

In the first place, when p = r there are no seminvariants of the 
order w and weight k + 1, k being the weight of F; but we obtain a 
solution of the equation _D$ = F, such as has been obtained by the 
former constructive process, viz <E> - 

Secondly, when r is greater than p, we introduce A^ A 2 , . . . , A,- 
defined by equations (4), Art. 165, where r = p +j. 

These equations, along with the equations 

Z,. = c lt L 2 = c 2 , ... L p = o p , 
determine X I( Xs, X 3 , ... X r as linear functions of c lt c 2 , ... c p , and 
of A„ A 2 , A 3 , . . . Aj, and we have the following value for <£ : — 

* = - {«!$! + <yf> 2 + . . . + c p % + A L Si + A 2 2 2 + . . . + A;2,}, 

where A is the determinant formed by the coefficients of L u L 2 , . , . L p , 
and the coefficients of A„ A 2 , . . A,-, not involving e u c 2 , ... c p , 
$!, <3? 2 , . . . <& p are linear functions of <f> u <£ 2 , ... tj> r) and Si, S 2 , ... 2/ 
are seminvariants, since -DSi, -OS 2 , . . . Bt } all vanish. 

Now every value of <£, under the given conditions as to order and 
weight, satisfying the differential equation D& = F is given by the 
last formula, which of course includes the value of $ previously 
determined by an independent method ; whence it is necessaiy that A 
shall not vanish, for if it did the formula would fail to determine 
<£ in particular, that is, L x , Z 2 , ... L p are not linearly connected, for 
A,, A 2 , ... A,- are entirely arbitrary. 
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NOTE G. 



The resolution of an equation f{x) = of -which all the roots are 
of the form 

x, 00), 6 2 (x) ■ ■ ■ ^"-'O), 

where 6 m {x) = x, m being a prime number. 

First it is plain that if #"(#0 be substituted for x l in the series 

*i, *(*i), 0»(*,) . . . fl-'fo), 

the order of the roots only changes in virtue of the condition 
0'"(*i) = *i- Now denoting any root whatever of the equation a:" 1 - 1 = 
by a, the expression 

*(*i)= {tfx + aflOrO + a'^fa) . . . a'""^"'-'^)} 1 ", 

where a is considered known, has only a single value, and consequently 
can be expressed rationally in terms of the coefficients of f(x), 6{x), 
and a. 

For if we replace x x by another root, for example x 3 - 6\x^j, we have 

*(a; 3 ) = (fl 2 ^) + <*0 3 Oi) . . . + a"'" 2 ^ + a'"- 1 ^)}*" 

= {a"'- 2 ^ + a0(x 1 ) . . . +a m - i e"'- 1 Oi))}"'; 

whence we see that 

*(*!) = *(*j) • • • = *(0, 

and consequently 

1 "' 

* W = « 2 *W- 

"We can therefore calculate * as a symmetric function. It moreover 
contains a, and consequently has a distinct value for each value of a. 
If then we denote by TJ r the value of * corresponding to the 
value a,, of a, we can derive m equations of the form 

x+ a r 6(x) + a?6\x) + . . . + a/"-^"'-^) = m jj? r , 

giving r the values (0, 1, 2, , . ., m - 1). 

* See Ex. 20, page 201. 



288 Notes. 

The value corresponding to u,. = 1 is known, for it is 

x t + x 2 + x 3 . . . x„, = - A, 

A being the coefficient of x m ~ l \a.f(x). 

Also if we add both sides of these m equations, observing 2a" = , 
p Lm, we find that 



mxi 



= -A + m Jzr 1 + m Jir i +...+ m Ju m . 1 . 



Again, if we multiply each of the equations by a r ~" before adding, 
we find 

mx n * m6" {x) = -A + «r" "JU + «,- "J % + . . . + a"^ "JU^. 

In this expression when we fix the value of any one of the radicals, 
the others are determined by it rationally, as we proceed to prove by 
connecting J U x and J U p . Putting a, = a r , a being a primitive root 
of unity, we have 

»M -^ = x + a0 (x)+ a 2 6 2 (x) + ... + a" 1 ' 1 0"- 1 (x), 
m \lf = X + o?6 (x) + a*0 2 (» + ... + at'"- 1 '" B m ~ l {x), 
and if we change in these equations x into 6" (x), 

"'Jul becomes a""' m JU u 

"'JU P becomes a""-"'»''"JU p , 

m ju p 

whence $(x) = , " 

is unaltered by any interchange of the roots, and can therefore be 
calculated as a symmetric function, viz. : — 

m<f>(x) = (<K«0 + <£(**) + 0(« 3 ) + • ■ ■ + </>(«»)}; 

hence all the radicals m JU 2 , J C 3 . . . &c. can be expressed rationally 
in terms of '"J U and known quantities ; the above formula for x x has 
therefore exactly m values, and the equation f(x) = is always 
solvable by radicals. 
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